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Reflection coefficients in attenuative anisotropic media

Jyoti Behura' and llya Tsvankin?

ABSTRACT

Such reservoir rocks as tar sands are characterized by signifi-
cant attenuation and, in some cases, attenuation anisotropy. Most
existing attenuation studies are focused on plane-wave attenua-
tion coefficients, which determine the amplitude decay along the
raypath of seismic waves. Here we study the influence of attenua-
tion on PP- and PS-wave reflection coefficients for anisotropic
media with the main emphasis on transversely isotropic models
with a vertical symmetry axis (VTI). Concise analytic solutions
obtained by linearizing the exact plane-wave reflection coeffi-
cients are verified by numerical modeling. To make a substantial
contribution to reflection coefficients, attenuation must be
strong, with the quality factor Q not exceeding 10. For such high-
ly attenuative media, it is also necessary to take attenuation an-
isotropy into account if the magnitude of the Thomsen-style

attenuation-anisotropy parameters is relatively large. In general,
the linearized reflection coefficients in attenuative media include
velocity-anisotropy parameters but have almost “isotropic” de-
pendence on attenuation. Our formalism also helps evaluate the
influence of the inhomogeneity angle (the angle between the real
and imaginary parts of the slowness vector) on the reflection co-
efficients. A nonzero inhomogeneity angle of the incident wave
introduces additional terms into the PP- and PS-wave reflection
coefficients, which makes conventional amplitude-variation-
with-offset (AVO) analysis inadequate for strongly attenuative
media. For instance, an incident P-wave with a nonzero inhomo-
geneity angle generates a mode-converted PS-wave at normal in-
cidence, even if both half-spaces have a horizontal symmetry
plane. The developed linearized solutions can be used in AVO in-
version for highly attenuative (e.g., gas-sand and heavy-oil)
Ieservoirs.

INTRODUCTION

Conventional amplitude-variation-with-offset (AVO) analysis is
carried out under the assumption that the subsurface is purely elastic.
However, direct measurements using vertical seismic profiling
(VSP) (Hauge, 1981; Hedlin et al., 2001), well logs (Schmitt, 1999),
and rock samples (Behura et al., 2007; Winkler and Nur, 1982) show
that attenuation (and, sometimes, velocity dispersion) can be signifi-
cant, especially within hydrocarbon-saturated zones. Luh (1988)
and Samec et al. (1990) attribute some failures of AVO analysis to
the influence of attenuation. Furthermore, physical-modeling exper-
iments (Hosten et al., 1987; Maultzsch et al., 2003; Zhu et al., 2007),
rock-physics studies (Behura et al., 2006; Prasad and Nur, 2003; Tao
and King, 1990), and analysis of field data (Liu et al., 1993; Lynn et
al., 1999; Vasconcelos and Jenner, 2005) indicate that attenuation
can be directionally dependent, with attenuation anisotropy being

stronger than velocity anisotropy (Arts and Rasolofosaon, 1992;
Hosten etal., 1987; Zhu et al., 2007).

Although most attenuation studies are focused on attenuation co-
efficients, which determine the amplitude decay along the raypath of
seismic waves, it is also important to evaluate the influence of atten-
uation and attenuation anisotropy on plane-wave reflection/trans-
mission coefficients. Reflection coefficients for a boundary between
isotropic attenuative half-spaces have been studied analytically
(Krebes, 1983; Ursin and Stovas, 2002) and using numerical model-
ing (Nechtschein and Hron, 1997; Hearn and Krebes, 1990). Sidler
and Carcione (2007) and Stovas and Ursin (2003) discuss the influ-
ence of anisotropy on reflection/transmission coefficients in attenua-
tive VTI media. Existing results for anisotropic models, however, do
not provide physical insight into the dependence of plane-wave re-
flectivity on the medium properties, in particular on the anisotropy
parameters that govern both velocity and attenuation.

Here, we develop linearized approximations for PP- and PS-wave
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reflection coefficients at a boundary between arbitrarily anisotropic,
attenuative half-spaces. Then the general solutions are simplified for
vertical transverse isotropy and expressed through the Thomsen-
style parameters introduced by Zhu and Tsvankin (2006). It should
be emphasized that our formalism takes into account the inhomoge-
neity angle (the angle between the real and imaginary parts of the
slowness vector) of the incident wave. Finally, we compute exact re-
flection coefficients for a realistic range of the velocity- and attenua-
tion-anisotropy parameters and assess the accuracy of the linearized
expressions.

PERTURBATION ANALYSIS OF REFLECTION/
TRANSMISSION COEFFICIENTS

For a welded contact between two arbitrarily anisotropic, attenua-
tive half-spaces, the boundary conditions of the continuity of trac-
tion and displacement result in the following system of six linear
equations (e.g., VavryCuk and PSen¢ik, 1998):

CU=B, (1)

where the tilde denotes a complex quantity, C corresponds to the dis-
placement-stress matrix for the reflected and transmitted plane
waves P, S|, and S,, B is the displacement-stress vector of the inci-
dent wave, and U is the vector of the reflection (R) and transmission
(T) coefficients. The matrix C and the vectors U and B are composed
of complex elements because the stiffness tensor in attenuative me-
diais complex. Exact reflection/transmission coefficients (f]) canbe
computed by solving the system of equations 1 numerically.

Following Vavry¢uk and PSen¢ik (1998) and Jilek (2002a,
2002b), we apply the first-order perturbation theory to a background
homogeneous medium, which is taken to be isotropic and attenua-
tive. Linearization of the boundary conditions (equation 1) yields the
perturbation & U in the form

sU=(C)"(6B—5CT). (2)
Here, C"is the displacement-stress matrix for the reflected/transmit-
ted waves in the background medium and & C represents the pertur-
bation of C°. Similarly, 6B is the perturbation of the displacement-
stress vector of the incident wave. The vector of the amplitudes of
the reflected and transmitted waves in the homogeneous background
Uis given by
a)

g=0°
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0°=[0, 0, 0,0, 0, 11"; (3)

the only nonzero term in equation 3 represents the P-wave transmis-
sion coefficient.

Ursin and Stovas (2002) adopt a similar perturbation approach to
derive reflection/transmission coefficients for isotropic attenuative
media. (Their formalism introduces a weak contrast in the parame-
ters across the interface while keeping both half-spaces isotropic.)
The change in the slownesses and polarizations of the scattered
waves, required for obtaining & Cand 6B in equation 2, can be com-
puted by perturbing the isotropic background medium (Jech and
Psencik, 1989). We extend this method, developed for purely elastic
media, to attenuative models by taking the background attenuation
into account.

The density-normalized complex stiffness tensor a;;, of the per-
turbed medium can be written as

~ -0 ~
iy = A jgg + O;jis 4)

where the tensor @y, = afy, + iajy, corresponds to the background
medium, and the perturbation &, is responsible for both the veloc-
ity and attenuation anisotropy of the perturbed medium.

The quality-factor (Q) matrix (in the two-index Voigt notation) is
defined as (e.g., Carcione, 2007)

R
a;;
Q=" (5)
a..
if
For isotropic media, the Q-matrix takes the form
Opp Q13 Q13 O 0 0
Qi3 Opo Qi3 O 0 0
0 0 0
Q= Ql3 Ql3 QP() , (6)
0 0 0 Qg O 0
0 0 0 0 Qs O
0 0 0 0 0 Qg

where Qpj and Qs control the P- and the S-wave attenuation, respec-
tively, and Q,; is the following function of Qpy and Qs (Zhu and Ts-
vankin, 2006):

asz — 2a
013=0Opo = Z . (7)
asz — 2ass =
Oso

If the medium is attenuative, the wave vector
becomes complex, and its real (k) and imagi-
nary (k') parts might have different orientations.
The angle ¢ between kX and k! usually is called
the inhomogeneity angle (Figure 1b). For £ = 0°
(so-called “homogeneous wave propagation,”
Figure 1a), the phase direction coincides with the
direction of maximum attenuation.

Plane-wave propagation in anisotropic media
is described by the Christoffel equation, which

Figure 1. Incident plane wave with (a) zero inhomogeneity angle and (b) nonzero inho-
mogeneity angle &. The vectors k¥ and kK are the real and imaginary components (respec-

tively) of the wave vector, and 6 is the incidence phase angle.

can be solved for the phase velocity, polarization
vector, and phase attenuation coefficient. The
Christoffel equation for a zero inhomogeneity an-
gle can be written as
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@k *niny — w8 )iy = 0, (®)

where n is the unit slowness vector, w is the frequency, U is the polar-
ization vector, and

k= kR — ik, 9)

k® = |KF| controls the phase velocity and k' = |k/| is responsible for
the phase attenuation. The ratio of k’ and k® defines the normalized
attenuation coefficient A, which yields the rate of amplitude decay
per wavelength (Zhu and Tsvankin, 2006):
kl
A=—. 10)
R (

When attenuation is weak or moderate (1/Q < 1) and isotropic,

~ L (11)
20
The perturbations of the wave (k) and polarization (5%) vec-
tors, obtained by substituting the perturbed tensor @, (equation 4)
into the Christoffel equation 8, are used in equation 2 to derive the
perturbation SU of the reflection/transmission coefficients (Jech
and PSencik, 1989; VavryZuk and PSencik, 1998; Jilek, 2002b). Note
that the perturbation analysis based on equation 8 is strictly valid
only for plane waves with a zero inhomogeneity angle £. Neverthe-
less, as shown below, our results can be extended in a straightfor-
ward way to waves with moderate angles &, even if the model has
strong attenuation with Q < 10.
The complex P- and S-wave velocities (Vo and Vi) in the back-
ground attenuative isotropic medium have the form

~ w
Vg = === Vpo(l + iAp), (12)
kpo
—_ ® .
Vso = ——=Vso(l +iAg), (13)
S0

where Vp, and Vi are the phase velocities of P- and S-waves, respec-
tively, and Ap, and Ag, are the corresponding normalized attenua-
tion coefficients. In equations 12 and 13, terms of the second and
higher orderin 1/Q are neglected.

INCIDENT P-WAVE WITH A ZERO
INHOMOGENEITY ANGLE

If the angle £ is set to zero, all terms in equation 2 coincide with
those given in VavryCuk and PSencik (1998) and Jilek (2002a,
2002b) for nonattenuative media, but they become complex quanti-
ties. Hence, the linearized reflection coefficients for P-waves
(VavryCuk and PSencik, 1998) and PS-waves (Jilek, 2002a) can be
adapted in a straightforward way for attenuative media.

PP-wave reflection coefficient

Arbitrarily anisotropic media

The linearized PP-wave reflection coefficient in arbitrarily aniso-
tropic media obtained from equation 2 is given by

WB195

£+Aﬁ33+ Aay;  Ady;  Aadss
2P0 4V, 2Vey  4Vey Vi

H _
RPP_

2V A AG
- Wade) oy, A
Vpy PO 4Vpo

sin’6 tan’6, (14)

where the superscript H (homogeneous) indicates that the incident
wave has a zero inhomogeneity angle, A is the contrast in a certain
parameter across the interface, p, is the density of the background
medium, a; are the density-normalized complex stiffness coeffi-
cients in Voigt notation (i.e., the stiffness matrix), and 6 is the inci-
dence angle (Figure 1a).

Equation 14 is derived under the assumption that the contrasts
in the medium properties across the interface are small
(|AG | <@yl | Ap| < p°, @3y, and p° are the background stiffness
tensor and density). The linearized reflection coefficient in equation
14 reduces to that in purely elastic media, if all complex quantities
are made real. Although equation 14 is strictly valid only if all waves
have a zero inhomogeneity angle, it remains sufficiently accurate for
a wide range of ¢ values, unless the medium is strongly attenuative
(see below).

VTI media

Next we analyze equation 14 for the special case of attenuative
VTI media using Thomsen-style notation. In addition to the well-
known Thomsen velocity parameters Vpq, Vs, €, 8, and y, we em-
ploy the attenuation parameters Apo, Aso, €, 8¢, and 7y, introduced
by Zhu and Tsvankin (2006). Apy=1/(20pp) and Aso=1/(20s)
are the normalized symmetry-direction (vertical) attenuation coeffi-
cients of P- and S-waves, respectively, e, and &y control the angular,
variation of the P- and SV-wave attenuation coefficients, and vy,
governs SH-wave attenuation anisotropy.

To simplify the reflection coefficient, it is convenient to assume
that terms proportional to 1/Q%, and 1/Q3, are sufficiently small to
be dropped. Then equation 14 takes the form

Rpp = Rpp(0) + Gpp sin®@ + Chy sin?6 tan6,  (15)

where R5,(0) is the normal-incidence PP-wave reflection coefficient
(AVO intercept), Gh» is the AVO gradient, and C; is the curvature
term. Equation 15 is a Shuey-type approximation for the PP reflec-
tion coefficient in attenuative media, in which all three terms are

complex:
Ap AVp, AA 1
RE0) = =2 4+ 270 —Po(i - —) (16)
2py  2Vpo 2 Opo
—2A AV, 4 AV, AS AA
e —+i< .
o 2Ve & Vso 2 2

4AASO>+ i (3& 4AVg i

Opo\& P & Vso 2

4i AS i 2 (A AV,
+ S AAg + )—4—2<—p+2—50),
g 4 0508\ po Vso

and
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AV, A [ 1 (AA 1
CH= =0 B8 TA Ay + —( St LASQ);
2Vpg 2 2 Opp\ 2 4
(18)
8= Vpo/Vso-

Eliminating the influence of attenuation on Rh,(0), Ghy, and Ch, in

equations 16—18 reduces them to the expressions for the PP-wave in-
tercept, gradient, and curvature (respectively) for purely elastic VTI
media (Riiger, 2002). As illustrated by Figure 2, the linearized ap-
proximation stays close to the exact reflection coefficient for a wide
range of 6 values, even when Qp, is as low as 10. The decrease in the
accuracy of equation 15 with incidence angle (Figure 2) is typical for
weak-contrast, weak-anisotropy approximations for reflection coef-
ficients.

Because the attenuation coefficient A~1/(2Q), it is clear from
equations 16—18 that the influence of attenuation on the reflection
coefficient is comparable to that of the velocity and density contrasts
only if the quality factor is small (e.g., Qpo, Qso < 10). This conclu-
sion is confirmed by the test in Figure 3 with the model parameters
simulating an interface between purely elastic shale and attenuative
oil sand. When the attenuation in the sand is moderate (Qp, = 205,
= 50), the coefficient Rp;, is almost identical to that in the elastic

IR |

0° 10° 20° 30°

Figure 2. Magnitude of the PP-wave reflection coefficient at the
ocean floor for different values of the quality factor Q of the ocean-
floor sediments (Q = Qpp> = 20s0,). The solid lines are the exact
coefficients; the dashed lines mark the linearized approximation 15.
The model parameters are listed in Table 1.

0.17

0.081

IRy |

0.06 [

Figure 3. Magnitude of the exact PP-wave reflection coefficient for
an interface between VTI shale with negligible attenuation and at-
tenuative isotropic oil sand (Table 1). The solid lines correspond to
different Q-values in the sand (Q = QOpy> = 20s0,); the dashed line

corresponds to zero attenuation (Qpy, = Qspr = ©).
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case. Even a small Q-value of 10 does not noticeably change the re-
flection coefficient. However, when the attenuation is extremely
strong (Qps = 205, = 2.5 or 5), the reflection coefficient substan-
tially deviates from that for the purely elastic model.

The “isotropic” parameter A.4p, in equation 16 is responsible for
the influence of attenuation on the normal-incidence reflection coef-
ficient. In addition, A.Ap, makes a more significant contribution to
Gy and Cp, than do &, and &, because the attenuation-anisotropy
parameters in equations 17 and 18 are scaled by 1/Qp,. In general,
the contribution of the terms multiplied with 1/Qpy and 1/Qs in
equations 16—18 is of the second order, unless the medium has ex-
tremely high attenuation.

As is the case for purely elastic VTI media, the linearized P-wave
AVO gradient (equation 17) is sensitive to the velocity-anisotropy
parameter 8. Although the attenuation-anisotropy parameter &,
governs the P-wave attenuation near the symmetry axis, the scaling
factor 1/Qpy makes its influence on GEP less significant than that of
8. Similarly, the curvature term Ch, (equation 18) is more sensitive
to the parameter € than to &, (note that &, does not contribute to the
linearized AVO gradient). The parameters vy and 7y, control only the
anisotropy of SH-waves, which are decoupled from P- and SV-
waves analyzed here. On the whole, the reflection coefficient for typ-
ical subsurface formations with Q > 10 is more sensitive to velocity
anisotropy than to attenuation anisotropy.

The influence of the parameter &, on the AVO gradient is illustrat-
ed in Figure 4 where the model is similar to that in Figure 3, but the
oil sand (reflecting medium) exhibits attenuation anisotropy. When
attenuation is weak (Q = 50), the AVO gradient barely varies with

Table 1. Medium parameters used in the numerical tests.
For all models, the symmetry-direction velocities (Vp, and
Vso) are in km/s and density (p) is in gm/cm?. A dash means
that the parameter value is shown on the plot.

Figs. 5
Parameters | Fig. 2 | Fig. 3 | Fig. 4 | and 6 | Fig. 8 | Fig. 9
P 1.0 2.0 2.0 2.0 2.3 2.3
Vio.1 1.5 2.0 2.0 2.0 33 33
Vso.1 0 1.1 1.1 1.1 1.9 1.9
Oy 0 0.2 0.2 0.2 0 0
€ 0 0.1 0.1 0.1 0 0
Oro.1 0 500 500 — 5 —
Oso.1 el 250 250 — 2.5
So. 0 0.8 0.8 0.8 0 0
€01 0 -04 | -04| —04 0 0
P2 1.1 2.0 2.0 2.0 2.0 2.0
Vo 1.7 1.8 1.8 1.8 2.5 2.5
Vsoa 0.1 1.0 1.0 1.0 1.3 1.3
0, 0 0 0 0 0 0.1
€ 0 0 0 0 0 0.2
O — | = =] = |0 —
QSO,Z - - - - 5 -
) 0 0 — 0 0.8
€02 0 0 0 0 0 —-04
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8. However, as the magnitude of attenuation increases (Q = 10),
the influence of attenuation anisotropy becomes pronounced; strong
attenuation can even change the sign of the AVO gradient. Our re-
sults confirm the common view that moderate attenuation does not
substantially distort reflection coefficients. For highly attenuative
media with Q < 10, however, it is necessary to consider not just at-
tenuation, but also attenuation anisotropy.

PS-wave reflection coefficient for VTI media

Using the approach outlined above, we obtained the following
closed-form linearized expression for the PS-wave reflection (con-
version) coefficient in attenuative VTI media:

RBs = By sinf + Kpg sin®6, (19)

where the coefficients B}k and K}k (the gradient and curvature terms,
respectively, in conventional PS-wave AVO analysis) are given by

2+ gA 2AV. 2
Ho_ _ZTERP 2200, 8 A5 iZadg
2¢ po g Vso 201+¢g) g
-y (20)
-,
Or ' Oso
y (B+28)Ap 2+gAVgyy 1-—4g
Kps = 2 2
4g”  po g Vso 201+¢g)

IS S WA W T A
l+g o g’ 0 200" T 20507
(21)

Here, f1, f>, f3, and f, are linear combinations of the parameter con-
trasts across the interface listed in Appendix A. The contributions of
f123.4 to the reflection coefficient are of the second order because
these functions are scaled by 1/ Qpg or 1/ Qsp.

The real part of the reflection coefficient in equation 19 coincides
with the corresponding linearized expression for PS-waves in a
purely elastic VTI medium. Most conclusions drawn above for PP-
waves remain valid for the PS-wave reflection coefficient as well. In
particular, the influence of the attenuation contrasts on Rji becomes
comparable to that of the velocity and density contrasts only when
Opo» Oso < 10. The attenuation-related part of R} is controlled pri-
marily by the contrast in the vertical S-wave attenuation coefficient
Aso because Aeyand AS, contribute only to the functions f 5 multi-
plied with 1/Qp, (equations A-1 and A-3).

INCIDENT P-WAVE WITH A NONZERO
INHOMOGENEITY ANGLE

If the upper half-space is attenuative, the incident P-wave can
have a nonzero inhomogeneity angle ¢ (Figure 1b). This situation
might be typical, for example, for the bottom of an attenuative reser-
voir. Because the angle ¢ is determined by the medium properties
along the whole raypath, the imaginary part k’ of the wave vector
might even deviate from the vertical incidence plane. However, for
simplicity we assume that this deviation can be ignored.

For a nonzero angle &, the real and imaginary parts of the wave
vector k are not parallel, and the Christoffel equation becomes

(aijkllzz’];} —0d;)i;=0. (22)

wB197

Although the perturbation analysis of Jech and PSencik (1989) is
not strictly valid for equation 22, it remains sufficiently accurate for
moderate values of &, if the quality factor is not uncommonly small
(Zhu and Tsvankin, 2006). Therefore, the formulation of Vavry&uk
and PSencik (1998) and Jilek (2002a, 2002b) can be applied in a
straightforward way to linearize the reflection coefficient for an inci-
dent wave with a nonzero &. The numerical results below confirm
that this approach yields an accurate approximation for most plausi-
ble attenuative models.

PP-wave reflection coefficient

The linearized PP-wave reflection coefficient Ry for arbitrarily
anisotropic media and for the incident wave with ¢ # 0° represents a
linear function f; of the following parameters:

R{’I_lg :fO(AP/PO’ ‘7PO’ ‘750’ Aal], Aa~13, Aﬁls,
Adys, Adss, Adss, 0, ), (23)

where the superscript TH (inhomogeneous) indicates that the inci-
dent wave has a nonzero inhomogeneity angle. Because of the com-
plicated form of f, it is not shown explicitly in the paper. The reflec-
tion coefficient in equation 23 depends on three additional stiffness
contrasts (Aa;;, Ad,s, and Adass) compared to the reflection coeffi-
cient for ¢ = 0° (equation 14).

For VTI media, the perturbation result 23 reduces to

Rl = RNO) + Bifsing + Gliside, Q4
where
. " sin® &
Rpp(0) = Rpp(0) + s, (25)
40py
—isiné
B = —=5f, (26)
Opo
and

&
)
-0.1
Q=50
—0=10 |
—0=5
-1 0 1 2 3
5Q.2

Figure 4. PP-wave AVO gradient as a function of the attenuation-an-
isotropy parameter &, in the reflecting half-space. The gradient is
estimated numerically as the initial slope of the exact PP-wave re-
flection coefficient computed as a function of sin’6. The model is
similar to that in Figure 3, but the attenuation in the reflecting oil
sand is anisotropic (Table 1). The curves correspond to different

Q-valuesin the sand (Q = Qpy, = 205s02).
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. . 2
isin” &
Gpp = Gpp + f7- (27)
80p

Here, Rb,(0) and G}, are the solutions for ¢ = 0° (superscript H) giv-
en by equations 16 and 17, respectively, and fs, fs, and f; are linear
functions listed in Appendix A.

As illustrated by Figure 5, equation 24 remains accurate for mod-
erate inhomogeneity angles reaching 30°. Even for Q = 2.5 and
& = 30° (Figure 5i), approximation 24 deviates from the exact re-
flection coefficient by less than 10%.

In contrast to the conventional AVO equation for pure (noncon-
verted) waves, which represents an even function of 6 (e.g., equa-
tion 15), equation 24 includes the sin §-term. Therefore, the contri-
bution of the inhomogeneity angle makes the basic equation of con-
ventional PP-wave AVO analysis inadequate, which could have sig-
nificant implications for AVO inversion and interpretation.

However, because the angle ¢ is associated with the terms fs, fs,

Behuraand Tsvankin

and f5, which are scaled by 1/ Qp, its influence becomes pronounced
only in strongly attenuative media. Indeed, the variation of the inho-
mogeneity angle from 0° to 50° does not significantly change the ex-
act reflection coefficient for Q = 10 (Figure 6a and b). Only when Q
= 5 and the inhomogeneity angle exceeds 30°, the contribution of &
to the reflection coefficient (in particular, to the term Bps) becomes
substantial (Figure 6¢).

The asymmetry of the reflection coefficient with respect to
6 = 0° (Figure 6b and c), which increases with the inhomogeneity
angle, is explained in Figure 7. In our modeling, the inhomogeneity
angle of the incident wave is fixed (i.e., it is independent of ), which
implies that the imaginary part k’ of the wave vector makes different
angles with the vertical for the incidence angles 6 and —6. As are-
sult, the reflection coefficient for positive incidence angles differs
from that for negative angles.

In reality, it is unlikely for the incident wave to have a constant in-
homogeneity angle for a wide range of #. A more plausible scenario

a) b) ©)
=0, 0=25 £=0°,0=5 £=0°, 0=25
0.08] 0.08] 0.08}
=& 0.07} =& 0.07} =& 0.07
=R ~ =R
0.06 " <=0 0.06
—20° 0° 20° —20° 0° 20° —20° 0° 20°
0 7] 0
d) e) f)
E=10°,0=25 E=10°, 0 =5 E-10°,0 =25
0.08f 0.08f 0.08f
=% 0.07) =% 0.07) =& 0.07
=l =S =l
0061 006 soae?- 0.06 |
200 0 20° 200 0 20° 200 0 20°
7 6 6
g) . h) . i) i
E=30°, 0=25 E=30°, 0 =5 E=30°, 0=25
0.08} 0.08} 0.08
=% 0.07) =& 0.07k =& 0.07
& = &
0.06 0.06 | 0.06 |
200 0 20° 200 0 200 200 0 20°
[} 0 7}

Figure 5. Magnitude of the exact (solid lines) and approximate (dashed lines, equation 24) PP-wave reflection coefficient at a VTI/isotropic in-
terface for different inhomogeneity angles. The quality factors are (a) Q = 50; (b) Q = 10; and (c) Q = 5, where Q = Qpo1 = 2Qs0.1 = Opo2/2

= (Qs0.; the other model parameters are listed in Table 1.
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a
) 0.08
__ 006
I
&
=0
0.04 —=25
—=50°
—20° 0° 20°
0
b
) 0.08
__ 006
=
=
§=0
0.04 : — =25
—=50°
“20° 0 20°
0
C
) 0.08
__ 006
I
=
0.04 — =25
—=50°
—20° 0° 20°

0

Figure 6. Magnitude of the exact PP-wave reflection coefficient at a
VTU/isotropic interface for different inhomogeneity angles. The
quality factors are (a) Q=50; (b) Q=10; and (c) Q =5,
where O = Opo1 = 20501 = 20pp 2 = 4050, The other model pa-
rameters are listed in Table 1.
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is depicted in Figure 8a. The model includes an attenuative reservoir
beneath a purely elastic cap rock. Because the cap rock is nonattenu-
ative, the wave incident upon the reservoir has a real wave vector.
According to Snell’s law, the horizontal slowness (and the horizontal
component of the wave vector) must be preserved during reflection
and transmission. Therefore, the imaginary part k! of the wave vec-
tor in the reservoir cannot have a horizontal component, and the in-
homogeneity angle of the transmitted wave is equal to the transmis-
sion angle 6 (Figure 8a). For the reflection from the bottom of the
reservoir, 8 becomes the incidence angle. Therefore, the vector k’
for both positive and negative incidence angles remains vertical (i.e.,
the wave vector as a whole is symmetric with respect to the reflector
normal), and the PP-wave reflection coefficient is an even function
of @ (Figure 8b, gray line). However, for more complicated overbur-
den models, the inhomogeneity angle can be different from the inci-
dence angle, which makes the reflection coefficient asymmetric with
respect to @ (Figure 8b, black line; & = 50° was held constant).

PS-wave reflection coefficient

As is the case for PP-waves, the influence of the inhomogeneity
angle of the incident P-wave changes the conventional PS-wave
AVO equation. The linearized PS-wave coefficient for & #0 be-
comes

Rps = Rps(0) + Bii sin 6 + Gy sin’6), (28)
where
siné
Rp3(0) = i——f;, (29)
Opo
and
sin
GH— d 5. (31)
Opo

Equations 28-31 do not include cubic and higher order terms in
sin @ and sin &. The term B is the PS-wave AVO gradient for an in-
cident wave with a zero inhomogeneity angle
(equation 20), and the terms f3 and f, are linear
combinations of the parameter contrasts across
the interface (Appendix A).

Equation 28 is different from equation 19 for
& =0°, in which only the coefficients of odd
powers in sin # are nonzero (i.e., the reflection
coefficient is an odd function of #). The deviation
of equation 28 from the conventional PS-wave
AVO equation is illustrated in Figure 9, where the
absolute value of the PS-wave reflection coeffi-
cient in strongly attenuative media (Q = 2.5) for
& =50° is visibly asymmetric with respect to
0 = 0°. Whereas the coefficient R for Q = 50
almost coincides with that for a purely elastic me-

Figure 7. PP-wave reflection coefficient might become asymmetric with respect to
6 = 0° for a nonzero inhomogeneity angle £. As before, k¥ and K’ are the real and imagi-

nary parts, respectively, of the wave vector of the incident P-wave.

dium, the influence of attenuation and the inho-
mogeneity angle becomes pronounced for low
values of Q.
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Because the linearized AVO gradient Bh: (equation 30) does not
depend on ¢, the inhomogeneity angle has a greater influence on
R}4(0) and Gpi than on Bpe. For a zero inhomogeneity angle of the in-

a)

Elastic
cap rock

Attenuative
reservoir

b)

0.20f

RS |

0.157

0.10 1

—20° 0 20°
0

Figure 8. (a) The vectors of the incident and reflected waves in an at-
tenuative layer (reservoir) overlaid by a purely elastic medium (cap
rock). The inhomogeneity angle ¢ of the wave transmitted through
the top of the reservoir is equal to the transmission angle ;. The vec-
tors k®r and k/ are the real and imaginary components, respec-
tively, of the wave vector for the reflection from the bottom of the
reservoir. (b) Magnitude of the exact PP-wave reflection coefficient
from the reservoir bottom for ¢ = 6 (gray line) and for a constant
inhomogeneity angle ¢ = 50° (black line). The model parameters
are listed in Table 1.

0.4
2
&
0.2
0=25
—0=5
—0=25
—0=125
0 i L T
—20° 0° 20°

0

Figure 9. Magnitude of the exact PS-wave reflection coefficient
at an isotropic/VTI interface for a nonzero inhomogeneity angle
(£ =50°) of the incident P-wave and variable quality factor
0 = Opo1 = 20501 = Opo2/2 = QOs0,. The other model parameters
are listed in Table 1.

Behuraand Tsvankin

cident wave, Rpa(0) and G vanish and equation 28 reduces to the
term proportional to sinf in equation 19.

For ¢ # 0° and small Q-values, the magnitude of the normal-inci-
dence PS-wave reflection coefficient Rja(0) can be substantial (Fig-
ure 9). A nonzero inhomogeneity angle of the vertically traveling
P-wave makes its wave vector asymmetric with respect to the reflec-
tor normal, which generates the PS conversion. Note that generation
of reflected or transmitted PS-waves at normal incidence also can be
caused by such factors as lateral heterogeneity, the deviation of the
reflector from the symmetry planes of the model (Behura and Ts-
vankin, 2006), and the influence of additional terms of the ray-series
expansion on point-source radiation (Tsvankin, 1995). Here, howev-
er, the model is composed of homogeneous VTI half-spaces with a
common horizontal symmetry plane, and we consider only plane-
wave reflection coefficients.

DISCUSSION

The plane-wave reflection coefficients analyzed here are derived
for plane interfaces and, therefore, break down in the presence of
significant wavefront and/or reflector curvature (van der Baan and
Smit, 2006; Ayzenberg et al., 2009). Reflections from curved inter-
faces can be analyzed by using so-called “effective reflection coeffi-
cients” (ERC), extended to anisotropic media by Ayzenberg et al.
(2009). Plane-wave reflection coefficients often are incorporated
into the geometrical-seismics approximation to describe wave-
fields generated by point sources. Geometrical seismics, however,
loses accuracy for near- and postcritical incidence angles and for
source/receiver locations near the reflector. If the interface is plane,
the exact scattered wavefields can be modeled using Weyl-type inte-
grals, which include plane-wave reflection/transmission coefficients
(Tsvankin, 1995).

In contrast to most previous publications, our formalism consid-
ers the inhomogeneity angle ¢ of the incident wave. As demonstrat-
ed above, reflection coefficients of both PP- and PS-waves become
sensitive to the angle ¢ only when it is relatively large and the medi-
um is highly attenuative. This result facilitates AVO analysis in at-
tenuative media because the inhomogeneity angle is extremely diffi-
cult to evaluate from seismic data. Indeed, the group attenuation co-
efficient (i.e., the attenuation along the raypath) measured from seis-
mic amplitudes is independent of & for a wide range of small and
moderate inhomogeneity angles (Behura and Tsvankin, 2009). Po-
tentially, the inhomogeneity angle can be estimated from the reflec-
tion coefficient provided a priori information about the parameter
contrasts is available and ¢ is sufficiently large. However, the in-
crease in the group attenuation coefficient for large values of & (Be-
hura and Tsvankin, 2009) reduces the reflection amplitude and
makes AVO analysis less reliable.

The stiffness tensor in attenuative media is not only complex, but
also varies with frequency, which makes velocity, normalized atten-
uation coefficient, and other quantities frequency-dependent. Our
analytic expressions are derived for a fixed frequency of the harmon-
ic plane wave and can be applied to arbitrarily dispersive models by
treating the stiffnesses or Thomsen-style parameters as functions of
frequency.
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CONCLUSIONS

To analyze PP- and PS-wave reflection coefficients in attenuative
anisotropic media, we developed linearized approximations using
perturbation theory. For an incident P-wave with a zero inhomoge-
neity angle, the form of the linearized PP- and PS-wave reflection
coefficients in arbitrarily anisotropic media is the same as in purely
elastic models, but all terms become complex. The general solutions
were simplified for VTI symmetry to obtain simple closed-form ex-
pressions in Thomsen-style notation.

Both analytic and numerical results show that only in the presence
of strong attenuation (Q < 10) does the contribution of the imagi-
nary part of the stiffness tensor (which is responsible for attenuation)
become comparable to that of the real part. In particular, the influ-
ence of the attenuation-anisotropy parameters €, and &, on the PP-
wave reflection coefficient typically is much weaker than that of the
velocity-anisotropy parameters € and 8. As expected from the pa-
rameter definitions, the PP-wave AVO gradient in attenuative media
includes &, and the wide-angle reflection coefficient also depends
on g,. However, the largest attenuation-related terms in the reflec-
tion coefficients for both PP- and PS-waves are proportional to the
contrasts in the normalized symmetry-direction attenuation coeffi-
cients Apy and Ag, because the contrasts in the attenuation-anisotro-
py parameters are scaled by the inverse quality factor 1/ Qp. There-
fore, the contribution of &, and &, becomes significant only for
models with uncommonly high attenuation (Q < 10), such as
heavy-oil-saturated rocks.

If the incident wave has a nonzero inhomogeneity angle £, the
form of the linearized reflection coefficients is different from the
conventional AVO expression. In particular, the PP-wave reflection
coefficient no longer is an even function of the incidence angle 6 and
includes a term proportional to sin. Likewise, when & # 0°, the nor-
mal-incidence PS-wave reflection coefficient (i.e., the AVO inter-
cept) does not vanish and might even attain values comparable to the
AVO intercept for the PP reflection. However, the inhomogeneity
angle makes a substantial contribution to the AVO response only for
strongly attenuative media.

Despite the presence of attenuation-related terms, our linearized
AVO equations have an easily interpretable form that provides use-
ful physical insight into the reflectivity of anisotropic attenuative
media. Their application can help avoid errors in AVO analysis and,
potentially, invert prestack reflection amplitudes for the attenuation
parameters.
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APPENDIX A

LINEAR FUNCTIONS IN THE APPROXIMATE
REFLECTION COEFFICIENTS

Here, we give explicit expressions for the linear functions f; in
the approximate equations for the reflection coefficients.

wB201

The functions fi, f>, f3, and f; in equations 20 and 21have the
form

1A 1AV, j
fr=—Pp =80 8 A5y fAd,
2¢pp & Vso 4(1+g) g
+—5 A5, (A-1)
4(1+g)
1A 1AV, j
2= __p + = S0 g 2A5 + lAAso,
2gpp g Vso 4(l+g) g
(A-2)
3+gAp 4+ gAvV. g
3= >t 2 ;A
2¢° po g Vso (I+g)
5g 4+g g
+ —A5 + AAgy— ——A
a1+ g 0 T M gpfee
4o — 1
g— (A—3)
41+ g)
and
fa= 75— 2 - 2A
28" po g Vso (I+g)
5¢ 1
+ ——=A6 +i—5AAq, A-4

where g = Vpq/ V.
The functions f5, fs, and f7 in equations 25-27 are given by

AV
fs=— 4 Adpy, (A-5)
PO
—2A AV 4 AV, AS
f6:_2_p+ PO__2_SO+_
g po 2Vey g Vg 2
AA 4A A
+ i( % 250), (A-6)
2 g
and
1 \AV, 1
f7=(1+—2) PO—A6+i<1+—2)AAPO. (A-7)
g/ Ve g

Finally, for the functions f3 and f, in equations 29 and 31, we have

2+g£ AVSO

8§ = —— A5 + AAS(), (A-S)

4g po  gVso 4(1+g)
and
9+8g+g>Ap 3+2gAV, 3-13
fo= 82 g_P+ 28 S0 8A5
8g Po g Vs 8(1+yg)
3g 3+ 2g
Ae +i AAg,. A-9
A+ g )
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