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ABSTRACT
Pressure drops associated with reservoir production generate excess stress and strain
that cause travel-time shifts of reflected waves. Here, we invert time shifts of P-, S-, and
PS-waves measured between baseline and monitor surveys for pressure reduction and
reservoir length. The inversion results can be used to estimate compaction-induced
stress and strain changes around the reservoir. We implement a hybrid inversion
algorithm that incorporates elements of gradient, global/genetic, and nearest neigh-
bour methods and permits exploration of the parameter space while simultaneously
following local misfit gradients. Our synthetic examples indicate that optimal esti-
mates of reservoir pressure from P-wave data can be obtained using the reflections
from the reservoir top. For S-waves, time shifts from the top of the reservoir can be
accurately inverted for pressure if the noise level is low. However, if noise contamina-
tion is significant, it is preferable to use S-wave data (or combined shifts of all three
modes) from reflectors beneath the reservoir. Joint wave type inversions demonstrate
improvements over any single pure mode. Reservoir length can be estimated using the
time shifts of any mode from the reservoir top or deeper reflectors. We also evaluate
the differences between the actual strain field and those corresponding to the best-case
inversion results obtained using P- and S-wave data. Another series of tests addresses
the inversion of the time shifts for the pressure drops in two-compartment reservoirs,
as well as for the associated strain field. Numerical testing shows that a potentially
serious source of error in the inversion is a distortion in the strain-sensitivity coeffi-
cients, which govern the magnitude of stiffness changes. This feasibility study suggests
which wave types and reflector locations may provide the most accurate estimates of
reservoir parameters from compaction-induced time shifts.
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INTRODUCTION

Pressure variations inside a petroleum reservoir influence
drilling and production decisions throughout the life of the
field. Inversion for the pressure distribution in multicompart-
ment reservoir models permits identification of depleted zones
and isolated compartments sealed off by geologic formations
(Greaves and Fulp 1987; Landrø 2001; Lumley 2001; Calvert
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2005; Hodgson et al. 2007; Wikel 2008). Pressure inver-
sion may also identify regions of elevated stress and strain
where existing wells may fail, or additional drilling should be
avoided.

Most existing publications on modelling and estimation
of production-induced strains and time shifts have relied
on vertical-strain formulations (Hatchell and Bourne 2005;
Janssen, Smith, and Byerley 2006; Roste 2007; Hodgson
et al. 2007; Staples et al. 2007; De Gennaro et al. 2008).
MacBeth (2004) describes pressure-dependent variation of
sandstone bulk and shear moduli as a function of empirically
determined vertical and tangential compliance coefficients.
MacBeth, Floricich, and Soldo (2006) demonstrate agreement
between 4D reservoir characteristics estimated from field data
and those obtained from models employing directionally-
dependent rock physics and AVO-based coefficients that
scale oil saturation and pressure variations. However, several
studies have shown that modelling of triaxial strains/stresses
is necessary because shear strains significantly contribute to
stiffness perturbations and, thus, time shifts (Schutjens et al.

2004; Sayers and Schutjens 2007; Herwanger 2008; Fuck,
Bakulin, and Tsvankin 2009; Sayers 2010; Fuck, Tsvankin,
and Bakulin 2011; Smith and Tsvankin 2012).

Time shifts and, ultimately, reservoir pressure estimated
from seismic data can be highly dependent on process-
ing methods, the geomechanical model, and the quality
of the recorded waveforms. A process known as “cross-
equalization” (Rickett and Lumley 1998; 2001) is typically
applied to field data for the purpose of making them suit-
able for time-lapse inversion. Time-shift computation from
synthetic data still requires post-processing of the modelled
reflected wavefields designed to suppress artefacts caused by
interfering arrivals (Smith and Tsvankin 2012).

Using geomechanical modelling and time-shift analysis,
Fuck et al. (2009) demonstrate that it is essential to account
for triaxial stress and stress-induced anisotropy in describ-
ing offset-dependent P-wave time shifts. Smith and Tsvankin
(2012) extend time-shift modelling to multicomponent data
and study the variation of P-, S-, and PS-wave time shifts
with reservoir pressure and reflector depth (here, by S-waves,
we mean the SV-mode). Because stress-induced anisotropy is
close to elliptical, the velocity of SV-waves and of the SV-
leg of PS-waves is almost independent of direction. Large
compaction-induced strains inside the reservoir generate
S-wave time shifts for deep reflectors that are two to three
times larger than those for P-waves. A sensitivity study by
Smith and Tsvankin (2013) demonstrates that S-wave time
shifts for reflectors beneath the reservoir become nonlinear in

pressure for relatively large stiffness changes corresponding to
pressure reductions exceeding approximately 10%. Their re-
sults suggest that time shifts of shear-wave reflections may be
large enough to invert for reservoir pressure when the smaller
P-wave shifts are obfuscated by noise.

Here, we present integrated 2D geomechanical/seismic
inversion of compaction-induced time shifts obtained from
multicomponent seismic data generated for single- and two-
compartment reservoir models. The reservoir is embedded in
a homogeneous isotropic background medium that becomes
heterogeneous and anisotropic after the pressure reduction.
The time shifts are estimated using P-, S-, and PS-wave reflec-
tions from three interfaces around the reservoir. Our inversion
algorithm combines global and gradient techniques with the
goal of both exploring the model space and ensuring con-
vergence toward a global minimum. Inversion for reservoir
pressure and length is performed for each mode (P, S, and PS)
separately, as well as for the combination of time shifts of all
three wave types. We also examine the differences between
the strain field of the reference reservoir and those of the best
inverted models. Finally, we investigate the ability of reflec-
tion data to resolve the pressure differences and strain-field
perturbations for a two-compartment reservoir.

THEORETICAL BACKGROUND

Geomechanical and time-shift modelling

Various far-field stress/strain relationships have been pub-
lished for an inclusion undergoing thermal or pressure
changes (McCann and Wilts 1951; Mindlin and Cheng 1950;
Geertsma 1973; Hu 1989; Downs and Faux 1995). In what
has become a standard method, Hodgson et al. (2007) invert
time shifts for the vertical strain εzz due to a superposition of
such inclusions using the “R-factor” equation of Hatchell and
Bourne (2005):

�t
t

= (1 + R) εzz, (1)

where �t is the estimated P-wave traveltime shift, t is the P-
wave traveltime, and R is a coefficient empirically determined
from field-survey time-shift measurements. Then pressure re-
ductions can be estimated from εzz by incrementally updating
rock physics and geologic properties with the help of well logs
and seismic data. However, rocks both inside and outside a
producing reservoir are subject to spatially and temporally
varying combinations of vertical and horizontal stresses (e.g.,
Herwanger 2008), indicating the need to account for triaxial
stress/strain.
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Figure 1 Compacting reservoir and reflectors
(marked A, B, and C) used to measure travel-time
shifts. �P is the change in the initial reservoir fluid
pressure [see equation (2)]. The reservoir is at a depth
of 1.5 km and measures 2.1 km in length (L) and 0.1
km in thickness (h). The unstressed reservoir and
surrounding medium are homogeneous with den-
sity ρ = 2140 kg/m3, velocities VP = 2300 m/s, and
VS = 1640 m/s, and the third-order stiffness coeffi-
cients C111 = −13, 904 GPa, C112 = 533 GPa, and
C155 = 481 GPa (Sarkar et al. 2003).

Here, we invert for reservoir pressure and length using
time shifts estimated from coupled geomechanical and seis-
mic modelling (Smith and Tsvankin 2012). The strain field
around the compacting reservoir in Fig. 1 is computed with
triaxial plane-strain finite-element modelling (COMSOL AB
2008). The section is composed of a homogeneous unstressed
material, and the effective pressure in the region designated as
the reservoir is given by:

Peff = Pc − αPfluid = Pc − α
(
ξ P◦

fluid

)
, (2)

where Pc is the confining pressure of the overburden column,
Pfluid is the pressure of the fluid in the pore space, and P◦

fluid is
the initial fluid pressure. Parameter α is an effective stress coef-
ficient describing the response of the aggregate fluid and rock
matrix, and ξ is responsible for scaling reservoir fluid pres-
sure (depressurization). Thus, the reservoir pressure drop is
�P = �Pfluid = (1 − ξ )P◦

fluid. Effective stress reductions, ori-
ented normal to the boundaries of the reservoir volume
(Fig. 1), are used in the finite-element software to compute
the complete strain tensor. Variations in reservoir shape or
orientation (geologic structure) may perturb the near-field
strain and resulting time shifts of reflected waves (Smith and
Tsvankin 2012).

Strain-induced changes in the second-order stiffness val-
ues cijkl, which serve as input to seismic modelling, are com-
puted using the so-called nonlinear theory of elasticity (Hear-
mon 1953; Thurston and Brugger 1964; Fuck et al. 2009):

cijkl = c◦
ijkl + ∂cijkl

∂emn
�emn = co

ijkl + cijklmn �emn, (3)

where co
ijkl is the stiffness tensor of the background (unper-

turbed) medium, cijklmn is the sixth-order “strain-sensitivity”
tensor, and �emn is the excess strain tensor. Index pairs of the

tensor cijklmn can be contracted into single indices changing
from 1 to 6 using Voigt notation (e.g., Tsvankin 2005), which
results in the strain-sensitivity matrix Cαβγ . If the background
medium is isotropic (as assumed here), only C111 and C112 are
necessary for computing time shifts caused by both volumet-
ric (compressional) and deviatoric (shear) strains (Fuck et al.

2009).
Pore-pressure (Pp = Pfluid) reduction within the 2D reser-

voir block (Fig. 1) produces a strain field that results in a
transversely isotropic medium with a tilted axis of symme-
try (TTI) (Tsvankin 2005; Fuck et al. 2011). Coefficient α

can change with reservoir properties, making equation (2)
nonlinear in pressure for large compaction/porosity changes.
However, for the range of effective pressures in this study, α is
approximately constant (Hornby 1996). The depressurization
and fluid type of each reservoir compartment are assumed to
be uniform. Further, we do not consider large bulk moduli
changes, which can occur when gas escapes from pore fluids
(i.e., pressure drops below the “bubble point”) (Batzle and
Han 2009), or the replacement of oil by water.

We employ a 2D elastic anisotropic finite-difference code
(Sava, Yan, and Godwin 2010) to generate multicomponent
P-, S-, and PS-wave data for the baseline (�P = 0) and mon-
itor (�P > 0) surveys. Reflectors measuring one grid point
in thickness are inserted into the model as density anoma-
lies. Using baseline/monitor cross-correlations on shot gather
data, time shifts for P-waves are estimated using the vertical
(Z) displacement component, whereas those for S(SV)- and
PS-wave data are estimated on the horizontal (X) component.
The modelled time shifts for P-, S-, and PS-waves are then fit
with polynomials to produce smooth curves as a function of
the lateral coordinate at reflectors A, B, and C (Fig. 1). Sim-
ilar post-processing, including resampling, filtering, stacking,
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amplitude matching, etc. (referred to as cross-equalization),
is typically applied to field data prior to time-shift estimation
(Rickett and Lumley 1998; 2001; Magnesan et al. 2005).

INVERS ION M ETHODOLOGY

Properties of multicomponent time shifts

Time shifts are estimated from synthetic data generated for
the depressurized reference reservoir in Fig. 1. Figure 2 shows
time shifts of reflected P-, S-, and PS-waves for a fluid-pressure
drop of 20% with the source located above the reservoir cen-
tre. The spatial patterns of compaction-induced time shifts re-
main consistent over a range of pressure drops, and reflectors
A, B, and C are positioned to sample these distributions for
inversion purposes. Compaction-induced strains in the reser-
voir volume are one-to-two orders of magnitude larger than
those in the surrounding medium (Smith and Tsvankin 2013).
The resulting velocity increase inside the reservoir causes time
shifts to change from lags in the overburden to leads beneath
the reservoir. Therefore, the reservoir essentially behaves like
a high-velocity lens for all wave types.

P-wave time shifts (Fig. 2a) exhibit pronounced offset
variations around the reservoir due to the stress-induced
anisotropy. While SV-wave anisotropy is weak, shear-wave
time shifts from reflection points beneath the reservoir are two
to three times larger than those of P-waves (Fig. 2b). PS-wave
time-shift trends (Fig. 2c) depend on the reflection (conver-
sion) point, and for reflectors beneath the reservoir, they are
governed by the combination of P-wave lags in the overbur-
den and larger S-wave leads accumulated inside the reservoir.
For reflectors in the overburden, S-wave leads practically can-
cel P-wave lags, and time shifts of PS-waves are generally
small (Smith and Tsvankin 2012). Variations in these time-
shift patterns occur with source location and the proximity of
the reservoir to the free surface.

Multicompartment reservoirs exhibit time-shift distribu-
tions similar to those in Fig. 2 but with strain and time-shift
perturbations caused by the intercompartment pressure differ-
ences or variations in shape (Smith and Tsvankin 2012, 2013).
The results for a single-compartment reservoir presented here
highlight the general properties of time shifts of different wave
types for a wide range of reflector depths. Complicating the
model by introducing a multicompartment reservoir (below)
or a heterogeneous background reduces the degree of gener-
ality, making the results specific to a certain geologic section.

Figure 2 Typical two-way time-shift distributions for (a) P-waves,
(b) S-waves, and (c) PS-waves measured using 22 reflectors around the
reservoir (white box) from Fig. 1 (Smith and Tsvankin 2013). The time
shifts correspond to hypothetical specular reflection points at each (X,
Z) location in the subsurface; source location is indicated by the white
asterisk at the top. Positive shifts indicate lags where monitor survey
reflections arrive later than the baseline events; negative shifts are
leads.
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Model properties and inversion constraints

As in our previous publications, the single-compartment
reservoir is composed of and embedded in a homogeneous
material with the properties of Berea sandstone (Fig. 1).
The effective stress coefficient α for the reservoir is 0.85
[equation (2)]. Velocities are reduced by 10% from the
laboratory values to account for the difference between static
and dynamic stiffness values in low-porosity rocks (Yale and
Jamieson 1994). The two-compartment reservoir introduced
below is simply the existing reservoir divided in half to form
two equally sized sections.

For geomechanical modelling, the reservoir is located
in a finite-element mesh measuring 20 km × 10 km, which
allows us to obtain stress, strain, and displacement close to
those for a half-space. The pressure reduction in the refer-
ence (actual) reservoir is 17.5%, with pressure drops of the
inversion models constrained to be between 10% and 20%
(0.8P◦

fluid ≤ Pfluid ≤ 0.9P◦
fluid, with the actual value 0.825P◦

fluid).
The reservoir length is varied between 1.5 km and 2.5 km;
the actual value L = 2.1 km. Such ranges are not unreal-
istic because the reservoir pressure and length typically can
be estimated from well pressure at depth and seismic im-
ages, respectively. Due to the high computational cost of
forward modelling and post-processing, it is currently im-
practical for us to run inversions for a wider range of these
parameters.

Objective function

Both the reference reservoir and trial inversion models are
depressurized from an initial zero-stress/strain state. Misfits
(objective functions) for P-, S-, and PS-wave time shifts �t for
trial reservoir models are computed as the L2-norm,

μ =
√√√√ N∑

k=1

(
�tref

k − �tk
)2

, (4)

where �tref are the time shifts for the reference reservoir, and
k = 1, 2, ..., N are the individual traces in the shot record.
For both the baseline and monitor surveys, we use a sin-
gle source located above the centre of the reservoir (Fig. 2).
Time-shift trends for sources displaced with respect to the
reservoir centre are discussed in Smith and Tsvankin (2012).
In principle, the methodology employed here can be im-
plemented for multiple shot records and reflector/wave-type
combinations.

The joint misfit for all three wave types (P, S, and PS) is
the L2-norm of the individual wave-type misfits,

μjoint =
√

μ2
P + μ2

S + μ2
PS. (5)

Misfits discussed below have not been normalized to facili-
tate comparison of results for different wave types at specific
reflectors. As aforementioned, the smoothing of time shifts
in post-processing amounts to an unspecified regularization
term added to equation (4).

To evaluate the stability of the inversion algorithm, time
shifts for the reference reservoir are contaminated by Gaussian
noise with standard deviations of 5 ms and 10 ms (we also
present results for noise-free data). This noise corresponds to
moderate (5 ms) and significant (10 ms) levels of time-shift
errors with respect to the P-wave shifts in Fig. 2a. Although
average noise of 10 ms may be comparable to P-wave time
shifts measured in the field, it amounts to about 50% of the
P-wave shifts directly beneath the reservoir and only 25% of
the S-wave shifts below the reservoir. While low levels of noise
can mask and smooth out only short-length features in the
time-shift curves, higher noise can distort time-shift behaviour
at all scales. The influence of noise on misfit characteristics is
discussed in Appendix B.

Inversion algorithm

Here we invert for reservoir pressure drop (�P) and length
(L). Potentially, it may be possible to simultaneously esti-
mate other reservoir parameters (e.g., the elastic properties
and effective stress coefficient) or the pressure distribution in
multiple (more than two) compartments. In fact, the methods
described here can be applied to more complicated reservoir
geometries by further compartmentalizing the reservoir.

Changes in time shifts with respect to pressure-induced
stiffness perturbations are generally nonlinear (Smith and
Tsvankin 2013). Time shifts become increasingly nonlinear
for shorter reservoirs with large stress/strain anomalies at
the corners. Therefore, we have devised a hybrid inversion
technique (Appendix A) that combines the convergence char-
acteristics of a gradient algorithm with the ability of global
inversion to identify and avoid local minima.

Our method is based on the “nearest neighbour” algo-
rithm of Sambridge (1999) that samples the parameter space,
dividing it into so-called Voronoi cells. The nearest neigh-
bour technique selects a subset of minimum-misfit models to
update, and it further divides those cells by inserting new
models via a random walk or a Gibbs sampler within the cell.
This procedure helps obtain a discrete (compartmentalized)
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Figure 3 Evolution of misfit surfaces for the inversion of joint-misfit data [equation (5)] from reflector C. Plot (a) shows the locations of the
initial inversion models (circles). Five iterations (a-e) were completed, employing 57 forward models. The normalized minimum joint misfit (f)
falls by approximately 25%, and the sub-tolerance change in misfit between iterations 4 and 5 terminated the inversion. Reference reservoir
time shifts were contaminated with Gaussian noise having a standard deviation of 5 ms. The surfaces are interpolated between the misfit values
for all models computed through the specified iteration. The reference reservoir pressure drop and length (marked by the cross) are 17.5%
and 2.1 km, respectively. The location of the minimum-misfit model at each iteration is marked by a diamond, with a final solution (plot e) of
�P = 16.5% and L = 2.19 km.
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Figure 4 Inverted reservoir pressure drop using time-shift misfits of (a) P-waves, (b) S-waves, (c) PS-waves, and (d) the combination of all
three modes (joint misfits). The actual reservoir pressure drop (marked by solid line) is 17.5%. Plot legends indicate the standard deviation of
Gaussian noise added to the time shifts of the reference reservoir. The inverted �P = 10.4% for PS-waves from reflector B with σnoise = 10 ms
is located outside the plot.

estimate of the misfit, but it does not give any gradient in-
formation. Thus, model updates may be located up-gradient
from local or global minima, reducing the rate of conver-
gence. To better update the existing set of inversion models,
our algorithm estimates the local gradient using some of the
minimum-misfit models. The global portion of the algorithm
is designed to fill unsampled voids in the parameter space,
preventing the search from getting trapped in local minima.
Due to the method’s simple implementation, multiple gradient
trackers can simultaneously converge toward local minima or,
if found, the global minimum.

Evolution of the misfit surface

Figure 3a–e demonstrates the ability of the algorithm to re-
construct the structure of the misfit surface (2D slice in mul-

tiparameter inversions) for noise-contaminated data while
converging to local/global minima. Figure 3f shows how the
objective function that includes misfits of all three modes
[equation (5)] from reflector C changes during five inversion
iterations.

Four initial models (black circles in Fig. 3a) were placed
in the parameter space using a pseudo-regular distribution,
which ensures that they are not equidistant from one an-
other. Thus, the step sizes of the initial-model updates are
different, and the parameter space is well sampled prior to
the next iteration. At each iteration, a single minimum-misfit
model was used for gradient estimation and model updates
(see Appendix A). In addition to updated models inserted
near the current low-misfit models, ten “exploration” mod-
els per iteration were added to better sample the parameter
space. The maximum number of computed models was set
to 100.
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Figure 5 Computed P-wave time shifts versus offset [�t(x)] from reflector C for (a) noise-free data (Fig. 2a), (b) σnoise = 5 ms, and (c)
σnoise = 10 ms. (d) The misfit surface for P-waves from reflector C with σnoise = 10 ms; the actual parameters are marked by the cross, and
inverted parameters are marked by the diamond. Circles indicate models used in the inversion. (e) S-wave time shifts from reflector C with
σnoise = 10 ms (Fig. 2b), and (f) the misfit surface for the S-wave shifts from plot (e).

By the third iteration (Fig. 3c), the general structure
of the misfit surface is reasonably well defined by the ex-
ploration models. The normalized joint misfit drops by ap-
proximately 25% in only five iterations (Fig. 3f), result-
ing in an inverted pressure drop of 16.5% and reservoir
length of 2.19 km (both are reasonably close to the actual
values). Increasing the number of minimum-misfit/gradient-
estimation models will further reduce the minimum-misfit
and improve the rate of convergence. Additional misfit reduc-
tions can be achieved by adjusting the termination conditions
(Appendix A).

ANALYSIS OF NUMERICAL RESULTS

For the entire set of inversion results, the reference reservoir
parameters and constraints on the unknowns are the same
as those in Fig. 3. While only one minimum-misfit model
was used for gradient tracking in Fig. 3, two gradient track-
ers were employed in all of the examples discussed below
to increase convergence rates and resolve multiple minima.
The maximum number of allowed forward models was also
increased from 100 to 200. A minimum of 80 forward mod-
els and three iterations were required before tolerance-based
termination was permitted.
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Inverted pressure and length

All pressure-inversion results arranged by wave type are dis-
played in Fig. 4. Because P-wave time shifts in the overburden
are small (Fig. 2a), they are easily masked by noise. Thus,
P-wave inversion for reflector A is successful only for noise-
free data (Fig. 4a). However, the magnitude of the P-wave
shifts accumulated in the overburden increases with depth and
reaches maximum values at the reservoir top (reflector B). Fur-
ther, these elevated P-wave shifts extend laterally across the
entire reservoir (Fig. 2a). Consequently, inversion of P-wave
shifts for reflector B yields accurate pressure estimates even
for 10-ms noise. P-wave time-shift magnitudes are largest im-
mediately beneath the reservoir due to elevated strains inside
it (Fig. 2a; see Smith and Tsvankin 2013) but decrease to
10–15 ms at reflector C (Fig. 5a). Thus, the higher frequency
time-shift trend of the noise-free data from reflector C (Fig. 5a)
remains somewhat visible in the time shifts for σnoise = 5 ms
(Fig. 5b), particularly on the right-hand side of the measure-
ments. This pattern, however, is severely distorted by 10-ms
noise (Fig. 5c), which results in a large null space in the inver-
sion for �P and L (Fig. 5d; see Appendix B).

Therefore, the accurate pressure estimate obtained for
the P-wave data from reflector C with σnoise = 10 ms is likely
due to the algorithm’s ability to locate a narrow minimum
on the misfit surface. Similar to signal pre-whitening for opti-
mal time-domain filter design, the additional noise sufficiently
suppresses high-frequency oscillations in the data, enabling
the algorithm to fit the long-wavelength trends. Such minima
would be typically missed without additional nearby samples
(models) in the parameter space; the user can then reconstrain
the variable parameter limits near that minimum and restart
the inversion algorithm. In general, inversion for any reflector
may be possible when the standard deviation of the noise does
not exceed the range of the time-shift variation.

The conclusions drawn for the P-wave time shifts for
reflector C also apply to the S-wave shifts for reflectors A and
B, which do not exceed 9 ms in magnitude (Figs. 2b and 4b).
In contrast, the higher-magnitude S-wave time-shift curve for
reflector C retains a distinct trend even after contamination
with 10-ms noise (Fig. 5e), and the misfit surface possesses a
well-defined global minimum (Fig. 5f).

Because time shifts of PS-waves above the reservoir are
mostly controlled by P-wave lags, low-noise PS results for
reflector A are similar to those for P-waves. The low-noise
PS-wave shifts (Fig. 2c) from reflector B and those from re-
flector C with all noise levels give acceptable (albeit 3%–6%
too low) estimations of �P (Fig. 4c).

Joint-misfit (P, S, and PS) inversions for all reflectors and
noise levels produce accurate pressure values (±1.5% of the
reference �P). The best results using joint misfits are achieved
at the reservoir top, with �P estimates for reflector C being
somewhat inferior (Fig. 4d). However, joint misfits provide
comparable or higher accuracy and improved consistency than
each individual mode for the entire inversion set. This demon-
strates the advantage of employing multiple wave types in
pressure inversion.

Inverted reservoir length using P-, S-, and PS-waves (and
their combination) from all reflectors is shown in Fig. 6. Due
to the pronounced variations of time shifts beneath the reser-
voir with length, accurate inversion results for L (±0.1 km
of the actual value) are obtained for all wave types and noise
levels at reflector C. As discussed above, P-wave time shifts at
reflector A are masked by 5-ms noise and practically obliter-
ated by 10-ms noise (Fig. 6a). Thus, similar to the inversion
for �P, the seemingly accurate estimates of L for high-noise
(10 ms) P- and PS-wave shifts for reflector A should be con-
sidered fortuitous. The P-wave time-shift magnitude increases
near the reservoir top, and the length is well constrained by the
P-wave reflections from interface B for all levels of noise. Op-
timal estimates of length from S- and PS-waves are obtained
for reflectors B (except for data with σnoise = 10 ms) and C.
However, as with the pressure inversions, the combination of
P-, S-, and PS-waves (joint misfits; see Fig. 6d) generally yields
more accurate and consistent inversion results than each wave
type alone.

Perturbations in the strain-sensitivity coefficients

There are few available measurements of the third-order stiff-
nesses C111 and C112 [see equation (3)]. Further, most pub-
lished values correspond to dry core samples at room temper-
ature subjected to a smaller strain compared with that of the
reservoir. Also, stress applied in the laboratory typically is not
triaxial. Hence, laboratory experiments cannot reproduce in

situ conditions, and the third-order stiffness values will likely
vary with temperature, saturation, and strain magnitude.
Figure 7 displays inversion results obtained with the values
of C111 and C112 perturbed by ±20%. In agreement with the
sensitivity study of Smith and Tsvankin (2013), a 20% in-
crease in C111 causes a 15%–20% reduction in the inverted
pressure (see the cluster on the left of the plot). The inverted
�P for C111 reduced by 20% is approximately 15% higher.
The perturbations of the coefficient C112, whose magnitude
is relatively small, have negligible influence on the inversion.
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Figure 6 Reservoir length (L) estimated from time-shift misfits of (a) P-waves, (b) S-waves, (c) PS-waves, and (d) the combination of all three
modes. The actual reservoir length (2.1 km) is marked by the solid line.

Figure 7 Inversion results obtained with
distorted third-order stiffnesses values
C111 and C112. Each coefficient was per-
turbed by ±20%, as shown in the legend.
The time shifts for the reference reservoir
were obtained with the correct values of
C111 and C112. Inversions were performed
using noise-free joint misfits [equation (5)]
from each reflector (black markers: reflec-
tor A; blue markers: reflector B; and green
markers: reflector C).
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Figure 8 Comparison of the strain fields for the actual and inverted reservoir models. (a, d, g) The horizontal strain ε11; (b, e, h) the vertical
strain ε33; and (c, f, i), the shear strain ε13. The strains for the reference reservoir (�P = 17.5%, L = 2.1 km) are shown in the top row (a,
b, c). The strain differences (i.e., the difference between the actual strain field and that for an inverted model) for the “best-case” S-wave
and P-wave inversions are shown in the second (d, e, f) and third rows (g, h, i), respectively. Both best-case inversions were carried out for
reflector C with 10-ms noise. The maximum percentage differences in the strain components for S-waves (d, e, f) are ε11 = 21%, ε33 = 4%, and
ε13 = 11%, whereas those for P-waves (g, h, i) are ε11 = 3%, ε33 = 1%, and ε13 = 2%. The plots in each row have been uniformly scaled to the
maximum standard deviation of the three fields in that row.

The estimated length is less sensitive to errors in C111 than
is pressure, with almost all results for a 20% perturbation in
C111 falling within ±5% of the actual value.

Accuracy in reconstructing the strain field

In Fig. 8, we illustrate the differences in the horizontal, ver-
tical, and shear strains between the reference (actual) reser-
voir and the models corresponding to the best-case S- and

P-wave inversions. In identifying the best inversion models,
we consider only the results for noise-contaminated data. The
strain fields have been smoothed to remove numerical singu-
larities at the sharp corners of the reservoir, which helps re-
veal the nearby field structure where wells may be located or
planned. Further, the plots in each row have been scaled to the
maximum standard deviation of the strain component in that
row. The actual maximum strain differences reach about
20%, with average strains for the inverted models deviating
from the reference values by only 1%–2%.
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Figure 9 Best pressure-inversion results for the two-compartment reservoir model using input data with σnoise = 5 ms. The pressure drop �P1

in all tests is held at 17.5%, while �P2 varies from 7.5% to 27.5% (actual values are marked by solid lines). The input data include (a) P-waves
from reflector B and (b) S-waves from reflector C.

Figure 10 Fields of the horizontal strain ε11 for the two-compartment reservoir with �P1 = 17.5% and (a, c) �P2 = 12.5% and (b, d)
�P2 = 22.5%. (a, b) The actual (reference) strains. (c, d) The differences between the actual strains and those for the best-case P-wave inversion
(using time shifts from reflector B with σnoise = 5 ms).
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Figure 11 Fields of the vertical strain ε33 for the two-compartment reservoir with �P1 = 17.5%; (a, c) �P2 = 12.5%; (b, d) �P2 = 22.5%.
(a, b) The actual (reference) strains. (c, d) The differences between the actual strains and those for the best-case P-wave inversion (using time
shifts from reflector B with σnoise = 5 ms).

The model obtained from P-wave inversion (Fig. 8g,
h, i) provides a better approximation for the strain field
than that derived from S-waves (Fig. 8d, e, f). For both
models, the largest vertical-strain differences are inside the
reservoir and near the endcaps, whereas the most signifi-
cant deviations in the horizontal and shear strains are ob-
served at the endcaps. It should be emphasised that the best-
case S- and P-wave models have close values of the pres-
sure drop (differing by 2.5%). The errors in the estimated
strains are confined to the vicinity of the reservoir, where
the strain field is quite sensitive to small changes in reservoir
pressure.

Pressure estimation for a two-compartment reservoir

The ability to resolve the pressure reductions of individ-
ual reservoir compartments is essential when the reservoir

volume is separated by faults/seals or variations in poros-
ity, permeability, or rock fabric that interfere with pressure
communication.

To study which wave types and reflectors may be best
suited for resolving multicompartment pressure differences,
the reservoir in Fig. 1 is divided into two sections at X = 0,
each measuring 1 km in length (the total reservoir length is
assumed to be known as 2 km). The pressure drop �P1 in
one compartment is held at 17.5% (the value used in pre-
vious tests), whereas the pressure in the other compartment
is varied within the range �P2 = �P1 ± 10%. Pressure vari-
ations inside the second compartment cause asymmetry in
the time-shift curves (shown for a single compartment in
Fig. 5a, b, c, e) with respect to the reservoir centre. As with
the single-compartment pressure/length inversions, Gaussian
noise (σnoise = 5 ms and 10 ms) is added to the time shifts
of the reference model. We simultaneously invert for the

C© 2015 European Association of Geoscientists & Engineers, Geophysical Prospecting, 64, 83–101



96 S.S Smith and I. Tsvankin

Figure 12 Fields of the shear strain ε13 for the two-compartment reservoir with �P1 = 17.5%; (a, c) �P2 = 12.5% and (b, d) �P2 = 22.5%.
(a, b) The actual (reference) strains. (c, d) The differences between the actual strains and those for the best-case P-wave inversion (using time
shifts from reflector B with σnoise = 5 ms).

pressure drops in both compartments using a minimum of
40 and a maximum of 80 forward models.

Figure 9 shows two optimal pressure-inversion results
obtained using P-wave time shifts from reflector B and S-wave
shifts from reflector C, both with σnoise = 5 ms. For the entire
range of �P2, both inverted pressure drops are within ±2% of
the actual values. These errors are only marginally higher than
those for the single-compartment pressure inversion discussed
above (Fig. 4). Also note that the minimum number of forward
models required to terminate the inversion is half of that for
the single-compartment model. Similar results with slightly
lower accuracy for �P1 were obtained for the same wave
types and reflectors with σnoise = 10 ms. Therefore, P-wave
time shifts from the reservoir top are sufficient for estimating
the pressure differences inside the reservoir (i.e., S-wave data
from reflector C are desirable but not necessary).

Similar to Fig. 8, Figs. 10–12 show the actual (refer-
ence) strain fields along with the errors in strain for the best
inverted models corresponding to �P2 = �P1 ± 5% (using
P-wave time shifts from reflector B). The reference fields re-
main approximately symmetric laterally with respect to X = 0

for small deviations of �P2 from �P1. The strain asymmetry,
however, becomes more pronounced with increasing differ-
ence between �P1 and �P2. The errors in the inverted strain
components do not exceed 4%, which confirms the ability of
our method to reconstruct excess strains in the entire section.
Strain deviations are generally concentrated near the compart-
ment with the smaller pressure drop, which is particularly ev-
ident from the lateral shift of the strain residuals in Figs. 10d,
11d, and 12d.

D I S C U S S I O N

The results shown here may be considered optimistic com-
pared with those that may be obtained by applying this
method to field data. First, we use a known simple model
geometry consisting of a single- or two-compartment reservoir
with flat boundaries embedded in an initially homogeneous
background, so the compaction produces well-understood
stress and strain fields of relatively low complexity. Second,
when generating seismic data and computing time shifts for
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inversion, we have the ability to place strong reflectors at loca-
tions of our choosing. Consequently, we generate high-signal-
to-noise reflections and clean time-shift data (except where
arrivals interfere). Hence, the inverse problem discussed here
is better conditioned than that for typical field sets, although
we did study the influence of noise on the inversion results.

For example, when dealing with field seismic data, filter-
ing of specific arrivals may be necessary for proper wavelet
extraction. Amplitude variations with incidence angle or off-
set may occur with changing fluid saturation, so the ability
to identify and isolate each wave type may differ. Thus, only
sections of reflectors may be available for time-shift measure-
ments. In this case, employing joint misfits [i.e., equation (5)]
for combinations of suitable reflector segments and arrivals
(P, S, and PS) may be necessary. Note that, while we have
used only a single shot record for each reflector, improved
results should be expected for multiple sources located both
above and to the side of the reservoir.

The P-wave time shifts for our models are somewhat
larger than those published in the literature for field time-lapse
data (Rickett and Lumley 2001; Hatchell and Bourne 2005;
Tura et al. 2005; Janssen et al. 2006; Hodgson et al. 2007;
Rickett et al. 2007; Staples et al. 2007). Modifications to the
modelling process such as adding a pressure-dependent effec-
tive stress coefficient α [equation (2)] will reduce changes in
the stiffness values and thus the overall time-shift magnitudes
(Fig. 2). Further, the strain-sensitivity coefficients used here
(Sarkar, Bakulin, and Kranz 2003) were measured at room
temperature on dry rocks under minimal strain. Hence, they
are likely to be different from in situ values both inside and
outside of the reservoir. Adjusting the geomechanical mod-
elling to incorporate in situ reservoir rock physics may reduce
the modelled strains and time shifts. However, the spatial
patterns of time shifts around the reservoir (Fig. 2) will remain
essentially the same, as will the time-shift variations with wave
type. For example, the P-wave time-shift pattern in Fig. 2a is
similar to the lower-magnitude time shifts measured for the
Shearwater North Sea reservoir (Staples et al. 2007). Thus, the
dependence of the inversion results on the input data and
signal-to-noise ratio is adequately addressed by the presented
study.

CONCLUSIONS

We have applied a hybrid global/gradient algorithm to evalu-
ate the feasibility of inverting compaction-induced time shifts
of P-, S-, and PS-waves for reservoir pressure and length. The

time shifts were measured for three reflectors around single-
and two-compartment reservoirs embedded in an initially
homogeneous isotropic medium described by third-order
(strain-sensitivity) stiffness coefficients. The hybrid inversion
algorithm presented here extends the “nearest neighbour”
method by estimating the local gradient at a subset of
low-misfit models in the parameter space.

Our numerical analysis helps identify the reflector loca-
tions and wave types that should be used to invert for the
reservoir parameters for different levels of noise. Reflectors in
the overburden generate small time shifts that are suitable for
inversion only when the data are essentially noise-free. The
magnitude and lateral extent of time shifts increase near the
reservoir, making it possible to invert even noisy P-wave re-
flections from the reservoir top for pressure changes. The most
accurate pressure estimates for noise-contaminated S-and PS-
wave data are obtained using reflections from interfaces be-
neath the reservoir, where the shear-wave time shifts reach
their maximum values. Reservoir length is well constrained
by the time shifts of all modes from the reservoir top (except
for high-noise S and PS data) and from reflectors beneath the
reservoir. Joint inversion of P-, S-, and PS-wave time shifts
provides more accurate and consistent estimates of pressure
and length than single-mode inversions for all three reflectors,
demonstrating the benefits of acquiring and inverting multi-
component data.

It should also be noted that inversion of time shifts from
deep interfaces typically requires computing fewer forward
models. Inversion of joint (P, S, and PS) time shifts using
models with ±20% errors in the strain-sensitivity coefficients
resulted in comparable distortions in the pressure drop but
insignificant errors in reservoir length.

For two-compartment reservoir models and moderate
levels of reference time-shift noise, intercompartment pres-
sure variations can be resolved with an accuracy of ±2%
using P-wave time shifts from the reservoir top or S-wave
time shifts from reflectors below the reservoir. The geome-
chanical model corresponding to the best-case P-wave inver-
sion produces strain fields that differ by no more than 4%
from the actual strains. These deviations are concentrated
primarily around the compartment with the smaller pressure
drop.

The results of this work can be used to model expected
strain and stress changes around the depressurizing reservoir.
The maximum differences between the strain values computed
for the reference reservoir and the best inverted models are
limited to about 20% of the reference strain.
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APPENDIX A

INVERSION A LGORITHM

Because time shifts are generally nonlinear in pressure
(Smith and Tsvankin 2013), we have developed a hybrid in-
version algorithm that combines the advantages of global and
gradient methods. Gradient inversion algorithms (Gaussian,
Levenberg–Marquardt, conjugate gradient, etc.; see Gub-
bins 2004; Aster, Borchers, and Thurber 2005) require the
inversion to begin with a model close to the global mini-
mum (true solution). However, the structure of the misfit
function is unknown and may be complicated. Also, gra-
dient algorithms typically need several forward models per
iteration to compute the gradient (Jacobian) and curvature
(Hessian) of the objective function, and estimate the up-
date step size in the parameter space. Misfit data for all

Figure A1 Local gradient estimation using nearest models in a 2D
(K = 2) parameter space

[
P1, P2

]
. Each minimum-misfit model (point

M) is assumed to be in a local minimum. The gradient direction is
estimated by summing the vectors MN and MQ, where N and Q are
the nearest models. If the misfits at N and Q are greater than that
at M, new models are placed along and orthogonal to the estimated
gradient vector at distances equal to ±(1/2)min(|MN|, |MQ|).

generated models typically are not retained for use in later
iterations.

The gradient portion of our algorithm is based on the
“nearest neighbour” method of Sambridge (1999). The inver-
sion begins with a regular distribution of initial models in the
parameter space that have been randomly perturbed to assure
that they are neither equidistant to each other nor to the centre
of the parameter space (Fig. 3a). At each iteration, the algo-
rithm computes the misfit for each forward model and selects
a subset of minimum-misfit models to update. The nearest
neighbour method divides the parameter space into Voronoi
cells and updates minimum-misfit models using a Gibbs sam-
pler or a random walk in each cell. In contrast, our algorithm
estimates local gradients of the objective function in the re-
gion around the minimum-misfit subset and places updated
models along the gradient direction.

Figure A1 illustrates the method used to estimate the local
gradient for a subset of all current and previous models in the
parameter space that possess the lowest misfits. Each model in
this subset (point M in Fig. A1) is assumed to reside in a local
minimum of the misfit surface. This assumption must be tested
using the K-nearest models in the K-dimensional parameter
space (points N and Q in Fig. A1 for our 2D space). If the
K nearest models possess larger misfits, the direction of the
gradient is estimated as the sum of the vectors between the
minimum-misfit model and those neighbours. Model updates
are inserted in the direction of the estimated gradient; one
is located up-gradient, and one is located down-gradient. At
least one additional model is added orthogonal to the gradient
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should the current model reside at a saddle point. In the two-
parameter inversions shown here, four update models were
added at each iteration (two parallel and two orthogonal to
the gradient) near the current misfit model. Each of these
new models is inserted at one-half the distance to the nearest
model used to estimate the gradient direction, which allows
us to sample the local parameter space around each of the
minimum-misfit models. Should none of the updated models
possess a lower misfit, their data are simply incorporated into
the gradient estimation at the next iteration. This results in a
sequence of updates that converges downgradient toward the
local minima (see Fig. A2a).

Note that computing Jacobians and Hessians is not re-
quired, and the method is computationally simple enough
so that one can run many simultaneous gradient-tracking
updates (i.e., gradient trackers). Further, this technique
reduces convergence time compared with that of a standard
global algorithm because models located in basins of conver-
gence descend along the gradient in a systematic fashion (Fig.
A2a; see also Appendix B).

Global inversion algorithms (Monte Carlo, Metropolis,
genetic; see Sen and Stoffa 1995) can explore the entire param-
eter space and avoid local minima but typically require many
more models than gradient techniques. Here, the goals are
to sample parameter space efficiently to delineate the struc-
ture of the objective function and differentiate between local
and global minima. In addition to the new “tracking” mod-
els placed up and down the estimated gradient, a user-defined
number of “exploration” models are sequentially inserted into
voids in the parameter space. These voids are identified by lo-
cations having the most common value of an N-dimensional
potential function of the form

∑N
i=1 1/|r|γ , where |r| is the dis-

tance between a prospective model location in the parameter
space and the ith member of the current model set, and γ is a
constant. If a smaller misfit value occurs at one of the explo-
ration models, that model is incorporated into the subset of
convergence/update models, and gradient estimation/tracking
shifts to that region of the parameter space. Therefore, esti-
mating and tracking the local gradient moves the search to-
ward a local minimum, whereas the global/exploration models
potentially make it possible to find the global minimum. As the
inversion progresses, data from all computed forward models
are saved in memory, which helps build the misfit surface by
interpolation (Figs. A2a, b and 3). However, the complexity
of the objective function (i.e., number of local minima) may
dramatically increase for higher dimension parameter spaces.
Further, visualization difficulties associated with a higher di-
mensionality of the parameter space can inhibit one’s ability

Figure A2 (a, b) Misfit (objective function) surfaces, for different lev-
els of noise added to the reference reservoir time shifts. Black circles
mark all forward models used in the inversion. The misfits are com-
puted for P-wave time shifts from reflector A (a) without noise and
(b) with σnoise = 5 ms. The actual parameters are marked by crosses,
whereas diamonds mark the final inversion results. (c) The misfit sur-
face for the best-case PS-wave inversion (using noise-free shifts from
reflector A). While this PS-result is accurate (cross and diamond over-
lap), the misfit surface is complicated enough to require the use of a
global inversion algorithm.
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to evaluate and reconstrain individual inversions (e.g., Sam-
bridge 1999).

The inversion is typically terminated when changes in
the user-specified misfit value fall below a specified tolerance
level. It is necessary to specify a minimum and maximum
number of iterations (or models) to be run before terminating
the inversion. In some cases, the inversion halts when the total
number of iterations or forward models passes a limit specified
by the user. However, should the algorithm become trapped in
one or more local minima, the user may increase the number
of exploratory models per iteration, the number of gradient
trackers, the minimum or maximum number of models to be
run before termination, or all of these parameters.

In the examples shown here, the algorithm is imple-
mented in a 2D parameter space, but the extension to higher-
dimension parameter sets is straightforward. While not done
here, interpolating the N-dimensional misfit surface may
allow for an additional and potentially more accurate update
model to be placed in the parameter space at the minimum of
the interpolated misfit function. This provides an estimate of
the global minimum, and placing a model there may increase
the rate of convergence.

APPENDIX B

MISF IT SURFAC ES A N D T H E
PERFORMANCE OF THE INVERSION
ALGORITHM

The misfit curves for the full set of pressure and
length inversions (Figs. 4 and 6) demonstrate “mixed-mode”
behaviours that include smooth multistep reduction, large
single-step drops, or both. The misfit curve in Fig. 3f is a
representative example of this general behaviour. It is typi-
cal for the misfit to drop substantially in the first iteration
when the misfit surface is simple and smooth. As the gradient-
tracking part of the algorithm reduces the step size over
iterations, misfit functions generate traditional “L-shaped”
curves. However, the global portion of the algorithm may lo-
cate new local minima in the parameter space, or a gradient
tracker may turn down a sharp slope. In this case, the misfit

curve experiences a significant drop (e.g., between iterations
3 and 4 in Fig. 3f).

An example of the gradient-tracking behaviour of the al-
gorithm is clearly seen in Fig. A2a where a series of models
descends the misfit surface toward the actual �P = 17.5%.
The misfit surface is interpolated using the entire set of in-
version models (black circles) from the current and all prior
iterations (no models are chosen/interpolated from the misfit
surface). Note that the parameter space is well sampled by the
global portion of the algorithm.

It is useful to study the misfit surfaces to gauge how
well a multiparameter inversion is conditioned and determine
whether or not the algorithm converges toward the global
minimum. Fig. A2a shows a “bowl-shaped” misfit surface
computed using noise-free P-wave time shifts from reflector A.
The addition of noise to the time shifts for the reference reser-
voir not only increases the misfit magnitude but also smoothes
the misfit surface by flattening the data’s (time shifts) power
spectrum. This reduces the complexity of the misfit surface
(improves conditioning) and allows the gradient portion of
the algorithm to perform more efficiently. However, as the
noise level increases, coherent/desired data are masked and
the misfit surfaces become over-smoothed (Fig. A2b). This
flattens out local minima, creates an extended null space, and
causes the inversion for noisy data from shallow reflectors to
fail. In over-smoothed failed inversions, the minimum misfit is
typically located away from the actual solution at the edges of
the parameter space (diamond marker), as the global portion
of the algorithm has not located any additional minima with
a lower misfit.

A well-sampled parameter space with a complex mis-
fit surface indicates poor conditioning, and the true solution
cannot be found without employing the global portion of the
algorithm. An example is given in Fig. A2c, which corresponds
to the best inversion result for PS-waves. Although there is a
well-defined basin of attraction, the misfit surface is gener-
ally complicated, and there is the potential for multiple local
minima. This requires a global algorithm to locate the neigh-
bourhood of the actual model for this particular problem and
parameter space.
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