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ABSTRACT

The mostperceptuallyimportantfeaturesin imagesare geo-
metrical,the mostprevalentbeingthe smoothcontours(“edges”)
thatseparatelifferenthomogeneousegionsanddelineatedistinct
objects.Althoughwaveletbasedalgorithmshave enjoyed success
in mary areasof image processingthey have significantshort-
comingsin their treatmentof edges. Waveletsdo not parsimo-
niously captureeventhe simplestgeometricaktructurein images,
andasaresultwaveletbasedprocessinglgorithmsoftenproduce
imageswith ringing aroundthe edges.

Themultiscalewedgeletframevork is afirst steptowardsex-
plicitly capturinggeometricabktructurein images.Theframevork
hastwo componentsdecompositiorandrepresentationThemul-
tiscalewaveletdecompositiomlividestheimageinto dyadicblocks
at differentscalesandprojectstheseimageblocksontowedgelets
- simple piecavise constantffunctionswith linear discontinuities.
Themultiscalewedgeletrepresentatiois anapproximatiorof the
imagebuilt out of wedgeletsrom thedecompositionin choosing
thewedgeletso form therepresentatiorwe canweighsereralfac-
tors: the error betweenthe representatiomndthe original image,
the parsimory of therepresentatiorandwhetherthewedgeletsn
therepresentatioform “natural” geometricabtructure.

In this paperwe shav thatanefficientmultiscalewedgelede-
compositionis possibleif we carefully choosethe setof possible
wedgelebrientations We alsopresentmodelingframewvork that
males it possibleto incorporatesimple geometricalconstraints
into the choice of wedgeletrepresentation;esultingin parsimo-
niousimageapproximationsvith smoothcontours.

1. INTRODUCTION

Despitetheirwidespreagucces# imageprocessingwaveletbased
algorithmshave significantshort-comingén theirtreatmentf edge
structurein images.Waveletsdo not parsimoniouslycaptureeven
the simplestgeometricalstructure in images.For instancerepre-
sentingalong, straightedgesn imagesusingwaveletbasisfunc-
tionsin unduly difficult. Not only doesit take mary “significant”
wavelet coeficients to representhe edge,but thosecoeficients
also have complicatedinter-relationships. Disturbing theserela-
tionshipsduring processingesultsin “ringing” aroundthe edges
in thefinal image.

In [1], Donohointroducedthe multiscalewedgeleframenork
asafirst steptowardsexplicitly capturinggeometricabtructurein
images.A wedgeletis a piecavise constanfunctionon a dyadic
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squarewith a linear discontinuity seeFigure 1. Eachwedgelet
by itself cansuccinctlyrepresent straightedgewithin a certain
region of theimage. Smoothcontourscanbe representethy con-
catenatingndividualwedgeletdrom thisdecompositionin places
wherethe contouris varying slowly, we cangetanaccurataepre-
sentationusinga few coarsescalewedgeletwedgeletson large
dyadicblocks). In placeswherethe contourvariesmore quickly,
we usea greaternumberof wedgeletsat finer scales(wedgelets
on smallerdyadic blocks). In fact, the wedgeletrepresentation
hasbeenshavn to have nearoptimalnon-linearapproximatior{1]
andrate-distortion[2] propertiesfor imagesconsistingof piece-
wise constantregionsseparatedby smoothboundaries.

Therearetwo componentsn the multiscalewedgeletframe-
work: decompositiorandrepresentationThe multiscalewedglet
decompositiofMWD), discussedn detail in Section2, divides
theimageinto dyadicblocksat differentscalesandprojectsthese
imageblocks onto wedgeletsat variousorientations(an example
of an imageblock being projectedonto a wedgeletis shavn in
Figure2). In Section3, we present fastalgorithmfor calculating
the MWD of animage. The algorithmbuilds up projectionsonto
wedgeletsat coarsescalesusingpreviously calculatedorojections
atfiner scales.

A multiscalewedglet representation(MWR) is an approxi-
mation of theimage I built out of wedgelet§rom the MWD. A
MWR is constructedy choosinga setof dyadicsquaregnot nec-
essarilyatthesamescale}thatpartition[0, 1]> andawedgeleton-
tainedin each seetheexamplein Figure6. Calculatingthe MWR
amountsto solving a regularizedoptimizationproblemwith sev-
eral factorsbeingweighedagainstone another:the L? error be-
tweenthe representatiorand the original image, the parsimory
of the representatior{compleity constraints),and whetherthe
wedgeletdn the representatiofiorm “natural” geometricaktruc-
ture (geometryconstraints).ln Section4, we discusshow to use
scale-to-scalelependenciebetweenMWRs at different resolu-
tionsto ensuresmoothcontours(like we expectin real-world im-
ages)in the multiscalewedgeletrepresentationThe structureof
themodelallows efficientalgorithmsfor finding theoptimalMWR
givenanimageanda setof complity andgeometryconstraints.

A major strengthof the wedgeletframework (andthe closely
relatedbeamletframewvork in [3]) is that it capturesgeometri-
cal structureof the image at multiple scales. We can infer the
grossgeometricaktructureof animageusinga coarse(parsimo-
nious)wedgeletrepresentationRefiningthe wedgeletrepresenta-
tion notonly yieldsamoreaccuratémageapproximatior(in terms
of squared-errorut resultsin a bettergeometricatlescriptionas
well.

Applicationsof wedgeletdecompositiongndrepresentations
include detectinglinear singularitiesin the presenceof noise[3]



Fig. 1. A wedgelebnadyadicsquaresS; ;. is apiecaviseconstant
function over two regions R, and Ry on either side of the line
definedby the orientation(v: , vz).

andimagecoding[4]. The contritutionsof this paperarethe effi-
cientdiscretemultiscalewedgeletiecompositionliscusseéh Sec-
tion 3, andthe useof wedgeletrepresentationasa framework for
geometrymodeling,discussedh Section4.

2. WEDGELET DECOMPOSITIONS

A wedeletw is afunctiononasquareS thatis piecaviseconstant
on eithersideof aline ¢ throughS. Four parametersireneeded
to definew: two parameterdor £ — in this paperwe’ll usethe
points (v1,v2) where? intersectsthe perimeterof S — andthe
valuesw takesabove (c.) andbelow (cs) £ (seeFigurel). The
(v1, v2) determinetheorientationof w, while ¢, ande, determine
its profile, i.e. the size and offset of the “jump” in the wedgelet.
A function that is constantover all of S is called a degeneate
wedgelet(we canthink of sucha function as a wedgeletwhere
the line £ doesnot passthrough S). We will Usew (v, ,v5,c4,c,)
to denotea wedgeletwhenwe wantto make the parameterization
explicit.

Let I be animagé supportedon [0,1]* and S; x C [0, 1]?,
k = {ki1, k2} beadyadicblockatscalej € Z,S = [k1/27, (k1 +
1)/27] x [ka/27, (k2 + 1) /27] for integers0 < ki, ks < 27. The
wedgeletdecompositionV(I(S;,x)) of animagel over S; . is
a collection of projectionsof I(.S; ) onto wedgeletsat a finite
setof orientationsV. For eachorientation(vy,v2) € V, S;&
is divided into two regions R, (the region above the line ¢ de-
finedby (v1,v2)) and R, (theregion belov £). The profile of the
wedgelett orientation(v1, v2) is calculatedoy averagingl (S «)
overtheseregions:

éa = Average(I(S;r)|Ra) (1)
Average(I(S;j,x)|Re). (2

Cb

SeeFigure2 for anexample. Collectingthe wedgeletsnto a set,
we get

W(I(Sj,k)) = {w(vhvz,EZ,EE) ¢ (vi,v2) € V}- (3)

We caninfer thelocal geometricaktructureof I in theregion
S; , by finding the orientationgfor whichw,,, ,+,,53,5) IS agood
approximationto I(S; ). If I(S; ) hasadiscontinuityalonga
linearedge thentheerrorbetweenl (S; ) andw ,, ,,a,5) Will
besmallfor the orientation(v, v2) closesto thatedge.

The multiscalewedgeletdecompositionV’ (I) of animage
I is thecollectionof wedgeletdecomposition3V(1(S; x)) for all

17 is, in general a function of a continuousvariableon the unit square
[0,1]2. FordiscreteN x N pixelimageswe canthink of I beingpiecavise
constanbver squaresvith sidelengthl /N

(@) I(Sj,k) (b) W(vy,v2,8a,55)

Vs

Fig. 2. (a) A sectionof the “Cameraman’imageon a 64 x 64
dyadicsquareS; . (b) Projectionof I(.S; ) ontowedgeletwith
orientation(v1, v2).
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Fig. 3. A wedgeletat ((3,0), (2,1)) in the coarsestscale
dyadic block hasthe samerelative orientationas a wedgeletat
((£,0), (2, 1)) inthe“lowerleft” dyadicblock atthe next finest
scale.

dyadicsquaresS; k.,

W/ () = {WI(S;): §=0,...,J, k1,ka =0,...,2 }.

4
In thispaperwewill assumehatthesetof wedgelebrientationss
thesamerelativeto eachdyadicsquare For example,if we project
ontoawedgele@torientation(($,0), (2,1)) atthecoarsesscale
dyadicblock, wewill projectontoawedgeletsat((1,0), (2, 1)),
((2,0), (2, ). (2, 1), (Z,1).and((}, 1), (3,1)) atthefour
dyadicblocksatthenext finestscale(seeFigure3). In thesequel,
we will label wedgeletorientationsasthey would be labeledon
[0, 1]?; thefour orientationshavn in Figure3wouldall belabeled
((3,0), (3,1)).

Foran N x N pixelimage,calculatinga completemultiscale
wedgeletlecompositioW’ () with J = log, N hasO(M N? log, N?)
computationatompleity, whereM = |V| isthenumberof wedgelets
for eachdyadicsquareIn thenext sectionwe will shav thatby a
judicious(but still diverse)choiceof orientationy vy, v2), we can
calculateWy’ (I) with O(M N?) compleity.

3. AFAST MULTISCALE WEDGELET
DECOMPOSITION

Calculatingthe multiscalewedgeletdecompositionmequirescom-
putationof projectiongseeequationg1) and(2) abore)for M dif-
ferentwedgeletsn eachdyadicsquareS; . In generalthe num-
berof operationgor eachprojectionis proportionalto N2277 the
numberof pixelsin S; .. We canreducethe total numberof op-
erationsin the wedgeletdecompositiori¥ (1(.S;,)) by “building
up” projectionsat coarsescaledusingprojectionsat finer scales.

Figure 3 givesan exampleof usingwedgeletprojectionsat a
finer scaleto computeawedgelefprojectionatacoarsescale.The
wedgeletat orientation((4, 1), (1, +) onadyadicsquarebreaks
down into four partsatthenext scale:
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Fig. 4. A wedgelettorientation((1/4,1), (1,1/4) canbebroken
down at the next finest scaleinto threewedgeletswith different
orientationsandoneconstantegion.

1. A wedgeletof orientatiod ((%,1), (1,3) in the “upper
left” dyadicsubsquare.

2. A wedgelebf orientation((0, 1), (3, 0) in theupperright
dyadicsubsquare.

3. A wedgelebf orientation((1,1), (1, 3) in thelowerright
dyadicsubsquare.

4. A constanbnthelower left dyadicsubsquare.

Given thesefiner scalewedgeletprofiles, it is straightforvard to
calculatethedesiredwedgelefprofile at the coarsescale.

To calculatea wedgeletprojectionin this manneywe needto
chooseour setof orientations) so that wedgeletsat every ori-
entation(vi,v2) € V breakdown into other wedgeletsat ori-
entationsin V. Considerthe setof orientationswith intersection
pointsequallyspacedat distancel /q, ¢ € Z aroundthe perime-
ter of [0, 1]%. Which wedgeletorientations(pairsof pointson the
perimeter)will allow usto calculateprojectionsby usingresultsat
afinerscale?A quick examplewill illustratethatnotall wedgelet
orientationsareadmissible

Take ¢ = 4 and considerthe wedgeletw at ori-
entation((%,0), (1,1)). At the next finestscale,
w breaksdown into two wedgeletsat orientations
((3,0), (3,1))and((0, 3), (1,1)), neitherof which
arein V.

The conditionfor an admissibleorientation(v:, v2) depends
ontheslopel of theline definedby (v1, v2). Theorientationis ad-
missibleif A = 0, A = oo (horizontalandvertical orientationsare
admissible)prif A = a/b, a,b € Z isrationalanda andb divide
q evenly. As anexample,theadmissibleorientationsfor g = 4 —
thereare M = 56 total, with linesof slope0,1/4,1/2, 1,2, 4, and
oo — areshawn in Figure3. NotethatV is fairly diverse;thereis
anorientationin V “close” to every possibleorientation.

In this paper we have just consideredvedgeletshat canbe
built out of otherwedgeletsat the next finestscale. It is possi-
ble to getaricher setof orientationsby building up coarsescale
wedgeletsisingwedgeletstall finerscales.

If everyorientationin V is admissiblethencalculatingawedgelet

projectionis extremelyfast;it simply requiresthe additionof four
numbers. This reducesthe computationalcompleity of a full
MWD WY(I), J = log, N to O(MN?).

ThemultiscalewaveletdecompositionV” (I') givesusanum-
ber of differentwaysof describingtheimagel. We canuseary
oneof M (possiblydegeneratejvedgeletso describesachdyadic
block of theimage.In the next sectionwe discusshow to selecta
setof wedgeletghatbestdescribesanimage.

2Rememberwedgeletorientationsare labeledrelative to [0, 1]2; see
Section2.

Fig. 5. Setof admissiblewedgeletorientationsfor ¢ = 4. By
restrictingourselhesto thesewedgeletsn eachdyadicsquarewe
cancomputea multiscalewedgeletdecompositiorefficiently.
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Fig. 6. Wedgelebrientationausedin the multiscalewedgeletrep-
resentatiorof atestimage(a). (b) Orientationfoundwith CART
and(c) with ageometrymodelvia dynamicprogramming.

4. MODELING MULTISCALE WEDGELET
REPRESENTATIONS

Oncewe have calculatedhe projectionsin the MWD W (I), we
canusethe resultsto choosea representatiof the imagel. A
multiscalewedgletrepresentatiofMWR) W consistsof a setof
(possiblydifferentsized)dyadicsquareghatpartition[0, 1]2, each
supportingone (possiblydegenerate)vedgelet — seeFigure 6
for anexample. The projectionof aregion of I ontothewedgelet
thewedgeletin a dyadicsquaregivesus geometricainformation
aboutthatregion of th

Givenanimage,thechoiceof the MWR W canbe optimized
over multiple criteria. Of particularinterestto usis

Approximation We wantthe MWR to be a closeapproximation
(in the L? senselthe image. As the dyadic squaresused
in the MWR to partition [0, 1]> becomesmaller (increas-
ing theresolutionof theMWR), therepresentatiobecomes
moreaccurate.

Parsimony Wewantto describeheimageusingthesmalleshum-
ber of wedgeletspossible. As the dyadic squaresn the
MWR becomesmaller more wedgeletsare being usedto
approximateheimage.

Geometry The wedgeletsn the MWR shouldform naturalgeo-
metricalstructurese.g. smooth,connecteaontours.

Of course thesearenot the only criteriathatexist. For instance,
in [4], the authorsproposean algorithmthat choosesa wedgelet
approximatiorthatmaximizescodinggains.

In [1], the CART algorithmis usedto find aMWR with anop-
timal tradeof betweerthe ApproximationandParsimoty criteria.
Givenaweightingparametei\, we canexploit the quadtreestruc-
tureof therepresentatioto find afastsolutionto the optimization

SWe will find it usefulto think of a MWR asa prunedquadtreewith a
wedgeletiving ateachleaf.
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Fig. 7. Whenthe coarsescalewedgeletrepresentationn (a) is
resohed into subblocks,we expectthe wedgeletfits at the next
scaleto refine the geometryof the imageasin (b), and not be
completelyarbitraryasshavn in (c).

problem
né[i/nD(W)+)\|W| (5)

whereD (W) isthemean-squarerrorbetweertheimagel andthe
MWR W, and|W | is thenumberof terms(leavesof thequadtree)
inWw.

In this section,we will discusswaysto incorporategeometry
into theselectiorof the MWR by formulatinga problemsimilarto
(5). By imposinga geometrymodelfor smoothcontoursusingthe
relationshipdbetweerMWRs of increasingesolutionsye will be
ableto quantify how well a particulararrangemenof wedgelets
fits our notion of edgestructure.We cancharacterizehe way we
expectcontoursto behae in animageby imposingdependencies
betweenthe wedgeletorientationsin the differentdyadicblocks
of the MWR.

To capturethesedependencieyur geometrymodelwill de-
scribehow we expectthe orientationsin the MWR to changeas
we increasethe resolution(making the MWR lessparsimonious
but a betterapproximatiorto I). For example,Figure7(a) shavs
the bestwedgeleffit on a particulardyadicsquare.Whenwe re-
fine the estimate breakingthe dyadicsquarento four subsquares,
we would expectthe bestwedgeleffits to be orientedasshavn in
Figure 7(b), andwould not expectthemto be orientedasin Fig-
ure7(c).

Theinter-scalerelationshipdbetweernthe wedgeleffits canbe
capturedusing a quadtreestructuredfinite Markov model. The
stateat eachnoderepresentshe orientationof the bestwedgelet
fit in the correspondinglyadic square. A statetransitionmatrix
is usedto scoredifferentwedgeletrefinements.For example,the
transitionfrom the parentstatein Figure 7(a) to the child states
shavn in Figure7(b) would receve a high score while thetransi-
tion to the child statesshavn in Figure7(c) would receve amuch
lower score.

The mostpracticalmodelis to make eachof the four “child”
orientationsndependengiventhe “parent” orientation. Thenthe
modelis specifiedby an M x M transitionmatrix whoseentries
arethe conditionalprobabilitiesof the child orientationgiventhe
parentorientation.

The probabilities are assigned based on the distancé
d(€parent, Lcnita) betweenthe lines £parent and £enila that define
the parentand child wedgeletorientations. For the examplesin
this paper we USePr (£enita|Cparent ) ~ e ~4(Eparent Lenita)”,

Now thatwe have the geometrymodel,we canuseit to reg-
ularize our choice of MWR. We can againexploit the quadtree

4The spaceof lines can be parameterizedby the pointson a cylinder
embeddedh R?, whichis isomorphicto R x [0, 27); thedistancebetween
two linesis just the Euclideandistancebetweertheir representate points
inR x [0, 27)

structureof thewedgeletrepresentatioalongwith theMarkov na-
ture of themodelto efficiently find anexactsolutionto

min D(W) + Al log, P(W) + |W]] (6)

whereD (W) and|W | arethesameasin (5) andP(W) isthelike-
lihood of W underour geometrymodel. The dynamicprogram
that solves (6) is similar to the Viterbi algorithmin communica-
tions.

We can also interpret (6) as a rate-distortionoptimization
problem: the —log, P(W) tells us the numberof bits it would
take to codeeachwedgeletorientationin the choseni? usingour
geometrymodel,with anadditional|W| bits to indicatewhich of
thenodesarepruned.

Figure 6(c) shavs an exampleof using the geometrymodel
to choosethe wedgeletorientation. Notice that the local contour
informationis much “cleaner” thanthat found by the CART al-
gorithm; incorporatinga geometrymodelallows usto be prudent
aboutthekind of structurewe extractfrom animage.

5. CONCLUSIONS

Theinadequag of waveletsin representingontoursmotivatesthe
needfor decompositionghatexplicitly take advantageof thegeo-
metricalregularity in imagesij.e. thatthesecontoursarein general
slowly varying,to provide a sparseepresentationThe multiscale
wedgeletdecompositioris one suchrepresentationln this paper
we have shawvn thatthe quadtreestructureof the MWD allows us
to:

(a) Calculate the decompositionefficiently by “building up”
wedgeletprojectionsat coarsescalesfrom projectionsat
finerscales.

(b) Imposegeometricatonstrainton how we expectcontoursn
theimageto behae by modelingthe scale-to-scalelepen-
denceof the orientationf wedgeletaisedin therepresen-
tation.

(c) Implementfastalgorithmsthat find the wedgeletrepresenta-
tion of animagethathasthe optimaltrade-of betweerap-
proximationerror, sparsityandgeometricafaithfulness.

In addition,work presentedn [4] shavs thesemodelingtech-
niguescanbeincorporatednto practicalimagecoders.
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