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Seismic critical-angle reflectometry: A method
to characterize azimuthal anisotropy?

Martin Landre’ and llya Tsvankin?

ABSTRACT

Existing anisotropic parameter-estimation algorithms that
operate with long-offset data are based on the inversion of ei-
ther nonhyperbolic moveout or wide-angle amplitude-varia-
tion-with-offset (AVO) response. We show that valuable in-
formation about anisotropic reservoirs can also be obtained
from the critical angle of reflected waves. To explain the be-
havior of the critical angle, we develop weak-anisotropy ap-
proximations for vertical transverse isotropy and then use
Tsvankin’s notation to extend them to azimuthally anisotrop-
ic models of orthorhombic symmetry. The P-wave critical-
angle reflection in orthorhombic media is particularly sensi-
tive to the parameters € and € ® responsible for the symme-
try-plane horizontal velocity in the high-velocity layer. The
azimuthal variation of the critical angle for typical ortho-
rhombic models can reach 5°-6°, which translates into sub-
stantial changes in the critical offset of the reflected P-wave.
The main diagnostic features of the critical-angle reflection
employed in our method include the rapid amplitude increase
at the critical angle and the subsequent separation of the head
wave. Analysis of exact synthetic seismograms, generated
with the reflectivity method, confirms that the azimuthal vari-
ation of the critical offset is detectable on wide-azimuth,
long-spread data and can be qualitatively described by our
linearized equations. Estimation of the critical offset from the
amplitude curve of the reflected wave, however, is not
straightforward. Additional complications may be caused by
the overburden noise train and by the influence of errors in the
overburden velocity model on the computation of the critical
angle. Still, critical-angle reflectometry should help to con-
strain the dominant fracture directions and can be combined
with other methods to reduce the uncertainty in the estimated
anisotropy parameters.

INTRODUCTION

Itis now widely accepted in the petroleum industry that most sub-
surface formations are anisotropic with respect to seismic wave
propagation. Estimation of the anisotropy parameters required to
build reliable velocity models, however, remains a challenging and
often ill-posed problem (e.g., Tsvankin, 2005; Tsvankin and Gre-
chka, 2006).

Long-offset reflection data play an important role in anisotropic
velocity analysis because they are recorded for a wide range of an-
gles with the vertical. In particular, inversion of P-wave nonhyper-
bolic (long-spread) moveout for transversely isotropic media with a
vertical symmetry axis (VTI) is often used to estimate the anelliptic-
ity parameter 7, which controls time processing of P-wave data
(Alkhalifah and Tsvankin, 1995; Alkhalifah, 1997; Toldi et al.,
1999). Nonhyperbolic moveout analysis has also been extended to
more complicated, azimuthally anisotropic media composed of
orthorhombic layers (Pech and Tsvankin, 2004; Vasconcelos and Ts-
vankin, 2006). Despite a number of generally successful case studies
(e.g., Toldi et al., 1999), nonhyperbolic moveout inversion is ham-
pered by the trade-off between the normal-moveout (NMO) velocity
and the quartic moveout coefficient. Even relatively low levels of
correlated noise can create substantial uncertainty in the estimation
of the parameter 7 in VTI media or the corresponding anellipticity
parameters of orthorhombic media (Grechka and Tsvankin, 1998,
1999). On the whole, while nonhyperbolic moveout inversion helps
in time processing of reflection data, its application in reservoir char-
acterization is much more problematic.

Another shortcoming of traveltime-inversion methods is their low
vertical resolution, especially for relatively deep reservoirs. Higher
resolution can be achieved by amplitude-varation-with-offset
(AVO) analysis, which provides information about the local elastic
properties at the reservoir level. In particular, the azimuthal variation
of the AVO response measured over fractured reservoirs is often
used to estimate the fracture orientation and identify areas of intense
fracturing (Riiger, 2001; Gray et al., 2002; Hall and Kendall, 2003).
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Most existing AVO algorithms operate with the AVO gradient esti-
mated from conventional-spread reflection data. Although including
longer offsets significantly reduces the ambiguity of the amplitude
inversion, especially for multicomponent data (Jilek, 2002), wide-
angle AVO analysis is not yet common (Pankhurst et al., 2002). Even
when the offset-to-depth ratio is sufficient to constrain the large-an-
gle AVO terms, the low data quality and phase changes at long off-
sets cause serious complications for accurate amplitude picking.

Here, we suggest another way of employing long-offset data in
anisotropic parameter estimation. When the P-wave velocity in a hy-
drocarbon reservoir is higher than that in the cap rock, it may be pos-
sible to record critical and post-critical reflections from the top of the
reservoir layer. For low-velocity reservoirs, critical reflections are
generated at the bottom of the reservoir. Landrg et al. (2004) pro-
posed to measure the shift in the critical angle or offset observed on
time-lapse data to monitor reservoir production. If either the cap or
reservoir layer is azimuthally anisotropic, the critical angle and the
corresponding critical offset vary with azimuth. For 3D data with
good coverage in azimuth and offset, the azimuthal variation of the
critical angle can be used to identify the vertical symmetry planes of
the model and constrain the anisotropy parameters. In contrast to
AVO analysis, this method does not require accurate amplitude mea-
surements for a wide range of offsets because the critical angle can
be estimated from the point of the fastest increase of the reflection
amplitude.

We begin by briefly introducing ultrasonic critical-angle reflecto-
metry based on laboratory measurements of the critical angle in vari-
ous materials. Then we derive a concise weak-anisotropy approxi-
mation for the critical angle in VTI media and generalize this result
for orthorhombic models used to describe naturally fractured reser-
voirs. The analytic results help to identify the parameter combina-
tions constrained by critical-angle measurements. To evaluate the
feasibility of estimating the critical angle for orthorhombic media,
we compute full-waveform, synthetic seismograms using the reflec-
tivity method. Finally, we discuss practical issues related to field-da-
ta application of the method.
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Figure 1. Common-receiver field gather of the vertical displacement
component. The arrow marks a reflection from the top of a high-ve-
locity layer.

ULTRASONIC AND SEISMIC
CRITICAL-ANGLE REFLECTOMETRY

This paper extends to seismology the idea of the well-established
method of ultrasonic measurements called ultrasonic critical-angle
reflectometry. The method is based on measuring the critical angle as
a function of azimuth in human bones, some composite materials,
etc. (Antich and Mehta, 1997). The shift of the critical angle with az-
imuth is then inverted for the pertinent anisotropy parameters. Ultra-
sonic critical-angle reflectometry has become the industry standard
for a wide range of applications.

Although postcritical reflections are well documented in seismo-
logical literature, implemetation of quantitative critical-angle re-
flectometry is not straightforward. First, target horizons (reservoirs)
are often located at significant depths and overlaid by a complex se-
quence of sedimentary layers. Multiple reflections and mode con-
versions in the overburden can create interference with the critical-
angle event from the reservoir. Second, the method requires a sub-
stantial velocity increase at the top or bottom of the target layer,
which is not always the case for hydrocarbon reservoirs. Third,
wide-azimuth, long-offset data, which are needed to reconstruct the
azimuthal variation of the critical angle, are routinely acquired only
in ocean bottom cable (OBC) multicomponent surveys. Marine
streamer data sets typically have narrow azimuthal coverage, while
full-azimuth land data seldom include sufficiently long offsets.

Still, under favorable circumstances the critical angle can be de-
tected on seismic reflection data. Figure 1 displays a raw seismic
gather that contains an interpretable reflection from a boundary with
alarge positive velocity contrast. Despite the interference with noise
and overburden events, this reflection can be identified for large off-
sets up to about 4.5 km. The interfering arrivals were attenuated by
standard f-k filtering (Figure 2). To make noise suppression near the
critical angle more effective, the filtering was applied with a narrow
range of apparent velocities, which attenuated the target event at
near offsets.

Then, amplitude analysis (Figure 3) was used to identify the point
of the fastest amplitude increase (the inflection point), which is sup-
posed to correspond to the critical offset x... The value of x,~4 km
estimated from the AVO curve is in good agreement with an inde-
pendent prediction made using borehole data (well logs) from the
area. This case study supports the feasibility of critical-angle reflec-
tometry in the presence of a significant velocity contrast at the target
level.

CRITICAL ANGLE FOR VTI AND
ORTHORHOMBIC MEDIA

We consider a plane P- or S-wave incident upon a horizontal inter-
face that separates two anisotropic media. If the transmitted wave
(again, it can be P or S) has a higher velocity, for a certain incidence
angle its group-velocity vector becomes horizontal. This angle,
which is usually called critical, depends on the phase-velocity func-
tion and, therefore, is influenced by the velocity anisotropy. For sim-
plicity, we assume that the reflector coincides with a symmetry plane
in the reflecting medium, which implies that the phase-velocity vec-
tor of the transmitted wave at the critical angle is also horizontal. Ac-
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cording to Snell’s law, the horizontal slowness component of all re-
flected and transmitted waves should be equal to that of the incident
wave, which yields

sin 6, 1

Vl(ecr) - Vhor,2’

(1)

where 6, is the critical phase angle with the vertical, V() is the
phase velocity in the incidence medium, and Vi, is the horizontal
phase velocity in the reflecting medium. The subscripts 1 and 2 de-
note the incident and reflecting media, respectively. All quantities in
equation 1 are computed in the vertical plane that contains the slow-
ness vector of the incident wave. Note that the corresponding critical
ray may not lie in the same vertical plane if the wave propagates out-
side symmetry planes in azimuthally anisotropic media.

The critical angle for a particular wave mode (e.g., PP, SS, or SP)
can be found by solving equation 1 with the appropriate phase-ve-
locity function V,(6) and the horizontal velocity Vi.,. An alternative
way of computing the critical angle, often used in deriving reflection
and transmission coefficients, is based on expressing the Christoftel
equation (e.g., Helbig, 1994) in the incidence medium in terms of the
slowness components and solving it for the horizontal slowness
equal to 1/Vj,,. For point-source radiation, the segment of the
wavefront orthogonal to the critical phase direction 6, is responsible
for generating the head wave, which interferes with the reflected
wave in the post-critical domain.

VTI media

For transversely isotropic models with a vertical symmetry axis
(VTI), the velocity function and the critical angle are azimuthally in-
variant. The P-wave horizontal velocity in VTI media is expressed
through the vertical velocity Vp, and Thomsen parameter € as

2)

JE—
Vior = VpoV1 + 2e. 2061
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sin 6,
2 2 -4
Vpoi(1 + 6 sin“6,; cos”0,, + € sin*6,,)
Vpoo(l + &)

Within the framework of the linearized approximation, the angle 6,
in the terms involving € and &, can be replaced by its isotropic value
Ocrjis:

(6)

sin O ;s = = =n; 7
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Figure 2. Gather from Figure 1 after application of f-k filtering de-
signed to attenuate the overburden noise. The target event marked in
Figure 1 is clearly visible at offsets larger than 1500 m.
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proximation for the phase-velocity function in
the incidence medium (Thomsen, 1986):
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Equation 4 is linearized in the parameters ¢;
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and 6,. Similarly, the horizontal velocity in the re-
flecting medium can be linearized in €,:
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(5)

Viora = Vpoo(l + €).
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Figure 3. Estimated rms amplitude of the target event from Figures 1 and 2 computed in a

50 ms window after f-k filtering. The offset of the fastest amplitude increase, which we

Assuming Vpg, > Vg ; and substituting equations
4 and 5 into equation 1, we find

interpret as corresponding to the critical-angle reflection, is near the 4-km mark. The win-
dowed section on the bottom shows the flattened target event.
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the velocity ratio n is sometimes called the refraction index. Then the
right-hand side of equation 6 no longer contains the unknown critical
angle:

Sin 0. = VPO,I [1 + 51]12(1 - }12) + 61714] (8)
“ Vrooll + &) .

After further linearization in €,, we find
sin 0, =n[1 - & + &n* + (e — 8)n*]. 9)

Because the vertical-velocity ratio n < 1, the critical angle is particu-
larly sensitive to the parameter €, responsible for the P-wave hori-
zontal velocity in the reflecting medium.

If the incidence medium is anisotropic, the critical offset is deter-
mined by the critical group (ray) angle ., which can be computed
from 6, using the well-known group-velocity equations for VTT me-
dia. In the weak-anisotropy approximation (Tsvankin, 2005),

Yo = O+ [8 + 2(€, — 8)) sin®6,,] sin26,.. (10)

Orthorhombic media

Many naturally fractured reservoirs are believed to possess ortho-
rhombic symmetry in the long-wavelength limit (Bakulin et al.,
2000; Grechka and Kachanov, 2006). Note that most existing param-
eter-estimation methods for orthorhombic models rely on multicom-
ponent data (e.g., Grechka et al., 2005), which are not acquired in the
bulk of seismic surveys.

Suppose a horizontal interface separates two orthorhombic media
with the same orientation of the symmetry planes (there are three
mutually orthogonal symmetry planes in orthorhombic models).
One of the symmetry planes is assumed to coincide with the horizon-
tal reflector, so the critically refracted ray corresponds to a horizontal
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Figure 4. Critical angle of P-waves as a function of azimuth for an in-
terface between isotropic (incidence) and orthorhombic (reflecting)
media. The azimuth ¢ is measured from the symmetry plane [ x;,x3].
The solid curve is the exact angle 6., computed from equation 1 us-
ing the phase-velocity function given in Tsvankin (1997); the dashed
curve is the weak-anisotropy approximation 15. The P-wave veloci-
ty in the isotropic mediumis Vpy; = 2100 m/s; the relevant parame-
ters of the orthorhombic medium are V,, = 2800 m/s, €{" = 0.25,
€? = 0.1,and 8¢’ = —0.1. The azimuthal anisotropy beneath the re-
flector causes a noticeable variation of the critical angle with azi-
muth.

slowness vector. For convenience, the vertical symmetry planes in
both media are aligned with the coordinate planes [ x,,x;] and [ x,,x3].

All kinematic VTI equations can be easily adapted for the vertical
symmetry planes using the anisotropy parameters introduced in Ts-
vankin (1997, 2005). For example, if the incidence medium is isotro-
pic, the exact critical angle in the [x;,x;]-plane is obtained from
equation 3:

sin 6, (¢ = 0°) = ——A2L (11)
¢ Vp0’2\r1 + 262(2)

where ¢ is the azimuth from the x,-axis, and the parameter €, is de-
fined in the [ x;,x;]-plane by analogy with the VTI parameter € (the
superscript 2 refers to the x,- axis orthogonal to the [ x;,x3]-plane).

When both media are orthorhombic, the weak-anisotropy approx-
imation for the critical angle in the [ x,,x;]-plane can be found from
equation 9:

sin O, (p=0°) =n [1 - & + 6@n* + (¢ = 6P)n'];
(12)

the parameter 5 is defined in the [ x,,x;]-plane by analogy with &.
Replacing the parameters € ® and 8 in equations 11 and 12 by €
and 8V, respectively, yields the critical angles in the [ x,,x;]-plane.

In the weak-anisotropy limit, the kinematic analogy between
orthorhombic and VTI media remains valid for 2D P-wave propaga-
tion even outside the symmetry planes, if the parameters € and & are
expressed as the following functions of azimuth (Tsvankin, 1997,
2005):

&) = 8Wsin’¢p + 6Pcos’¢p, (13)
e(p) = eVsin*¢ + €Pcos*p + (2€?
+ 69) sin’¢ cos>¢; (14)

the parameter 8@ is defined in the horizontal plane. Substituting
8(¢) and €(¢) from equations 13 and 14 into equation 9, we obtain
the linearized P-wave critical angle for an arbitrary azimuth ¢:

sin 0,(¢) = n{l — () + 51(9{’)”2 +[€(¢h) - 51(<;/’)]”4}~
(15)

As was the case for VTI media, if the incidence medium is anisotrop-
ic, the critical offset is determined by the group angle that corre-
sponds to the critical phase angle 6.

Numerical examples

The magnitude of the azimuthal variation of the critical angle for
typical orthorhombic models (e.g., Bakulin et al., 2000; Tsvankin,
2005) and the accuracy of the weak-anisotropy approximation are il-
lustrated in Figures 4-6. When the incidence medium is isotropic, the
dependence of 6., on the azimuth ¢ is controlled by the P-wave ve-
locity in the horizontal plane of the reflecting orthorhombic medium
(equation 1). In the weak-anisotropy approximation, the horizontal
velocity in the reflecting medium is described by the parameter €,(¢)
(equations 14 and 15).

The difference between the horizontal velocities in the symmetry
planes is approximately proportional to " — €,?). For the model in
Figure 4, /" — €/? = (.15, which translates into a change in 6, be-
tween the symmetry planes that exceeds 5°. The extrema of the func-
tion 6.(¢), however, do not necessarily coincide with the symmetry-
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plane directions. The maximum of 6, at an azimuth close to 30° in
Figure 4 is associated with a decrease in the P-wave horizontal ve-
locity away from the [x,x;]-plane caused by the negative value of
8% (Tsvankin, 2005). After reaching a minimum at ¢»=~30°, the ve-
locity increases toward the symmetry plane [x,,x;], which reduces
the critical angle for azimuths ¢>30°.

The model in Figure 5 has a smaller value (0.05) of the difference
eV — €, and the maximum azimuthal variation of the critical an-
gle is limited to about 3°. A significant part of this variation is related
to the increase in 6, with azimuth away from the [ x,,x;]-plane. For
both models, the weak-anisotropy approximation does not deviate
far from the exact solution and correctly reproduces the trend of
O:(¢).

When the incidence medium is orthorhombic (Figure 6), the criti-
cal angle becomes a function of all five anisotropy parameters
responsible for the P-wave velocity above the reflector
(e, e?,6V,6, and 5). If the reflecting medium is isotropic, the
azimuthal variation of 6, replicates that of the phase velocity at the
critical angle. As was the case in Figures 4 and 5, the azimuthal de-
pendence of the critical angle in Figure 6 is more pronounced for the
model with a larger difference between the e-parameters defined in
the vertical symmetry planes (this time, itis € and €?).

Variations in the critical angle on the order of 5°-6° would
change the critical offset for deep interfaces by hundreds of meters,
which should be detectable on AVO plots similar to the one in Figure
3. Application of our method requires acquisition of long-offset,
wide-azimuth data with a sufficiently high signal-to-noise ratio at
near-critical offsets. Since the function 6,.(¢) may have extrema be-
tween the symmetry planes, dense azimuthal coverage may be es-
sential for the success of critical-angle reflectometry.

Critical angles for mode-converted and S-waves

Analysis of PS- and SS-waves here is restricted to VTI media and
symmetry planes of orthorhombic models. Analytic description of
S-waves outside symmetry planes of azimuthally anisotropic media
is much more complicated and cannot be based on the analogy with
vertical transverse isotropy. Equation 9 can be adapted for mode-
converted and S-waves in VTI media by applying the substitution
rule described in Tsvankin (2005). In the weak-anisotropy limit, any
kinematic signature of SV-waves can be obtained from the corre-
sponding P-wave approximation by replacing Vp, with the S-wave
vertical velocity Vg, with the SV-wave velocity parameter
o =(V3/V3)(e — ), and setting €in the P-wave equation to zero.

Using this recipe, the critical angle for the SS (i.e., SVSV) trans-
mission into the high-velocity medium can be found from equation 9
as

. 2 4
sin O, g5 = ngs [1 + oyngg — oyniggl, (16)

where ngs= Vs 1/ Vs .
Similarly, for the S-to-P (i.e., SV-to-P) transmission we have:

. 2 4 .
Sin Oy gpy = Ngp) [1 - & + oyngpy — oyngpy];  (17)
nspr= Vso.1/Vpos
For the S-to-Preflection in the incidence medium,
. 2 4 .
sin O, sp1 = ngpy [1-¢+ Ongpy — Ulnsml (18)

nsp1 = Vso1/ Vo1
Equations 16-18 remain valid for SV-waves in the vertical sym-
metry planes of orthorhombic media. The critical angles of pure

S-waves and converted waves can be identified from the correspond-
ing amplitude anomalies of the reflected SS-wave. Note that the ac-
curacy of the weak-anisotropy approximation for SV-waves usually
is much lower than for P-waves because of the relatively large values
of the parameter o (Tsvankin, 2005).

In the untypical case of an extremely strong velocity contrast, the
SV-wave velocity in the reflecting layer (Vs ,) can be higher than the
P-wave velocity in the incidence medium (Vp ;). Then application
of the substitution rule yields the following critical angle for the
P-to-S transmission:

sin O, ps = npg [1 + Sinps + (€ = S)npgl;  (19)

nps= Vpo.1/Vso,. If the vertical-velocity ratio is known, the critical
angle of PS-waves provides a relationship between the parameters €,
and &,.
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Figure 5. Critical angle of P-waves for an interface between isotro-
pic (incidence) and orthorhombic (reflecting) media. The model pa-
rameters are the same as those in Figure 4, except for €/ = 0.15.
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Figure 6. Critical angle of P-waves obtained from the weak-aniso-
tropy approximation 15 for an interface between orthorhombic (in-
cidence) and isotropic (reflecting) media. The solid curve is comput-
ed for the following parameters of the orthorhombic medium:
Vpos = 2100 m/s, €V = 0.25, € = 0.1, 6V = 0.05, 6 = -0.1,
and 8 = —0.1. For the dashed curve, all parameters are the same,
except for €V = 0.15. The P-wave velocity in the isotropic medium
is Vpo’z = 2800 m/s.
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It is also important to notice that the PS-wave reflection coeffi-
cient has a peak corresponding to the critical PPreflection (Mehdiza-
deh et al., 2005). Therefore, PS-wave amplitude analysis can help to
get amore reliable estimate of the critical angle of PP-waves.

WHAT CAN BE DETERMINED
FROM THE CRITICAL ANGLE?

The analytic results in the previous section indicate that measure-
ments of the critical angle contain valuable information for aniso-
tropic parameter estimation. Here, we explore the parameter-estima-
tion issues in more detail for both VTI and orthorhombic models.

VTI media

If the vertical-velocity ratio n has been determined, for example,
from borehole data, an estimate of the P-wave critical angle can be
used to constrain the parameters € and 6. For a VTI layer beneath an
isotropic overburden, the angle 6., depends just on €, the parameter
responsible for the horizontal velocity in the reflecting medium
(equations 1 and 3):

1 n?
= _(T - l) . (20)
2\sin“ 6,
In the weak-anisotropy approximation, €, can be found from equa-
tion 9:

sin 6,

21)

€ = 1-

n
When the reflecting medium is isotropic, while the overburden is
VTI, there are two unknowns (€, and &) in equation 9, and this ambi-
guity cannot be resolved without additional information. For the
general VTI/VTI model, measurement of the critical angle provides
arelationship between the parameters €;, 6, and ¢,. Since equation 9
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Figure 7. Influence of the parameter 5> on the exact P-wave critical
angle for an interface between isotropic (incidence) and orthorhom-
bic (reflecting) media. The curves are computed for &> equal to
—0.2 (solid), O (dotted), and 0.2 (dashed). The other relevant parame-
ters of the orthorhombic medium are V,, = 2800 m/s, i = 0.25,

and €/? = 0.1. The P-wave velocity in the isotropic medium is
VP(),] = 2100 m/s.

represents a linearized approximation, more accurate estimates of
the anisotropy parameters can be obtained by solving equation 1
with the exact velocity function.

Orthorhombic media

In the azimuthal AVO analysis, the best-constrained parameter is
the difference between the AVO gradients in the vertical symmetry
planes (e.g., Riiger, 2001). Likewise, the critical-angle reflectometry
can provide an estimate of the difference A(sin 6.,) between the
symmetry-plane critical angles. As follows from equation 15,

A(sin 6,,) = sin 0,(0°) — sin 6.,(90°)
= - (Afz)l/l + (A51)”l3 + (Ael — A5l)n5,

(22)
where A8 = 6 - 8V, Ae, = €? — €V, and Ae, = € — €.
When both media are orthorhombic, equation 22 contains three in-
dependent anisotropic parameter combinations, which cannot be re-

solved without additional constraints.
However, for the simplest case of a purely isotropic overburden,
the only anisotropy parameter that influences the critical angle is

&(¢). Then A(sin 6,,) can be used to find the difference between €.
and €":

A(sin 6,,)

n

Ae, = - (23)

If reliable measurements of sin 6, in both symmetry planes are
available, the parameters " and €/? can be resolved individually
using the VTI equation 20.

As discussed, the azimuthally varying critical angle may have
maxima or minima between the symmetry planes. The azimuth and
magnitude of these extrema are quite sensitive to the parameter 5
of the reflecting medium, which influences the horizontal velocity
outside the symmetry planes (Figure 7). Therefore, if the incidence
medium is isotropic (or if its parameters are known) and the data
have dense azimuthal coverage, the function sin 6,,(¢) can be invert-
ed for all three relevant anisotropy parameters of the reflecting medi-

um (e{", /?, and 6).

ESTIMATION OF THE CRITICAL ANGLE
FROM REFLECTION DATA

To identify the critical angle on surface reflection data, it is neces-
sary to analyze the amplitude of the reflected wave at near-critical
offsets. We start by computing the reflection coefficient of plane
P-waves for an interface between isotropic and orthorhombic media
and then generate complete synthetic seismograms that include both
the reflected and head waves.

Near-critical reflection amplitude

The behavior of the reflection coefficient near the critical angle is
seldom analyzed in exploration seismology because conventional
processing techniques operate with subcritical reflection data. It is
well known from both analytic and numerical results for isotropic
media that the reflection coefficient rapidly increases toward the crit-
ical angle, where its derivative becomes infinite (Aki and Richards,
2002; Tsvankin, 1995). The P-wave reflection coefficient for an in-
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terface between isotropic and orthorhombic media in Figure 8 varies
with azimuth, but its shape near the azimuthally dependent critical
angle 0..(¢) is practically the same. After a sharp peak at 6, the real
part of the reflection coefficient slowly decreases in the post-critical
domain. (Note that the critical angles for all four azimuths are in ex-
cellent agreement with our computations for this model in Figure 4.)

The AVO curve of the reflected wave at near-critical incidence,
however, is not determined exclusively by the plane-wave reflection
coefficient. First, because the amplitude of the reflected wave (as op-
posed to the reflection coefficient) has a continuous derivative, it in-
creases beyond 6,,. Second, the reflected wave in the post-critical do-
main undergoes rapid phase changes and interferes with the head
wave. For a range of post-critical offsets, the reflected and head
waves form a single arrival that cannot be described by the geomet-
ric-seismics approximation based on the plane-wave reflection coef-
ficient (Cerveny, 1962; Tsvankin, 1995).

With the increased separation between the two waves, their inter-
ference (tuning) produces a frequency-dependent AVO curve that
does not follow the angle dependence of the plane-wave reflection
coefficient. In particular, the amplitude maximum of this interfer-
ence arrival is shifted toward post-critical offsets, while the critical
angle is generally close to the point of the fastest amplitude increase
(Cerveny, 1961, 1962). Although Cerveny’s analysis is limited to
isotropic models, this conclusion agrees with our exact modeling re-
sults for an isotropic/orthorhombic interface. It should be empha-
sized, however, that the shift of the amplitude maximum with re-
spect to the critical offset x., varies with frequency and the model pa-
rameters.

Synthetic example using reflectivity modeling

To test the proposed method on synthetic reflection data, we com-
puted the wavefield for a simple model that includes an orthorhom-
bic layer beneath an isotropic medium (Figure 9). The seismograms
were generated with the anisotropic reflectivity method (Chin et al.,
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Figure 8. Real part of the exact P-wave reflection coefficient
computed in four azimuthal directions for an interface between
isotropic (incidence) and orthorhombic (reflecting) media. The
velocities in the incidence medium are Vpy; = 2100 m/s and
Vsoq = 1200 m/s, the density p, = 2.4 g/cm?. For the reflecting
medium, Vpy, = 2800 m/s, Vs, = 1200 m/s, p, = 2.6 g/em?,
eV =0.25, €?=0.1, 8V =0.05, 82 =-0.1, 6 =-0.1, y"
=0.28, and ¥ = 0.15. The azimuthally varying critical angle for
this model is plotted in Figure 4.

1984), which produces exact 3D wavefields for horizontally layered
media. Our goal was to estimate the critical angle for the PP-wave re-
flection from the top of the orthorhombic layer (see the arrows).

Figure 9 shows long-spread synthetic gathers computed in the
vertical symmetry planes of the model. For both azimuths, there is a
weak, but clearly visible head wave splitting off from the PP-wave
reflection. The separation of the head wave occurs at a smaller offset
for the azimuth ¢ = 90°, which is indicative of a decrease in the crit-
ical angle. As explained previously, we associate the critical offset
with the point of the fastest amplitude increase (i.e., the inflection
point corresponding to the largest slope) on the AVO curves (Figure
10). The angle 6,,, which was computed from the critical offset using
the known velocity in the incidence medium, is close to 43° for
¢ = 0°and 38.5° for ¢ = 90°.

The estimated critical angle in Figure 11 is close to the exact value
for the full range of azimuths. If the vertical/velocity ratio is known,
our measurements of 6, can be inverted for all three relevant param-
eters of the orthorhombic medium: €, €/, and 8 (Figure 7). Note
that the linearized approximation 23 for this model gives an error in
eV — €/ of about 0.05.

The anisotropy parameters in the reflecting layer can also be esti-
mated from the head-wave velocity. For laterally homogeneous me-
dia, the slope (dx/dr) of the linear moveout of the head wave is equal
to the horizontal velocity Vi, in the reflecting medium. Measure-
ments of the velocity V., for a wide range of source-receiver azi-
muths can be inverted for the parameters €., €/, and 6. We used
the synthetic seismograms for the model in Figure 9 to estimate the
slope of the head-wave moveout and then substituted the values of
Vhora into equation 1 to compute the critical angle. The obtained
function 6.,(¢) in Figure 12 is even more accurate than that estimat-
ed from the AVO curve, which confirms the feasibility of using the
moveout of head waves in parameter estimation. (The velocity V..,
can be inverted directly for the anisotropy parameters of the reflect-
ing layer without computing the critical angle.) In practice, however,
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Figure 9. Synthetic shot gathers of the vertical displacement for the
wavefield reflected from an orthorhombic layer. The sources and re-
ceivers are located in an isotropic half-space (the free surface was re-
moved); the model parameters are the same as in Figure 8. The traces
are plotted for a wide range of offsets in the vertical symmetry
planes: (a) ¢ = 0° and (b) ¢ = 90°. The zero-offset traveltime for
the PP-wave reflection from the top of the orthorhombic layer is
about 950 ms. Notice the head wave splitting off from the reflected
wave at offsets (marked by the arrows) between 2000 and 3000 m.
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it may be difficult to operate with head waves because their ampli-
tudes are relatively small and the long offsets required for their de-
tection are seldom available.

DISCUSSION

Implementation of critical-angle reflectometry requires consider-
ing several important practical issues. First, the critical-angle reflec-
tion can be recorded only if there is a significant velocity increase at
the top or bottom of the reservoir. (Most carbonate and consolidated
sand reservoirs have a higher velocity than that in the overburden.)
Second, the method has to operate on wide-azimuth, long-offset data
that include the critical reflected ray from the target interface. Third,
the critical-angle reflection may be obscured by the overburden
noise train, which can be partially attenuated by f-k filtering and sim-
ilar processing techniques. We expect that a more efficient removal
of overburden noise can be achieved by model-based inversion.
Also, despite the generally high level of noise at far offsets, the sharp
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Figure 10. Amplitude of the reflected PP-wave from Figure 9 as a
function of offset for the azimuths ¢ = 0° (solid curve) and ¢ = 90°
(dashed). The arrow marks the point of the fastest amplitude increase
(i.e., of the largest slope of the AVO curve) for ¢ = 0°.
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Figure 11. Variation of the critical angle with azimuth for the model
from Figure 9. The diamonds mark 6, estimated from the reflectivity
modeling. The solid line is the exact value.

amplitude increase near the critical angle should help in detecting
the critical offset.

Quantitative analysis of critical-angle measurements faces a num-
ber of serious challenges. One of them is related to the estimation of
the critical offset x., from AVO curves. The synthetic test discussed
above shows that the point of the fastest amplitude increase (the in-
flection point) does not exactly correspond to x... In general, the shift
of the critical offset with respect to the amplitude maximum is fre-
quency-dependent. Therefore, it is desirable to verify the obtained
value of x,, by computing the AVO curve using the velocity model
built after application of critical-angle reflectometry (possibly in
combination with other methods). Also, instead of using the inflec-
tion point, it may be possible to estimate the critical angle by picking
the offset of the amplitude maximum and applying a model-depen-
dent offset shift.

If the overburden is anisotropic, the AVO response of reflected
waves can be distorted by angle-dependent geometric spreading.
However, in the absence of strong heterogeneity in the overburden,
geometric spreading of P-waves varies slowly with offset and is un-
likely to have a major impact in the narrow range of near-critical off-
sets used in our method. Also, note that the anisotropic geometric-
spreading factor can be computed directly from reflection travel-
times and removed from the AVO response (Xu and Tsvankin, 2006;
also see Xu et al., 2005). Although the method of Xu and Tsvankin
(2006) is designed for laterally homogeneous models, it remains suf-
ficiently accurate in the presence of moderate lateral velocity varia-
tions and mild interface dips of up to 15°.

Even if the critical offset has been accurately estimated from the
reflection amplitude, computation of the corresponding critical an-
gle at the target horizon requires knowledge of the overburden ve-
locity model. An apparent variation of the critical offset can be creat-
ed by reflector dip, although for mild dips of several degrees such
offset distortions are insignificant. For anisotropic media it is also
necessary to account for the difference between the group (ray) an-
gle responsible for the critical offset and the phase angle of the criti-
cal ray that was analyzed in our paper. While conventional AVO
analysis has to deal with the same problem, our method is more sen-
sitive to errors in the offset-to-angle conversion because it relies on a
single angle measurement for a given azimuth.
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Figure 12. Same as Figure 11, but the diamonds mark the critical an-
gle estimated from the horizontal velocity of the head wave.
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The transition from the critical offset to the critical angle may be
avoided for models with a laterally homogeneous overburden. The
amplitude of the reflected wave can be treated as a function of the ray
parameter (horizontal slowness), which is estimated from the slope
of the moveout curve. In the absence of lateral heterogeneity, the ray
parameter at the critical offset is equal to the horizontal slowness in
the high-velocity layer. Therefore, the moveout slope of the critical-
angle event gives a direct estimate of the horizontal velocity in the
reflecting layer. For data sets with uncommonly long offsets, the hor-
izontal velocity can also be determined from the linear moveout of
the head wave (Figure 12). Note that for laterally homogeneous
models, it may be advantageous to identify the critical-angle reflec-
tion by applying the 7-p transform (Van der Baan, 2005).

The azimuthally varying horizontal velocity in the reflecting
orthorhombic layer can be inverted for the difference €V — €® and
for the parameter 8 without knowledge of the overburden velocity
model. Furthermore, the horizontal velocities in the vertical symme-
try planes can be combined with the symmetry-plane NMO veloci-
ties to compute the anellipticity parameters 7" and %® responsible
for time processing of P-wave data (Grechka and Tsvankin, 1999). If
the reflecting layer has VTI symmetry, the combination of the hori-
zontal and NMO velocities yields the parameter 7, which controls
anisotropic P-wave time imaging.

CONCLUSIONS

We introduced a method that can be called seismic critical-angle
reflectometry because it is based on measuring the critical angle 6,,
on reflection seismic data. When the medium above or below the re-
flector is anisotropic, the angle 6, is strongly influenced by the an-
isotropy parameters. In particular, the azimuthal variation of the crit-
ical angle estimated from wide-azimuth surveys can provide sensi-
tive attributes for fracture characterization.

Using the weak-anisotropy approximation, we obtained concise
expressions for the critical angles of pure and mode-converted
waves in VTI and orthorhombic media. For vertical transverse isot-
ropy, the P-wave angle 6, is particularly sensitive to the Thomsen
parameter € of the reflecting medium and also depends on the param-
eters e and dof the incidence medium. With the azimuthally varying
parameters € and J, the VTI equation for the critical angle remains
valid for wide-azimuth, P-wave data from orthorhombic media.

For a VTI layer beneath an isotropic overburden, the angle 6., can
be inverted for the parameter €, which is difficult to obtain from con-
ventional-spread reflection data. When the reflecting layer is ortho-
rhombic, the azimuthally dependent critical angle can be used to es-
timate the anisotropy parameters €",€?®, and 5% responsible for
the P-wave horizontal velocity. The azimuthal variation of 6., also
helps to identify the symmetry-plane directions, which often coin-
cide with the dominant fracture azimuths.

If the medium is laterally homogeneous, the ray parameter of the
critical-angle reflection is equal to the inverse of the horizontal ve-
locity in the high-velocity layer. The azimuthal variation of the hori-
zontal velocity in orthorhombic media can be used to estimate the
difference €("—e® and the parameter  without knowledge of the
overburden velocity model. Also, by combining the symmetry-plane
horizontal and NMO velocities, one can obtain the time-processing
parameters 7'V and 7®.

We verified the analytic results for the isotropic/orthorhombic in-
terface by computing synthetic seismograms with the reflectivity
method and estimating the critical angle from the point of the fastest

amplitude increase on the AVO curve of the reflected wave. Al-
though this point tends to be slightly shifted from the critical ray to-
ward larger offsets, the computed critical angle is close to the exact
value. The synthetic test also confirms that the extrema of the azi-
muthally varying function 6., do not necessarily correspond to the
symmetry planes, which underscores the need for dense azimuthal
coverage in critical-angle reflectometry.

On the whole, we do not envision critical-angle reflectometry as a
reliable stand-alone method for anisotropic parameter estimation.
Rather, it should be used in combination with existing anisotropic in-
version techniques that operate with azimuthally varying travel-
times and amplitudes.
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