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eflection coefficients in attenuative anisotropic media
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ABSTRACT

Such reservoir rocks as tar sands are characterized by signifi-
cant attenuation and, in some cases, attenuation anisotropy. Most
existing attenuation studies are focused on plane-wave attenua-
tion coefficients, which determine the amplitude decay along the
raypath of seismic waves. Here we study the influence of attenua-
tion on PP- and PS-wave reflection coefficients for anisotropic
media with the main emphasis on transversely isotropic models
with a vertical symmetry axis �VTI�. Concise analytic solutions
obtained by linearizing the exact plane-wave reflection coeffi-
cients are verified by numerical modeling. To make a substantial
contribution to reflection coefficients, attenuation must be
strong, with the quality factor Q not exceeding 10. For such high-
ly attenuative media, it is also necessary to take attenuation an-
isotropy into account if the magnitude of the Thomsen-style
s
H

e
s
u
m
i
�
i
a
e
t
n
fl
p

receive
or Wave
p.com; j
henom

WB193

Downloaded 07 Oct 2009 to 138.67.12.60. Redistribution subject to S
ttenuation-anisotropy parameters is relatively large. In general,
he linearized reflection coefficients in attenuative media include
elocity-anisotropy parameters but have almost “isotropic” de-
endence on attenuation. Our formalism also helps evaluate the
nfluence of the inhomogeneity angle �the angle between the real
nd imaginary parts of the slowness vector� on the reflection co-
fficients. A nonzero inhomogeneity angle of the incident wave
ntroduces additional terms into the PP- and PS-wave reflection
oefficients, which makes conventional amplitude-variation-
ith-offset �AVO� analysis inadequate for strongly attenuative
edia. For instance, an incident P-wave with a nonzero inhomo-

eneity angle generates a mode-converted PS-wave at normal in-
idence, even if both half-spaces have a horizontal symmetry
lane. The developed linearized solutions can be used inAVO in-
ersion for highly attenuative �e.g., gas-sand and heavy-oil�
eservoirs.
INTRODUCTION

Conventional amplitude-variation-with-offset �AVO� analysis is
arried out under the assumption that the subsurface is purely elastic.
owever, direct measurements using vertical seismic profiling

VSP� �Hauge, 1981; Hedlin et al., 2001�, well logs �Schmitt, 1999�,
nd rock samples �Behura et al., 2007; Winkler and Nur, 1982� show
hat attenuation �and, sometimes, velocity dispersion� can be signifi-
ant, especially within hydrocarbon-saturated zones. Luh �1988�

nd Samec et al. �1990� attribute some failures of AVO analysis to
he influence of attenuation. Furthermore, physical-modeling exper-
ments �Hosten et al., 1987; Maultzsch et al., 2003; Zhu et al., 2007�,
ock-physics studies �Behura et al., 2006; Prasad and Nur, 2003; Tao
nd King, 1990�, and analysis of field data �Liu et al., 1993; Lynn et
l., 1999; Vasconcelos and Jenner, 2005� indicate that attenuation
an be directionally dependent, with attenuation anisotropy being
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tronger than velocity anisotropy �Arts and Rasolofosaon, 1992;
osten et al., 1987; Zhu et al., 2007�.
Although most attenuation studies are focused on attenuation co-

fficients, which determine the amplitude decay along the raypath of
eismic waves, it is also important to evaluate the influence of atten-
ation and attenuation anisotropy on plane-wave reflection/trans-
ission coefficients. Reflection coefficients for a boundary between

sotropic attenuative half-spaces have been studied analytically
Krebes, 1983; Ursin and Stovas, 2002� and using numerical model-
ng �Nechtschein and Hron, 1997; Hearn and Krebes, 1990�. Sidler
nd Carcione �2007� and Stovas and Ursin �2003� discuss the influ-
nce of anisotropy on reflection/transmission coefficients in attenua-
ive VTI media. Existing results for anisotropic models, however, do
ot provide physical insight into the dependence of plane-wave re-
ectivity on the medium properties, in particular on the anisotropy
arameters that govern both velocity and attenuation.

Here, we develop linearized approximations for PP- and PS-wave
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WB194 Behura and Tsvankin
eflection coefficients at a boundary between arbitrarily anisotropic,
ttenuative half-spaces. Then the general solutions are simplified for
ertical transverse isotropy and expressed through the Thomsen-
tyle parameters introduced by Zhu and Tsvankin �2006�. It should
e emphasized that our formalism takes into account the inhomoge-
eity angle �the angle between the real and imaginary parts of the
lowness vector� of the incident wave. Finally, we compute exact re-
ection coefficients for a realistic range of the velocity- and attenua-

ion-anisotropy parameters and assess the accuracy of the linearized
xpressions.

PERTURBATION ANALYSIS OF REFLECTION/
TRANSMISSION COEFFICIENTS

For a welded contact between two arbitrarily anisotropic, attenua-
ive half-spaces, the boundary conditions of the continuity of trac-
ion and displacement result in the following system of six linear
quations �e.g., Vavryčuk and Pšenčík, 1998�:

C̃ Ũ� B̃, �1�

here the tilde denotes a complex quantity, C̃ corresponds to the dis-
lacement-stress matrix for the reflected and transmitted plane
aves P, S1, and S2, B̃ is the displacement-stress vector of the inci-
ent wave, and Ũ is the vector of the reflection �R� and transmission
T� coefficients. The matrix C̃ and the vectors Ũ and B̃ are composed
f complex elements because the stiffness tensor in attenuative me-
ia is complex. Exact reflection/transmission coefficients �Ũ� can be
omputed by solving the system of equations 1 numerically.

Following Vavryčuk and Pšenčík �1998� and Jílek �2002a,
002b�, we apply the first-order perturbation theory to a background
omogeneous medium, which is taken to be isotropic and attenua-
ive. Linearization of the boundary conditions �equation 1� yields the
erturbation � Ũ in the form

� Ũ� �C̃0��1�� B̃�� C̃ Ũ0� . �2�

ere, C̃0 is the displacement-stress matrix for the reflected/transmit-
ed waves in the background medium and � C̃ represents the pertur-
ation of C̃0. Similarly, � B̃ is the perturbation of the displacement-
tress vector of the incident wave. The vector of the amplitudes of
he reflected and transmitted waves in the homogeneous background
˜ 0 is given by

) b)
ξ = 0 ξ = 0oo

kI

kR

kI

igure 1. Incident plane wave with �a� zero inhomogeneity angle an
ogeneity angle � . The vectors kR and kI are the real and imaginary c

ively� of the wave vector, and � is the incidence phase angle.
Downloaded 07 Oct 2009 to 138.67.12.60. Redistribution subject to S
Ũ0� �0, 0, 0,0, 0, 1�T; �3�

he only nonzero term in equation 3 represents the P-wave transmis-
ion coefficient.

Ursin and Stovas �2002� adopt a similar perturbation approach to
erive reflection/transmission coefficients for isotropic attenuative
edia. �Their formalism introduces a weak contrast in the parame-

ers across the interface while keeping both half-spaces isotropic.�
he change in the slownesses and polarizations of the scattered
aves, required for obtaining � C̃ and � B̃ in equation 2, can be com-
uted by perturbing the isotropic background medium �Jech and
šenčík, 1989�. We extend this method, developed for purely elastic
edia, to attenuative models by taking the background attenuation

nto account.
The density-normalized complex stiffness tensor ãijkl of the per-

urbed medium can be written as

ãijkl� ã ijkl
0 �� ãijkl, �4�

here the tensor ã ijkl
0 �aijkl

0 � iaijkl
0,I corresponds to the background

edium, and the perturbation � ãijkl is responsible for both the veloc-
ty and attenuation anisotropy of the perturbed medium.

The quality-factor �Q� matrix �in the two-index Voigt notation� is
efined as �e.g., Carcione, 2007�

Qij�
aij

R

aij
I . �5�

or isotropic media, the Q-matrix takes the form

Q��
QP0 Q13 Q13 0 0 0

Q13 QP0 Q13 0 0 0

Q13 Q13 QP0 0 0 0

0 0 0 QS0 0 0

0 0 0 0 QS0 0

0 0 0 0 0 QS0

�, �6�

here QP0 and QS0 control the P- and the S-wave attenuation, respec-
ively, and Q13 is the following function of QP0 and QS0 �Zhu and Ts-
ankin, 2006�:

Q13�QP0
a33�2a55

a33�2a55
QP0

QS0

. �7�

If the medium is attenuative, the wave vector
becomes complex, and its real �kR� and imagi-
nary �kI� parts might have different orientations.
The angle � between kR and kI usually is called
the inhomogeneity angle �Figure 1b�. For � �0°
�so-called “homogeneous wave propagation,”
Figure 1a�, the phase direction coincides with the
direction of maximum attenuation.

Plane-wave propagation in anisotropic media
is described by the Christoffel equation, which
can be solved for the phase velocity, polarization
vector, and phase attenuation coefficient. The
Christoffel equation for a zero inhomogeneity an-
gle can be written as

onzero inho-
ents �respec-
kR

d �b� n
ompon
EG license or copyright; see Terms of Use at http://segdl.org/
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Reflectivity in attenuative anisotropic media WB195
�ãijklk̃
2ninl��� jk�ũj�0, �8�

here n is the unit slowness vector, � is the frequency, ũ is the polar-
zation vector, and

k̃�kR� ikI; �9�
R� �kR� controls the phase velocity and kI� �kI� is responsible for
he phase attenuation. The ratio of kI and kR defines the normalized
ttenuation coefficient A, which yields the rate of amplitude decay
er wavelength �Zhu and Tsvankin, 2006�:

A�
kI

kR . �10�

hen attenuation is weak or moderate �1 /Q�1� and isotropic,

A�
1

2Q
. �11�

The perturbations of the wave �� k̃� and polarization �� ũ� vec-
ors, obtained by substituting the perturbed tensor ãijkl �equation 4�
nto the Christoffel equation 8, are used in equation 2 to derive the
erturbation � Ũ of the reflection/transmission coefficients �Jech
nd Pšenčík, 1989; Vavryčuk and Pšenčík, 1998; Jílek, 2002b�. Note
hat the perturbation analysis based on equation 8 is strictly valid
nly for plane waves with a zero inhomogeneity angle � . Neverthe-
ess, as shown below, our results can be extended in a straightfor-
ard way to waves with moderate angles � , even if the model has

trong attenuation with Q � 10.
The complex P- and S-wave velocities �ṼP0 and ṼS0� in the back-

round attenuative isotropic medium have the form

ṼP0�
�

k̃P0

�VP0�1� iAP0�, �12�

ṼS0�
�

k̃S0

�VS0�1� iAS0�, �13�

here VP0 and VS0 are the phase velocities of P- and S-waves, respec-
ively, and AP0 and AS0 are the corresponding normalized attenua-
ion coefficients. In equations 12 and 13, terms of the second and
igher order in 1 /Q are neglected.

INCIDENT P-WAVE WITH A ZERO
INHOMOGENEITY ANGLE

If the angle � is set to zero, all terms in equation 2 coincide with
hose given in Vavryčuk and Pšenčík �1998� and Jílek �2002a,
002b� for nonattenuative media, but they become complex quanti-
ies. Hence, the linearized reflection coefficients for P-waves
Vavryčuk and Pšenčík, 1998� and PS-waves �Jílek, 2002a� can be
dapted in a straightforward way for attenuative media.

P-wave reflection coefficient

rbitrarily anisotropic media

The linearized PP-wave reflection coefficient in arbitrarily aniso-
ropic media obtained from equation 2 is given by
Downloaded 07 Oct 2009 to 138.67.12.60. Redistribution subject to S
RPP
H �

��

2�0
�

�ã33

4ṼP0
2

�	�ã13

2ṼP0
2

�
�ã33

4ṼP0
2

�
�ã55

ṼP0
2

�
2ṼS0

2

ṼP0
2

��

�0

sin2� �

�ã11

4ṼP0
2

sin2� tan2� , �14�

here the superscript H �homogeneous� indicates that the incident
ave has a zero inhomogeneity angle, � is the contrast in a certain
arameter across the interface, �0 is the density of the background
edium, ãij are the density-normalized complex stiffness coeffi-

ients in Voigt notation �i.e., the stiffness matrix�, and � is the inci-
ence angle �Figure 1a�.

Equation 14 is derived under the assumption that the contrasts
n the medium properties across the interface are small
��ãijkl�� � ã ijkl

0 �, ������0, ã ijkl
0 and �0 are the background stiffness

ensor and density�. The linearized reflection coefficient in equation
4 reduces to that in purely elastic media, if all complex quantities
re made real.Although equation 14 is strictly valid only if all waves
ave a zero inhomogeneity angle, it remains sufficiently accurate for
wide range of � values, unless the medium is strongly attenuative

see below�.

TI media

Next we analyze equation 14 for the special case of attenuative
TI media using Thomsen-style notation. In addition to the well-
nown Thomsen velocity parameters VP0, VS0, � , � , and 	 , we em-
loy the attenuation parameters AP0, AS0, � Q, � Q, and 	 Q introduced
y Zhu and Tsvankin �2006�. AP0 �1 / �2QP0� and AS0 �1 / �2QS0�
re the normalized symmetry-direction �vertical� attenuation coeffi-
ients of P- and S-waves, respectively, 
Q and � Q control the angular,
ariation of the P- and SV-wave attenuation coefficients, and 	 Q

overns SH-wave attenuation anisotropy.
To simplify the reflection coefficient, it is convenient to assume

hat terms proportional to 1 /QP0
2 and 1 /QS0

2 are sufficiently small to
e dropped. Then equation 14 takes the form

RPP
H �RPP

H �0��GPP
H sin2� �CPP

H sin2� tan2� , �15�

here RPP
H �0� is the normal-incidence PP-wave reflection coefficient

AVO intercept�, GPP
H is the AVO gradient, and CPP

H is the curvature
erm. Equation 15 is a Shuey-type approximation for the PP reflec-
ion coefficient in attenuative media, in which all three terms are
omplex:

RPP
H �0��

��

2�0
�

�VP0

2VP0
�

�AP0

2
	i�

1

QP0

, �16�

GPP
H �

�2

g2

��

�0
�

�VP0

2VP0
�

4

g2

�VS0

VS0
�

��

2
� i	�AP0

2

�
4�AS0

g2 
�
i

QP0
	 2

g2

��

�0
�

4

g2

�VS0

VS0
�

i

2
�AP0

�
4i

g2�AS0�
�� Q

4

�

i

QS0

2

g2	��

�0
�2

�VS0

VS0

,

�17�

nd
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CPP
H �

�VP0

2VP0
�

�


2
�

i

2
�AP0�

1

QP0
	�AP0

2
�

i

4
�
Q
;

�18�

g�VP0/VS0.

Eliminating the influence of attenuation on RPP
H �0�, GPP

H , and CPP
H in

quations 16–18 reduces them to the expressions for the PP-wave in-
ercept, gradient, and curvature �respectively� for purely elastic VTI

edia �Rüger, 2002�. As illustrated by Figure 2, the linearized ap-
roximation stays close to the exact reflection coefficient for a wide
ange of � values, even when QP0 is as low as 10. The decrease in the
ccuracy of equation 15 with incidence angle �Figure 2� is typical for
eak-contrast, weak-anisotropy approximations for reflection coef-
cients.
Because the attenuation coefficient A
1 / �2Q�, it is clear from

quations 16–18 that the influence of attenuation on the reflection
oefficient is comparable to that of the velocity and density contrasts
nly if the quality factor is small �e.g., QP0, QS0 � 10�. This conclu-
ion is confirmed by the test in Figure 3 with the model parameters
imulating an interface between purely elastic shale and attenuative
il sand. When the attenuation in the sand is moderate �QP,2�2QS,2

50�, the coefficient RPP
H is almost identical to that in the elastic

�

H PP

igure 2. Magnitude of the PP-wave reflection coefficient at the
cean floor for different values of the quality factor Q of the ocean-
oor sediments �Q�QP0,2�2QS0,2�. The solid lines are the exact
oefficients; the dashed lines mark the linearized approximation 15.
he model parameters are listed in Table 1.

igure 3. Magnitude of the exact PP-wave reflection coefficient for
n interface between VTI shale with negligible attenuation and at-
enuative isotropic oil sand �Table 1�. The solid lines correspond to
ifferent Q-values in the sand �Q�QP0,2�2QS0,2�; the dashed line
orresponds to zero attenuation �QP0,2�QS0,2���.
Downloaded 07 Oct 2009 to 138.67.12.60. Redistribution subject to S
ase. Even a small Q-value of 10 does not noticeably change the re-
ection coefficient. However, when the attenuation is extremely
trong �QP,2�2QS,2�2.5 or 5�, the reflection coefficient substan-
ially deviates from that for the purely elastic model.

The “isotropic” parameter �AP0 in equation 16 is responsible for
he influence of attenuation on the normal-incidence reflection coef-
cient. In addition, �AP0 makes a more significant contribution to

PP
H and CPP

H than do 
Q and � Q because the attenuation-anisotropy
arameters in equations 17 and 18 are scaled by 1 /QP0. In general,
he contribution of the terms multiplied with 1 /QP0 and 1 /QS0 in
quations 16–18 is of the second order, unless the medium has ex-
remely high attenuation.

As is the case for purely elastic VTI media, the linearized P-wave
VO gradient �equation 17� is sensitive to the velocity-anisotropy
arameter � . Although the attenuation-anisotropy parameter � Q

overns the P-wave attenuation near the symmetry axis, the scaling
actor 1 /QP0 makes its influence on GPP

H less significant than that of
. Similarly, the curvature term CPP

H �equation 18� is more sensitive
o the parameter � than to 
Q �note that 
Q does not contribute to the
inearized AVO gradient�. The parameters 	 and 	 Q control only the
nisotropy of SH-waves, which are decoupled from P- and SV-
aves analyzed here. On the whole, the reflection coefficient for typ-

cal subsurface formations with Q � 10 is more sensitive to velocity
nisotropy than to attenuation anisotropy.

The influence of the parameter � Q on theAVO gradient is illustrat-
d in Figure 4 where the model is similar to that in Figure 3, but the
il sand �reflecting medium� exhibits attenuation anisotropy. When
ttenuation is weak �Q�50�, the AVO gradient barely varies with

able 1. Medium parameters used in the numerical tests.
or all models, the symmetry-direction velocities (VP0 and
S0) are in km/s and density „�… is in gm Õcm3. A dash means

hat the parameter value is shown on the plot.

arameters Fig. 2 Fig. 3 Fig. 4
Figs. 5
and 6 Fig. 8 Fig. 9

1 1.0 2.0 2.0 2.0 2.3 2.3

P0,1 1.5 2.0 2.0 2.0 3.3 3.3

S0,1 0 1.1 1.1 1.1 1.9 1.9

1 0 0.2 0.2 0.2 0 0

1 0 0.1 0.1 0.1 0 0

P0,1 � 500 500 — 5 —

S0,1 � 250 250 — 2.5 —

Q,1 0 0.8 0.8 0.8 0 0

Q,1 0 �0.4 �0.4 �0.4 0 0

2 1.1 2.0 2.0 2.0 2.0 2.0

P0,2 1.7 1.8 1.8 1.8 2.5 2.5

S0,2 0.1 1.0 1.0 1.0 1.3 1.3

2 0 0 0 0 0 0.1

2 0 0 0 0 0 0.2

P0,2 — — — — 10 —

S0,2 — — — — 5 —

Q,2 0 0 — 0 0 0.8

Q,2 0 0 0 0 0 �0.4
EG license or copyright; see Terms of Use at http://segdl.org/
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Reflectivity in attenuative anisotropic media WB197
Q. However, as the magnitude of attenuation increases �Q
10�,
he influence of attenuation anisotropy becomes pronounced; strong
ttenuation can even change the sign of the AVO gradient. Our re-
ults confirm the common view that moderate attenuation does not
ubstantially distort reflection coefficients. For highly attenuative
edia with Q � 10, however, it is necessary to consider not just at-

enuation, but also attenuation anisotropy.

S-wave reflection coefficient for VTI media

Using the approach outlined above, we obtained the following
losed-form linearized expression for the PS-wave reflection �con-
ersion� coefficient in attenuative VTI media:

RPS
H �BPS

H sin� �KPS
H sin3� , �19�

here the coefficients BPS
H and KPS

H �the gradient and curvature terms,
espectively, in conventional PS-waveAVO analysis� are given by

BPS
H ��

2�g

2g

��

�0
�

2

g

�VS0

VS0
�

g

2�1�g�
�� � i

2

g
�AS0

�
i

QP0
f1�

i

QS0
f2, �20�

KPS
H �

�3�2g�
4g2

��

�0
�

2�g

g2

�VS0

VS0
�

1�4g

2�1�g�
��

�
g

1�g
�
� i

2�g

g2 �AS0�
i

2QP0
f3�

i

2QS0
f4.

�21�

ere, f1, f2, f3, and f4 are linear combinations of the parameter con-
rasts across the interface listed in Appendix A. The contributions of
f1,2,3,4 to the reflection coefficient are of the second order because
hese functions are scaled by 1 /QP0 or 1 /QS0.

The real part of the reflection coefficient in equation 19 coincides
ith the corresponding linearized expression for PS-waves in a
urely elastic VTI medium. Most conclusions drawn above for PP-
aves remain valid for the PS-wave reflection coefficient as well. In
articular, the influence of the attenuation contrasts on RPS

H becomes
omparable to that of the velocity and density contrasts only when
P0, QS0 � 10. The attenuation-related part of RPS

H is controlled pri-
arily by the contrast in the vertical S-wave attenuation coefficient
S0 because �� Q and �� Q contribute only to the functions f1,3 multi-
lied with 1 /QP0 �equations A-1 andA-3�.

INCIDENT P-WAVE WITH A NONZERO
INHOMOGENEITY ANGLE

If the upper half-space is attenuative, the incident P-wave can
ave a nonzero inhomogeneity angle � �Figure 1b�. This situation
ight be typical, for example, for the bottom of an attenuative reser-

oir. Because the angle � is determined by the medium properties
long the whole raypath, the imaginary part kI of the wave vector
ight even deviate from the vertical incidence plane. However, for

implicity we assume that this deviation can be ignored.
For a nonzero angle � , the real and imaginary parts of the wave

ector k̃ are not parallel, and the Christoffel equation becomes

�ã k̃ k̃ ��� �ũ �0. �22�
ijkl i l jk j

Downloaded 07 Oct 2009 to 138.67.12.60. Redistribution subject to S
Although the perturbation analysis of Jech and Pšenčík �1989� is
ot strictly valid for equation 22, it remains sufficiently accurate for
oderate values of � , if the quality factor is not uncommonly small

Zhu and Tsvankin, 2006�. Therefore, the formulation of Vavryčuk
nd Pšenčík �1998� and Jílek �2002a, 2002b� can be applied in a
traightforward way to linearize the reflection coefficient for an inci-
ent wave with a nonzero � . The numerical results below confirm
hat this approach yields an accurate approximation for most plausi-
le attenuative models.

P-wave reflection coefficient

The linearized PP-wave reflection coefficient RPP
IH for arbitrarily

nisotropic media and for the incident wave with � �0° represents a
inear function f0 of the following parameters:

RPP
IH � f0��� /�0, ṼP0, ṼS0, �ã11, �ã13, �ã15,

�ã33, �ã35, �ã55, � , � �, �23�

here the superscript IH �inhomogeneous� indicates that the inci-
ent wave has a nonzero inhomogeneity angle. Because of the com-
licated form of f0, it is not shown explicitly in the paper. The reflec-
ion coefficient in equation 23 depends on three additional stiffness
ontrasts ��ã11, �ã15, and �ã35� compared to the reflection coeffi-
ient for � �0° �equation 14�.

For VTI media, the perturbation result 23 reduces to

RPP
IH �RPP

IH�0��BPP
IH sin� �GPP

IH sin2� , �24�

here

RPP
IH�0��RPP

H �0��
sin2 �

4QP0
f5, �25�

BPP
IH �

�i sin�

QP0
f6, �26�

nd

�

�

�

H PP

igure 4. PP-waveAVO gradient as a function of the attenuation-an-
sotropy parameter � Q,2 in the reflecting half-space. The gradient is
stimated numerically as the initial slope of the exact PP-wave re-
ection coefficient computed as a function of sin2� . The model is
imilar to that in Figure 3, but the attenuation in the reflecting oil
and is anisotropic �Table 1�. The curves correspond to different
-values in the sand �Q�Q �2Q �.
P0,2 S0,2
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GPP
IH �GPP

H �
i sin2 �

8QP0
f7. �27�

ere, RPP
H �0� and GPP

H are the solutions for � �0° �superscript H� giv-
n by equations 16 and 17, respectively, and f5, f6, and f7 are linear
unctions listed inAppendix A.

As illustrated by Figure 5, equation 24 remains accurate for mod-
rate inhomogeneity angles reaching 30°. Even for Q�2.5 and
�30° �Figure 5i�, approximation 24 deviates from the exact re-
ection coefficient by less than 10%.
In contrast to the conventional AVO equation for pure �noncon-

erted� waves, which represents an even function of � �e.g., equa-
ion 15�, equation 24 includes the sin� -term. Therefore, the contri-
ution of the inhomogeneity angle makes the basic equation of con-
entional PP-wave AVO analysis inadequate, which could have sig-
ificant implications forAVO inversion and interpretation.

However, because the angle � is associated with the terms f5, f6,

�

IH PP IH PP

a) b)

IH PP

�

PPIH

�

IH PP

IH PP

d) e)

g) h)

ξ = 0o, = 25

ξ = 10o, Q = 25

ξ = 30o, Q = 25

ξ = 0o, Q = 5

ξ = 10o, Q = 5

ξ = 30o, Q = 5

Q

igure 5. Magnitude of the exact �solid lines� and approximate �dash
erface for different inhomogeneity angles. The quality factors are �a

Q ; the other model parameters are listed in Table 1.
S0,2
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nd f7, which are scaled by 1 /QP0, its influence becomes pronounced
nly in strongly attenuative media. Indeed, the variation of the inho-
ogeneity angle from 0° to 50° does not significantly change the ex-

ct reflection coefficient for Q�10 �Figure 6a and b�. Only when Q
5 and the inhomogeneity angle exceeds 30°, the contribution of �

o the reflection coefficient �in particular, to the term BPP
IH� becomes

ubstantial �Figure 6c�.
The asymmetry of the reflection coefficient with respect to
�0° �Figure 6b and c�, which increases with the inhomogeneity

ngle, is explained in Figure 7. In our modeling, the inhomogeneity
ngle of the incident wave is fixed �i.e., it is independent of � �, which
mplies that the imaginary part kI of the wave vector makes different
ngles with the vertical for the incidence angles � and �� . As a re-
ult, the reflection coefficient for positive incidence angles differs
rom that for negative angles.

In reality, it is unlikely for the incident wave to have a constant in-
omogeneity angle for a wide range of � . A more plausible scenario

c)

�
IH PP

�

IH PP

�

PPIH

f)

i)

ξ = 0o, Q = 2.5

ξ = 10o, Q = 2.5

ξ = 30o, Q = 2.5

s, equation 24� PP-wave reflection coefficient at a VTI/isotropic in-
50; �b� Q�10; and �c� Q�5, where Q�QP0,1�2QS0,1�QP0,2 /2
�

�

�

ed line
� Q�
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s depicted in Figure 8a. The model includes an attenuative reservoir
eneath a purely elastic cap rock. Because the cap rock is nonattenu-
tive, the wave incident upon the reservoir has a real wave vector.
ccording to Snell’s law, the horizontal slowness �and the horizontal

omponent of the wave vector� must be preserved during reflection
nd transmission. Therefore, the imaginary part kI of the wave vec-
or in the reservoir cannot have a horizontal component, and the in-
omogeneity angle of the transmitted wave is equal to the transmis-
ion angle � T �Figure 8a�. For the reflection from the bottom of the
eservoir, � T becomes the incidence angle. Therefore, the vector kI

or both positive and negative incidence angles remains vertical �i.e.,
he wave vector as a whole is symmetric with respect to the reflector
ormal�, and the PP-wave reflection coefficient is an even function
f � �Figure 8b, gray line�. However, for more complicated overbur-
en models, the inhomogeneity angle can be different from the inci-
ence angle, which makes the reflection coefficient asymmetric with
espect to � �Figure 8b, black line; � �50° was held constant�.

S-wave reflection coefficient

As is the case for PP-waves, the influence of the inhomogeneity
ngle of the incident P-wave changes the conventional PS-wave
VO equation. The linearized PS-wave coefficient for � �0 be-
omes

RPS
IH �RPS

IH�0��BPS
IH sin� �GPS

IH sin2� , �28�

here

RPS
IH�0�� i

sin�

QP0
f8, �29�

BPS
IH �BPS

H , �30�

nd

GPS
IH �� i

sin�

QP0
f9. �31�

quations 28–31 do not include cubic and higher order terms in
in� and sin� . The term BPS

H is the PS-wave AVO gradient for an in-
cident wave with a zero inhomogeneity angle
�equation 20�, and the terms f8 and f9 are linear
combinations of the parameter contrasts across
the interface �Appendix A�.

Equation 28 is different from equation 19 for
� �0°, in which only the coefficients of odd
powers in sin � are nonzero �i.e., the reflection
coefficient is an odd function of � �. The deviation
of equation 28 from the conventional PS-wave
AVO equation is illustrated in Figure 9, where the
absolute value of the PS-wave reflection coeffi-
cient in strongly attenuative media �Q�2.5� for
� �50° is visibly asymmetric with respect to
� �0°. Whereas the coefficient RPS

IH for Q�50
almost coincides with that for a purely elastic me-
dium, the influence of attenuation and the inho-
mogeneity angle becomes pronounced for low
values of Q.

th respect to
al and imagi-
�

�

�

�

IH PP

�

�

�

�

IH PP
IH PP

�

�

�

�

b)

c)

a)

igure 6. Magnitude of the exact PP-wave reflection coefficient at a
TI/isotropic interface for different inhomogeneity angles. The
uality factors are �a� Q�50; �b� Q�10; and �c� Q�5,
here Q�QP0,1�2QS0,1�2QP0,2�4QS0,2. The other model pa-

ameters are listed in Table 1.
kI

kR

kI

kR

igure 7. PP-wave reflection coefficient might become asymmetric wi
�0° for a nonzero inhomogeneity angle � . As before, kR and kI are the re
ary parts, respectively, of the wave vector of the incident P-wave.
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Because the linearized AVO gradient BPS
IH �equation 30� does not

epend on � , the inhomogeneity angle has a greater influence on

PS
IH�0� and GPS

IH than on BPS
IH. For a zero inhomogeneity angle of the in-

�

IH PP

a)

b)

kR

kI

kI, refl

kR, refl

igure 8. �a� The vectors of the incident and reflected waves in an at-
enuative layer �reservoir� overlaid by a purely elastic medium �cap
ock�. The inhomogeneity angle � of the wave transmitted through
he top of the reservoir is equal to the transmission angle � T. The vec-
ors kR,refl and kI,refl are the real and imaginary components, respec-
ively, of the wave vector for the reflection from the bottom of the
eservoir. �b� Magnitude of the exact PP-wave reflection coefficient
rom the reservoir bottom for � �� T �gray line� and for a constant
nhomogeneity angle � �50° �black line�. The model parameters
re listed in Table 1.

�

IH PS

igure 9. Magnitude of the exact PS-wave reflection coefficient
t an isotropic/VTI interface for a nonzero inhomogeneity angle
� �50° � of the incident P-wave and variable quality factor
�QP0,1�2QS0,1�QP0,2 /2�QS0,2. The other model parameters

re listed in Table 1.
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ident wave, RPS
IH�0� and GPS

IH vanish and equation 28 reduces to the
erm proportional to sin� in equation 19.

For � �0° and small Q-values, the magnitude of the normal-inci-
ence PS-wave reflection coefficient RPS

IH�0� can be substantial �Fig-
re 9�. A nonzero inhomogeneity angle of the vertically traveling
-wave makes its wave vector asymmetric with respect to the reflec-

or normal, which generates the PS conversion. Note that generation
f reflected or transmitted PS-waves at normal incidence also can be
aused by such factors as lateral heterogeneity, the deviation of the
eflector from the symmetry planes of the model �Behura and Ts-
ankin, 2006�, and the influence of additional terms of the ray-series
xpansion on point-source radiation �Tsvankin, 1995�. Here, howev-
r, the model is composed of homogeneous VTI half-spaces with a
ommon horizontal symmetry plane, and we consider only plane-
ave reflection coefficients.

DISCUSSION

The plane-wave reflection coefficients analyzed here are derived
or plane interfaces and, therefore, break down in the presence of
ignificant wavefront and/or reflector curvature �van der Baan and
mit, 2006; Ayzenberg et al., 2009�. Reflections from curved inter-
aces can be analyzed by using so-called “effective reflection coeffi-
ients” �ERC�, extended to anisotropic media by Ayzenberg et al.
2009�. Plane-wave reflection coefficients often are incorporated
nto the geometrical-seismics approximation to describe wave-
elds generated by point sources. Geometrical seismics, however,

oses accuracy for near- and postcritical incidence angles and for
ource/receiver locations near the reflector. If the interface is plane,
he exact scattered wavefields can be modeled using Weyl-type inte-
rals, which include plane-wave reflection/transmission coefficients
Tsvankin, 1995�.

In contrast to most previous publications, our formalism consid-
rs the inhomogeneity angle � of the incident wave. As demonstrat-
d above, reflection coefficients of both PP- and PS-waves become
ensitive to the angle � only when it is relatively large and the medi-
m is highly attenuative. This result facilitates AVO analysis in at-
enuative media because the inhomogeneity angle is extremely diffi-
ult to evaluate from seismic data. Indeed, the group attenuation co-
fficient �i.e., the attenuation along the raypath� measured from seis-
ic amplitudes is independent of � for a wide range of small and
oderate inhomogeneity angles �Behura and Tsvankin, 2009�. Po-

entially, the inhomogeneity angle can be estimated from the reflec-
ion coefficient provided a priori information about the parameter
ontrasts is available and � is sufficiently large. However, the in-
rease in the group attenuation coefficient for large values of � �Be-
ura and Tsvankin, 2009� reduces the reflection amplitude and
akesAVO analysis less reliable.
The stiffness tensor in attenuative media is not only complex, but

lso varies with frequency, which makes velocity, normalized atten-
ation coefficient, and other quantities frequency-dependent. Our
nalytic expressions are derived for a fixed frequency of the harmon-
c plane wave and can be applied to arbitrarily dispersive models by
reating the stiffnesses or Thomsen-style parameters as functions of
requency.
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CONCLUSIONS

To analyze PP- and PS-wave reflection coefficients in attenuative
nisotropic media, we developed linearized approximations using
erturbation theory. For an incident P-wave with a zero inhomoge-
eity angle, the form of the linearized PP- and PS-wave reflection
oefficients in arbitrarily anisotropic media is the same as in purely
lastic models, but all terms become complex. The general solutions
ere simplified for VTI symmetry to obtain simple closed-form ex-
ressions in Thomsen-style notation.

Both analytic and numerical results show that only in the presence
f strong attenuation �Q � 10� does the contribution of the imagi-
ary part of the stiffness tensor �which is responsible for attenuation�
ecome comparable to that of the real part. In particular, the influ-
nce of the attenuation-anisotropy parameters � Q and � Q on the PP-
ave reflection coefficient typically is much weaker than that of the
elocity-anisotropy parameters 
 and � . As expected from the pa-
ameter definitions, the PP-wave AVO gradient in attenuative media
ncludes � Q, and the wide-angle reflection coefficient also depends
n 
Q. However, the largest attenuation-related terms in the reflec-
ion coefficients for both PP- and PS-waves are proportional to the
ontrasts in the normalized symmetry-direction attenuation coeffi-
ients AP0 and AS0 because the contrasts in the attenuation-anisotro-
y parameters are scaled by the inverse quality factor 1 /QP0. There-
ore, the contribution of 
Q and � Q becomes significant only for
odels with uncommonly high attenuation �Q � 10�, such as

eavy-oil-saturated rocks.
If the incident wave has a nonzero inhomogeneity angle � , the

orm of the linearized reflection coefficients is different from the
onventional AVO expression. In particular, the PP-wave reflection
oefficient no longer is an even function of the incidence angle � and
ncludes a term proportional to sin� . Likewise, when � �0°, the nor-

al-incidence PS-wave reflection coefficient �i.e., the AVO inter-
ept� does not vanish and might even attain values comparable to the
VO intercept for the PP reflection. However, the inhomogeneity
ngle makes a substantial contribution to the AVO response only for
trongly attenuative media.

Despite the presence of attenuation-related terms, our linearized
VO equations have an easily interpretable form that provides use-

ul physical insight into the reflectivity of anisotropic attenuative
edia. Their application can help avoid errors in AVO analysis and,

otentially, invert prestack reflection amplitudes for the attenuation
arameters.
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APPENDIX A

LINEAR FUNCTIONS IN THE APPROXIMATE
REFLECTION COEFFICIENTS

Here, we give explicit expressions for the linear functions f i in
he approximate equations for the reflection coefficients.
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The functions f1, f2, f3, and f4 in equations 20 and 21have the
orm
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The functions f5, f6, and f7 in equations 25–27 are given by
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inally, for the functions f8 and f9 in equations 29 and 31, we have
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