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ABSTRACT

Robust estimation of attenuation coefficients remains a
challenging problem, especially for heterogeneous aniso-
tropic media. Here, we apply waveform inversion (WI) to
perform attenuation analysis in heterogeneous VTI (trans-
versely isotropic with a vertical symmetry axis) media. A
time-domain finite-difference algorithm based on the stan-
dard linear solid model simulates nearly constant quality-
factor values in a specified frequency band. We employ
the adjoint-state method to derive the gradients of the objec-
tive function based on the Born approximation. Four param-
eters describing the attenuation coefficients of P- and
SV-waves are updated simultaneously with a quasi-Newton
optimization algorithm. To remove the time shifts between
the modeled and observed data caused by velocity errors, we
apply a local similarity technique. The inversion still re-
quires a sufficiently accurate velocity model to minimize
the trade-off between the contributions of velocity and at-
tenuation to amplitudes. The inversion algorithm is tested
on homogeneous background models with a Gaussian
anomaly in one of the attenuation parameters and on a real-
istic heterogeneous VTI medium.

INTRODUCTION

Viscoelasticity is a ubiquitous property of the subsurface, which
produces energy dissipation and velocity dispersion during wave
propagation. Attenuation coefficients can be utilized to obtain im-
portant information about reservoir rocks such as the fluid type, sat-
uration, and mechanical properties of the rock matrix (Johnston
et al., 1979; Tiwari and McMechan, 2007). Besides, correcting
for attenuation helps improve the results of inversion and imaging

in viscoelastic/viscoacoustic media (e.g., Causse et al., 1999; Zhu
et al., 2014; Xue et al., 2016).
Formations that exhibit velocity anisotropy are often character-

ized by even stronger attenuation anisotropy (Zhu et al., 2006; Best
et al., 2007; Chichinina et al., 2009). Laboratory experiments have
shown that attenuation anisotropy may help estimate the orientation
and properties of aligned fractures and the presence of organic lam-
inae inside the rocks (Chichinina et al., 2006; Best et al., 2007;
Clark et al., 2009; Ekanem et al., 2013).
Attenuation coefficients can be estimated from the reduction in

the dominant frequency of the signal, which is the main idea behind
the centroid frequency shift method (CFSM) and the peak fre-
quency shift method (PFSM) (Quan and Harris, 1997). However,
both methods are valid only for certain wavelet types characterized
by a Gaussian amplitude spectrum (de Castro Nunes et al., 2011).
The spectral-ratio method (SRM) (e.g., Sams and Goldberg, 1990)
estimates the quality factor Q in the frequency domain from the
slope of the amplitude ratio of two arrivals. Although the perfor-
mance of SRM depends on the chosen frequency band and on the
clipping function applied at the edges of the bandwidth, it can sep-
arate attenuation from geometric spreading, reflection/transmission
coefficients and other frequency-independent amplitude factors.
Also, SRM is generally more stable than other conventional meth-
ods (e.g., CFSM or PFSM) for attenuation estimation (de Castro
Nunes et al., 2011).
For anisotropic media, SRM-based layer-stripping schemes for

P- and S-wave attenuation analysis are proposed by Behura and
Tsvankin (2009) and Shekar and Tsvankin (2011). However, all
conventional methods are generally limited to structurally simple
subsurface models and may give erroneous results in the presence
of interference (Hackert and Parra, 2004; Reine et al., 2012).
Waveform inversion (WI) can potentially provide more robust

attenuation estimation for realistic subsurface structures. Originally
introduced by Tarantola (1984), WI has been widely used for build-
ing high-resolution velocity models, with the influence of attenua-
tion often neglected for simplicity. However, applying purely
acoustic WI to viscoacoustic data may distort the recovered velocity
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profile (e.g., Kurzmann et al., 2013). Significantly improved inver-
sion results can be achieved by including even smoothly varyingQ-
models in the simulation. In another example discussed by Causse
et al. (1999), a viscoacoustic WI algorithm with preconditioning
helps compensate for attenuation-induced phase and amplitude dis-
tortions, and consequently yields a more accurate velocity field.
Recent progress in multiparameter waveform inversion makes it

possible to extend WI to anisotropic and/or attenuative models. Al-
khalifah and Plessix (2014) present perturbation-based radiation
patterns to analyze parameter trade-offs in WI for acoustic VTI me-
dia. Kamath and Tsvankin (2016) obtain radiation patterns for elas-
tic VTI media and develop an elastic WI algorithm to resolve four
Thomsen parameters simultaneously from P- and SV-wave data.
To analyze the trade-offs in multiparameter viscoelastic WI for
isotropic media, Brossier (2011) conducts synthetic transmission
experiments and observes that while attenuation has little impact
on velocity estimation, velocity and density can leave a strong im-
print on the attenuation coefficients. Therefore, attenuation can be
estimated using a hierarchical approach, in which the velocity
parameters are recovered prior to attenuation analysis (Kamei
and Pratt, 2008; Prieux et al., 2013). The inverted attenuation co-
efficients, however, usually have a lower resolution than their veloc-
ity counterparts (Denli et al., 2013; Barnes et al., 2014). J. Bai and
Yingst (2013) apply multiscale WI to estimate the attenuation co-
efficients for a viscoacoustic version of the Marmousi model. Using
the actual velocity field, they obtain an isotropic Q-image with
acceptable resolution, which somewhat deteriorates at depth.
By incorporating the generalized standard linear solid model,

T. Bai and Tsvankin (2016) devise a time-domain finite-difference
algorithm to simulate nearly constant values of the components
of the anisotropic quality-factor matrix Q within a specific fre-
quency band. Numerical examples for 2D models with VTI sym-
metry for both velocity and attenuation demonstrate that this
method produces accurate wavefields even for complicated subsur-
face structures.
In this paper, we employ the modeling methodology of Bai and

Tsvankin (2016) to perform WI for viscoelastic VTI media. First,
we briefly discuss the time-domain viscoelastic modeling algorithm
designed to produce frequency-independent Qij-values. Next, the
gradients of the WI objective function with respect to the TI attenu-
ation parameters are derived by applying the adjoint-state method.
Assuming the velocity field to be known, we invert just for certain
combinations of the Thomsen-style attenuation parameters AP0,
AS0, εQ, and δQ. We also describe application of a local-similarity
technique to reduce the sensitivity of inversion results to velocity
errors. The algorithm is tested on transmission data from models
with Gaussian anomalies in the attenuation parameters and reflec-
tion data simulated for a section of the modified BP TI model.

METHODOLOGY

Forward modeling for viscoelastic VTI media

Viscoelastic wave propagation can be simulated in a relatively
straightforward way in the frequency domain by making velocities
or stiffness coefficients complex (e.g., Operto et al., 2007; Shekar
and Tsvankin, 2014). However, frequency-domain full-waveform
modeling methods (e.g., finite-differences) are hampered by exces-
sive memory requirements (Virieux et al., 2009). Aside from their
advantage in large-scale applications, time-domain simulations are

generally more robust for complex (e.g., elastic and anisotropic)
models and facilitate selection of specific arrivals for attenuation
analysis (Virieux et al., 2009; Kurzmann et al., 2013).
To generate constant Q-values for the seismic frequency band in

time-domain modeling, it is common to employ superposition of
several rheological bodies, each providing one relaxation mecha-
nism (Emmerich and Korn, 1987; Carcione, 1993; Blanch et al.,
1995; Bohlen, 2002). In most seismic applications, two to three re-
laxation mechanisms are sufficient for a nearly constant-Q simula-
tion (Emmerich and Korn, 1987; Bohlen, 2002; Bai and Tsvankin,
2016). Zhu et al. (2013) observe that even one mechanism with
properly chosen parameters can produce reasonably accurate results
within the frequency band typical for surface seismic surveys.
Here, primarily for purposes of computational efficiency, we em-

ploy a single relaxation mechanism. The expressions for the corre-
sponding stress relaxation time and attenuation parameters τij can
be found in Appendix A. As discussed by Bai and Tsvankin (2016),
anisotropic attenuation can be described by the following relaxation
function (shown here with one relaxation mechanism):

ΨijklðtÞ ¼ CR
ijklð1þ τijkle−t∕τ

σ ÞHðtÞ; (1)

where CR
ijkl ¼ Ψijklðt → ∞Þ is called the “relaxed stiffness,” which

corresponds to the low-frequency limit (ω ¼ 0), τ σ denotes the
stress relaxation time determined by the reference frequency (equa-
tion A-1), the tensor τijkl ≈ 2∕Qijkl (see equation A-2), which quan-
tifies the magnitude of attenuation in anisotropic media, is
commonly used in time-domain viscoacoustic/viscoelastic model-
ing, and HðtÞ is the Heaviside function. The relaxation function
at zero time yields the “unrelaxed stiffness”:

CU
ijkl ≡ Ψijklðt ¼ 0Þ ¼ CR

ijklð1þ τijklÞ: (2)

The stiffness difference ΔCijkl ¼ CU
ijkl − CR

ijkl (equation A-3) is
proportional to τijkl and, therefore, reflects the magnitude of at-
tenuation.
The attenuation of P- and SV-waves in VTI media can be de-

scribed by four Thomsen-style attenuation parameters, AP0, AS0,
εQ, and δQ (Zhu and Tsvankin, 2006). The parameters AP0 and
AS0 denote the P- and S-wave attenuation coefficients in the vertical
(symmetry-axis) direction (equations C-1 and C-2), the parameter
εQ quantifies the fractional difference between the horizontal and
vertical P-wave attenuation coefficients, and δQ controls the curva-
ture of the P-wave attenuation coefficient at the symmetry axis
(equations C-3 and C-4). Combined with the unrelaxed stiffness co-
efficients CU

ijkl (used as the reference elastic parameters), these at-
tenuation parameters can be converted into the quality-factor
elements Qijkl (or ΔCijkl, as in equation A-3).
The viscoelastic stress-strain relationship (an extension of

Hooke’s law to attenuative models) can be expressed as

σij ¼ CU
ijkl εkl þ ΔCijkl rkl; (3)

where rkl are the memory variables, which satisfy the following
partial differential equations (Bai and Tsvankin, 2016):

∂rkl
∂t

¼ −
1

τ σ
ðrkl þ εklÞ: (4)

WA84 Bai et al.
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Viscoelastic waveform inversion

WI utilizes the entire waveforms of certain arrivals (e.g., diving
waves and/or reflections) to iteratively update the model parame-
ters. The degree of data fitting is usually evaluated with an l2-norm
objective function (e.g., Tarantola, 1988; Tromp et al., 2005):

FðmÞ ¼ 1

2

XN
r¼1

kuðxr; t;mÞ − dðxr; tÞk2; (5)

where uðxr; t;mÞ denotes the data computed for the trial model m,
dðxr; tÞ is the observed data, r is the receiver index, and t is the time;
summation over shots is implied. Instead of calculating the Fréchet
derivatives, which can be prohibitively expensive, the gradient of
the objective function is typically computed with the adjoint-state
method (Tarantola, 1988; Fichtner, 2005; Tromp et al., 2005). Then
just two simulations of wave propagation (forward and adjoint) are
required to update the model at each iteration.
In viscoelastic media, the adjoint wavefield is “propagated back-

ward in time, with numerically stable negative attenuation” (Taran-
tola, 1988). Tromp et al. (2005) and Fichtner and Van Driel (2014)
present the adjoint equations for general anisotropic attenuative
media, but implement them only for isotropic attenuation. Follow-
ing Tarantola (1988) and applying the Born approximation, the gra-
dients for the viscoelastic parameters ΔCijkl (equation A-3) can be
expressed as the cross-correlation of the memory variables from the
forward simulation with the adjoint strain field (Appendix B):

δΔCijkl ¼ −
X
sources

Z
T

0

∂u†i
∂xj

rkl dt; (6)

where u† denotes the adjoint displacement field.
In waveform inversion, it is convenient to choose parameters that

have the same units and similar magnitude (e.g., Plessix and Cao,
2011; Kamath and Tsvankin, 2016). Also it is common to use the
inverse quality factor Q−1 (i.e., the attenuation coefficient) in WI
algorithms for attenuative media (Liao and McMechan, 1995;
Bai and Yingst, 2013). Therefore, here we describe TI attenuation
by the P- and S-wave symmetry-direction attenuation coefficients
AP0 and AS0 (equations C-1 and C-2) and two more parameters, APh

and APn, which quantify the magnitude of attenuation anisotropy.
The P-wave horizontal attenuation coefficient APh is given by:

APh ¼ ð1þ εQÞAP0 ≈
1

2Q11

: (7)

To account for the attenuation-anisotropy coefficient δQ, we de-
fine the parameter APn:

APn ¼ ð1þ δQÞAP0; (8)

which governs the angular variation of the P-wave attenuation near
the symmetry axis and has a form similar to the linearized normal-
moveout (NMO) velocity for a horizontal VTI layer. As described
in Appendix C, the gradients for the stiffness differences ΔCijkl can
be converted into those for the attenuation coefficients AP0, AS0,
APh, and APn by applying the chain rule (equations C-6–C-8).
To reduce the ambiguity of the inverse problem, we assume the

velocity parameters (CU
ijkl) and density to be known. This prevents

cycle-skipping in the inversion because the influence of attenuation-

induced dispersion in the seismic frequency band is typically small
(Zhu and Tsvankin, 2006; Kurzmann et al., 2013). Hence, the WI
algorithm can operate with relatively high frequencies to increase
the sensitivity of the wavefield to attenuation. As shown below,
the influence of moderate velocity errors can be mitigated by apply-
ing the local similarity technique. Model updating is performed with
the help of the limited-memory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS) algorithm, which scales the gradients by an approximate
inverse Hessian matrix.

SYNTHETIC EXAMPLES

Transmission tests

Here we conduct a series of transmission experiments for Gaussian
anomalies in the Thomsen-style attenuation parameters embedded in
a homogeneous VTI background. The wavefield is excited by dis-
placement sources with the orientation specified in the figure cap-
tions. The velocity parameters VP0, VS0, ε, and δ and the density are
constant and kept at the actual values during the inversion. The refer-
ence frequency, which determines the stress relaxation time (equa-
tion A-1) needed in the viscoelastic wave equation (equation A-8),
is set equal to the central frequency of the wavelet (30 Hz in all trans-
mission experiments). Starting from the homogeneous background
model, we conduct simultaneous inversion for the attenuation param-
etersAP0, AS0, APh, and APn using the gradients of the objective func-
tion obtained in equations C-5–C-8.
First, we introduce a Gaussian anomaly in AP0 and place hori-

zontal arrays of sources and receivers above and below the anomaly
(Figure 1). Because the parameters εQ and δQ are constant, there are
anomalies in APh and APn as well (equations 7–8). Although much
of the AP0-anomaly is well recovered (Figure 2a), its shape is some-
what distorted. The update in the shear-wave coefficient AS0 is neg-
ligible (Figure 2b), as expected, because P-wave attenuation in
Thomsen-style notation is practically independent of AS0 (Zhu
and Tsvankin, 2006; Tsvankin and Grechka, 2011; Hao and Alkha-
lifah, 2016). The P-wave horizontal attenuation coefficient APh is
only partially recovered, with the underestimated magnitude of the
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Figure 1. Gaussian anomaly in the parameter AP0 embedded in
a homogeneous VTI medium. The plot shows the fractional differ-
ence between AP0 and its background value [defined as
ðAactual

P0 − Abackground
P0 Þ∕Abackground

P0 ], 0.005 (QP0 ¼ 100); at the center
of the anomaly, AP0 ¼ 0.025 (QP0 ¼ 20). The other pertinent
parameters are constant: AS0 ¼ 0.005, εQ ¼ −0.2, δQ ¼ −0.4,
VP0 ¼ 4000 m∕s, VS0 ¼ 2000 m∕s, ε ¼ 0.15, δ ¼ 0.1, and
ρ ¼ 2.0 g∕cm3. The yellow dots denote the vertical displacement
sources, which excite a Ricker wavelet with a central frequency
of 30 Hz. The magenta line marks the receivers placed at each grid
point.
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reconstructed anomaly (Figure 2c). The errors in APh are likely due
to the limited ray coverage near the horizontal direction. Note that
the difference between εQ and δQ is well constrained because it de-
termines the magnitude of attenuation anisotropy for SV-waves
(Zhu and Tsvankin, 2006), which significantly influences the multi-
component data for this model. According to equations 7 and 8, the
ratio APn∕APh depends on εQ − δQ and, therefore, the insufficient
update in APh produces an underestimated value of APn (Figure 2d).
Next, we introduce a Gaussian anomaly in the shear-wave attenu-

ation coefficient AS0 (Figure 3). In this test, the inversion algorithm
updates only AS0, which indicates the absence of parameter trade-offs
(Figure 4b). The peak of the reconstructed anomaly (AS0 ¼ 0.022 or
QS0 ¼ 23) is close to the actual value (AS0 ¼ 0.025 or QS0 ¼ 20),
although the shape is slightly distorted. Figure 5 demonstrates that the
data residuals are substantially reduced after the inversion.
Similarly, in a “crosswell” survey for a model with a negative

Gaussian anomaly in εQ (Figure 6), the algorithm accurately esti-

mates the only perturbed parameter, APh ¼ AP0ð1þ εQÞ. Both the
shape and peak magnitude of the anomaly (εQ ¼ −0.72, about 90%
of the actual minimum) are well resolved.

Test for surface data

Next, we test the algorithm on surface data simulated for a modi-
fied section of the TI model generated by BP, which has been
widely used in testing of anisotropic velocity-analysis techniques
(Figure 8). The velocity parameters and density have a spatial dis-
tribution similar to that of the attenuation parameters and are not
shown here; the tilt of the symmetry axis was set to zero to make
the model VTI. At a depth of 0.3 km, we place 30 evenly spaced
displacement sources (tilted by 45° from the vertical) which excite a
Ricker wavelet with a central frequency of 20 Hz; the receivers
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Figure 3. Gaussian anomaly in the parameter AS0 embedded in
a homogeneous VTI medium. The plot shows the fractional difference
between AS0 and its background value, 0.005 (QS0 ≈ 100); at the
center of the anomaly, AS0 ¼ 0.025 (QS0 ≈ 20). The other parameters
are constant: AP0¼0.005, εQ ¼ −0.2, δQ¼−0.4, VP0¼4000m∕s,
VS0 ¼ 2000 m∕s, ε ¼ 0.15, δ ¼ 0.1, and ρ ¼ 2.0 g∕cm3. The yel-
low dots denote the horizontal displacement sources and the magenta
line marks the receivers placed at each grid point.
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Figure 2. Fractional differences between the inverted and initial
parameters for the model from Figure 1: (a) AP0, (b) AS0, (c) APh,
and (d) APn. The peak value of the recovered anomaly in AP0 is
0.02 (about 80% of the actual maximum). The parameters APh and
APn are underestimated (the updated maximum values are 0.011 and
0.006, whereas the actual peak magnitudes are 0.02 and 0.015, respec-
tively).
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Figure 4. Fractional differences between the inverted and initial
parameters for the model from Figure 3: (a) AP0, (b) AS0,
(c) APh, and (d) APn. The peak value of the recovered anomaly
in AS0 is 0.022 (about 88% of the actual maximum).
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Figure 5. Difference between the observed and simulated data for
the model in Figure 3; the source is located at x ¼ 0.25 km. The
residuals for the initial model: (a) z-component; (b) x-component.
The residuals for the inverted model after 17 iterations: (c) z-com-
ponent; (d) x-component.
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are located at each grid point (Figure 8a). Triangle filtering with a
smoothing radius of 25 samples in both the vertical and hori-
zontal directions is applied to obtain smooth initial models of
the attenuation parameters suitable for the L-BFGS algorithm
(Figure 9).
After 18 iterations, the objective function is significantly reduced

(Figure 10), and the long-wavelength spatial distribution of the at-
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Figure 6. Negative Gaussian anomaly in the parameter εQ em-
bedded in a homogeneous VTI medium. The plot shows the frac-
tional difference between the parameter APh ¼ AP0ð1þ εQÞ and its
background value, 0.025 (the background εQ ¼ 0); at the center of
the anomaly, APh ¼ 0.005 (εQ ¼ −0.8). The other parameters are
constant: AP0 ¼ 0.025, AS0 ¼ 0.025, δQ ¼ 0.4, VP0 ¼ 4000 m∕s,
VS0 ¼ 2000 m∕s, ε ¼ 0.15, δ ¼ 0.1, and ρ ¼ 2.0 g∕cm3. The yel-
low dots denote the horizontal displacement sources and the ma-
genta line marks the receivers placed at each grid point.
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Figure 7. Fractional differences between the inverted and initial
parameters for the model from Figure 6: (a) AP0, (b) AS0, (c) APh,
and (d) APn. The peak value of the recovered anomaly in εQ is
−0.72 (about 90% of the actual minimum).
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Figure 8. Attenuation parameters for a modified section of the BP
TI model: (a) AP0, (b) AS0, (c) APh, and (d) APn. The symmetry axis
is vertical. The model size is 15000 m × 9250 m, with grid spacing
Δx ¼ Δz ¼ 25 m. The yellow dots on plot (a) denote the displace-
ment sources, and the magenta line marks the receivers placed at
each grid point.
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Figure 9. Smoothed actual parameters used as the initial model:
(a) AP0, (b) AS0, (c) APh, and (d) APn.
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Figure 10. Change of the objective function with iterations for the
reflection experiment in Figure 8.
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tenuation parameters AP0 and AS0 (Figure 11) is recovered even in
the deeper part of the section (Figure 11a and 11b). The profiles in
Figure 12 illustrate the accuracy of the parameter updates obtained
byWI. The estimated AP0 and AS0 generally follow the trends of the
actual profiles, and APh is accurately estimated down to 5 km. In
contrast, the reconstruction of APn is less accurate, likely due to
the smaller wavefield sensitivity to the parameter δQ.

Mitigation of velocity errors

The numerical experiments above are carried out under the
assumption that all velocity parameters are known, which is not
realistic in practice. To evaluate the sensitivity of the algorithm
to velocity errors, we use the model in Figure 8 with distorted

P- and S-wave vertical velocities VP0 and VS0 (set to 95% of
the actual values throughout the section), while ε and δ remain ex-
act. As expected, velocity errors produce shifts between the ob-
served and simulated events, leading to distorted adjoint sources
(Figure 13) and deterioration in the inversion results (Figure 14).
To reduce the influence of velocity errors on the inversion, we

estimate the local similarity map (Fomel, 2009; Fomel and Jin,
2009) from the recorded and modeled arrivals and pick the trend
with the global maximum of the similarity values using ray tracing

0

0.01 0.02

0

2

4

6

8

5 10
Distance (km)

D
ep

th
 (

km
)

0

0.01 0.02

0

2

4

6

8

5 10
Distance (km)

D
ep

th
 (

km
)

0

0.01 0.02

0

2

4

6

8

5 10
Distance (km)

D
ep

th
 (

km
)

0

0.01 0.02

0

2

4

6

8

5 10
Distance (km)

D
ep

th
 (

km
)

a) b)

c) d)

Figure 11. Inverted attenuation parameters: (a) AP0, (b) AS0,
(c) APh, and (d) APn.
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Figure 12. Profiles of the attenuation parameters at x ¼ 10 km:
(a) AP0, (b) AS0, (c) APh, and (d) APn. The blue, green, and red lines
mark the actual, initial, and inverted values, respectively.
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Figure 13. Vertical displacement for the model in Figure 8; the
source is located at x ¼ 0 and receiver at x ¼ 7.5 km. (a) The ob-
served data, (b) the data simulated for the first iteration with an in-
accurate velocity model (VP0 and VS0 are set to 95% of the actual
values), (c) the difference between the traces on plots (a) and (b).
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Figure 14. Attenuation parameters estimated with the distorted
velocity model: (a) AP0, (b) AS0, (c) APh, and (d) APn. The upper
limit of all parameters (for the L-BFGS algorithm) is set to 0.04,
which corresponds to the quality factor close to 12.5.
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(Fomel, 2009). This helps calculate the time shifts and then align the
corresponding events prior to WI (Figure 15). The original l2-norm
objective function (equation 5) can be modified as

FðmÞ ¼ 1

2

XN
r¼1

kuðxr; t;mÞ − Sðxr; tÞdðxr; tÞk2; (9)

where Sðxr; tÞ is a linear interpolation operator that shifts the re-
corded events based on the local similarity method. Sðxr; tÞ is prac-

tically independent of the attenuation parameters (m) when the
dispersion is relatively weak. Consequently, the gradient with re-
spect to the attenuation parameter m becomes

∂FðmÞ
∂m

¼
XN
r¼1

�
∂uðxr;t;mÞ

∂m

�
T
½uðxr;t;mÞ−Sðxr;tÞdðxr;tÞ�:

(10)

The only difference between equation 10 and the gradient for the
original data is in the form of the data residual. Expressions similar
to equations 9 and 10 can be found in Luo and Hale (2014) who
apply dynamic warping to mitigate the influence of velocity errors
on least-squares migration.
After the correction, the algorithm generates more accurate ad-

joint sources and inversion gradients, which improves the param-
eter-estimation results (compare Figures 16 and 14).

DISCUSSION

The source-receiver configuration in the transmission experi-
ments is designed to better constrain the perturbed attenuation
parameters. The anomaly in the P-wave vertical attenuation coeffi-
cient AP0 was recovered using near-vertical raypaths, whereas
crosshole geometry was employed for estimating the coefficient
APh, which is responsible for the P-wave attenuation near the hori-
zontal isotropy plane. It would be beneficial to investigate the so-
called “radiation patterns” (Alkhalifah and Plessix, 2014; Kamath
and Tsvankin, 2016) of the attenuation parameters, which could
help identify trade-offs for given acquisition geometries and devise
a robust multiparameter inversion strategy.
In addition to its influence on kinematics, an inaccurate velocity

field also distorts recorded amplitudes through errors in geometric
spreading and reflection/transmission coefficients. Compensation
for such amplitude errors by our algorithm can cause distortions
in the inverted attenuation parameters. The spectral-ratio and cent-
roid-frequency-shift method separate attenuation from other factors
by performing attenuation analysis in the frequency domain. A sim-
ilar approach could be devised to improve the robustness of WI-
based attenuation estimation (e.g., Dutta and Schuster, 2016), which
is the topic of our ongoing work.

CONCLUSIONS

We presented a time-domain WI methodology for attenuation es-
timation in transversely isotropic media. The finite-difference mod-
eling algorithm simulates a nearly constant Q-matrix in the seismic
frequency band using one relaxation mechanism. By applying the
adjoint-state method, we obtained the gradients of the objective
function with respect to the viscoelastic parameters ΔCijkl through
the cross-correlations of the memory variables (computed from the
forward simulation) with the adjoint strain field. Then the gradients
for the VTI attenuation parameters AP0, AS0, APh, and APn are found
using the chain rule.
The inversion algorithm was first tested on homogeneous VTI

models with a Gaussian anomaly in one of the Thomsen-style at-
tenuation parameters. A perturbation in AP0 (with fixed εQ and δQ)
leads to the corresponding anomalies in the parameters APh and
APn. With horizontal arrays of sources and receivers, the algorithm
recovers most of the anomaly in AP0, but APh and APn are only
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Figure 15. Same as Figure 13, but the observed arrivals on plot
(a) are warped (shifted) using the local similarity technique.
(b) The data simulated for the first iteration with an inaccurate veloc-
ity model (VP0 and VS0 are set to 95% of the actual values), (c) the
difference between the traces on plots (a) and (b).
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Figure 16. Attenuation parameters estimated with the distorted
velocity model after applying the local similarity technique (Fig-
ure 15): (a) AP0, (b) AS0, (c) APh, and (d) APn.
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partially updated. The problem in estimating APh and APn is likely
caused by insufficient illumination near the horizontal direction and
trade-offs between the two parameters in the inversion of the multi-
component wavefield.
The algorithm was more successful in resolving the anomalies in

AS0 and εQ (APh). In the absence of measurable cross-talk with the
other parameters, WI accurately estimated the shape of both anoma-
lies, despite the slightly distorted peak magnitudes.
Finally, we tested the algorithm on surface data generated for a

modified section of the BP TI model. Waveform inversion was able
to reconstruct the long-wavelength distribution of the parameters
AP0, AS0, and APh, and the data misfit was reduced by 70%. We
also confirmed the feasibility of mitigating the influence of velocity
errors with the local similarity technique.
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APPENDIX A

TIME-DOMAIN ANISOTROPIC VISCOELASTIC
WAVE EQUATION

Using the standard linear solid model, which includes only one re-
laxation mechanism, the stress relaxation time τσ and the attenuation
parameters τij (Bai and Tsvankin, 2016) can be approximated as

τσ ≈
1

2πf0
(A-1)

and

τij ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Q2
ij þ 1

q
− 1

≈
2

Qij
; (A-2)

where f0 denotes the reference frequency, which is often defined as
the central frequency of the source wavelet.
The τij-parameters, which quantify the magnitude of attenuation

in anisotropic media, can be converted into another set of viscoelas-
tic parameters denoted by ΔCij (Bai and Tsvankin, 2016):

ΔCij ¼ CU
ij − CR

ij ¼
CU
ijτij

1þ τij
≈

2CU
ij

2þQij
; (A-3)

where CU
ij and CR

ij denote the unrelaxed and relaxed stiffnesses co-
efficients, respectively. The elements CU

ij , which define the velocity
field, are assumed here to be known.
The stress (σij)-strain (εkl) relationship in anisotropic viscoelastic

media can be written as:

Tij ¼ σij − _Ψijkl � εkl; (A-4)

where Tij is the stress tensor and “*” denotes the time-convolution
operator.
Parameterizing the relaxation function (equation 1 in the main

text) in terms of CU
ij and ΔCij yields:

Tij ¼ σij − CU
ijkl εkl þ ΔCijkl

e−t∕τ
σ

τ σ
HðtÞ � εkl: (A-5)

Introducing the memory variables,

rkl ¼ −
1

τ σ
e−t∕τ

σ
HðtÞ � εkl; (A-6)

we rewrite equation A-5 as

Tij ¼ σij − CU
ijkl εkl − ΔCijklrkl; (A-7)

with

_rkl ¼ −
1

τ σ
ðrkl þ εklÞ: (A-8)

Equations A-7–A-8 and the momentum conservation law consti-
tute the viscoelastic wave equations for VTI media.

APPENDIX B

GRADIENTS FOR VISCOELASTIC
PARAMETERS ΔCjklm

In this section, we follow the approach of Charara et al. (2000) to
derive the gradients of the objective function with respect toΔCjklm.
Application of the Born approximation to the momentum conser-
vation law and equation A-7 yields:

δfi ¼ ρ δüi −
∂
∂xj

δσij (B-1)

and

δTij ¼ δσij − CU
ijkl δεkl − ΔCijkl δrkl; (B-2)

where δui, δσij, δεkl, and δrkl are the perturbed wavefield variables,
and δ f and δT are the virtual force and stress, which are determined
by the perturbed model parameters (δρ, δCU

ijkl, and δΔCijkl):

δfi ¼ −üi δρ; (B-3)

δTij ¼ εkl δCU
ijkl þ rkl δΔCijkl: (B-4)

The solution of the perturbed viscoelastic wave equation can be
written as
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δui ¼
Z
V
dV
Z

T

0

GijðδfjÞdt−
Z
V
dV
Z

T

0

∂Gij

∂xk
ðδTjkÞdt

¼−
Z
V
dV
Z

T

0

GijðδρÞüi dt−
Z
V
dV
Z

T

0

∂Gij

∂xk

×
h
ðδCU

jklmÞεlmþ δðΔCjklmÞrlm
i
dt; (B-5)

where Gij denotes the elastic Green’s function.
Comparing equation B-5 with

δu ¼
Z
V

∂u
∂m

δm dV; (B-6)

where ∂u∕∂m denotes the Fréchet kernel (Tarantola, 1988), we ob-
tain

∂ui
∂ðΔCjklmÞ

¼ −
Z

T

0

∂Gij

∂xk
rlm dt: (B-7)

The adjoint of the operator in equation B-6 can be written as

δm ¼
X
sources

Z
T

0

�
∂ui
∂m

��
δui dt; (B-8)

with the kernels ∂ui∕∂m being identical for a linear operator and its
transpose (Tarantola, 1988). Then the derivatives of the objective
function F with respect to the viscoelastic parameters take the form:

∂F
∂ðΔCjklmÞ

≡δðΔCjklmÞ¼
X
sources

Z
T

0

�
∂ui

∂ðΔCjklmÞ
��
δui dt 0

¼
X
sources

Z
T

0

�
∂ui

∂ðΔCjklmÞ
�
δui dt 0

¼−
X
sources

Z
T

0

Z
T

0

∂Gij

∂xk
rlm δui dt dt 0:

(B-9)

By defining the adjoint wavefield as

u†j ¼
Z

T

0

Gij δui dt; (B-10)

we rewrite equation B-9 as

∂F
∂ðΔCjklmÞ

≡ δðΔCjklmÞ ¼ −
X
sources

Z
T

0

∂u†j
∂xk

rlm dt: (B-11)

Therefore, the gradients for the viscoelastic parameters ΔCjklm

are the zero-lag cross-correlations of the forward memory variables
rlm with the adjoint strain field ∂u†j∕∂xk (Charara et al., 2000).

APPENDIX C

GRADIENTS FOR TI ATTENUATION
PARAMETERS

The P- and S-wave attenuation coefficients in the symmetry di-
rection can be expressed through the quality-factor matrix Qij as
follows (Zhu and Tsvankin, 2006):

AP0 ≡Q33

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

Q2
33

s
− 1

!
≈

1

2Q33

(C-1)

and

AS0 ≡Q55

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

Q2
55

s
− 1

!
≈

1

2Q55

: (C-2)

The influence of attenuation anisotropy on P- and SV-waves is
described by the coefficients εQ and δQ (Zhu and Tsvankin, 2006):

εQ ≡
Q33 −Q11

Q11

; (C-3)

δQ ≡
1

2AP0

d2AP

dθ2

����
θ¼0°

: (C-4)

For inversion purposes, it is convenient to operate with param-
eters that have similar magnitudes and physical meaning. Here,
we employ the horizontal P-wave attenuation coefficient APh

and a new parameter denoted by APn (equations 7 and 8), which
absorb the influence of εQ and δQ, respectively, on the attenuation
coefficients.
The gradients for the TI attenuation parameters are then obtained

from those for ΔCijkl (equation B-11) using the chain rule:

∂F
∂APh

¼ ∂F
∂ðΔC11Þ

4CU
11

ð1þ 4APhÞ2
; (C-5)

∂F
∂AP0

¼ ∂F
∂ðΔC33Þ

4CU
33

ð1þ 4AP0Þ2

þ ∂F
∂ðΔC13Þ

4CU
13

ð1þ τ13Þ2
aþ b − 1

b
; (C-6)

∂F
∂AS0

¼ ∂F
∂ðΔC55Þ

4CU
55

ð1þ 4AS0Þ2
þ ∂F

∂ðΔC13Þ
4CU

13

ð1þ τ13Þ2
ð−aÞ
b

;

(C-7)

∂F
∂APn

¼ ∂F
∂ðΔC13Þ

4CU
13

ð1þ τ13Þ2
1

b
; (C-8)

where
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a ≡
CU
55

CU
33

�
CU
13 þ CU

33

CU
33 − CU

55

�
2

; (C-9)

b ≡
2CU

13

CU
33

CU
13 þ CU

55

CU
33 − CU

55

; (C-10)

and

τ13 ¼
4

b

h
APn þ ðaþ b − 1ÞAP0 − aAS0

i
: (C-11)
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