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ABSTRACT

The mostperceptuallyimportantfeaturesin imagesaregeo-
metrical,themostprevalentbeingthesmoothcontours(“edges”)
thatseparatedifferenthomogeneousregionsanddelineatedistinct
objects.Althoughwaveletbasedalgorithmshave enjoyedsuccess
in many areasof imageprocessing,they have significantshort-
comingsin their treatmentof edges. Waveletsdo not parsimo-
niouslycaptureeventhesimplestgeometricalstructurein images,
andasa resultwaveletbasedprocessingalgorithmsoftenproduce
imageswith ringingaroundtheedges.

Themultiscalewedgeletframework is a first steptowardsex-
plicitly capturinggeometricalstructurein images.Theframework
hastwo components:decompositionandrepresentation.Themul-
tiscalewaveletdecompositiondividestheimageinto dyadicblocks
at differentscalesandprojectstheseimageblocksontowedgelets
- simplepiecewise constantfunctionswith linear discontinuities.
Themultiscalewedgeletrepresentationis anapproximationof the
imagebuilt outof wedgeletsfrom thedecomposition.In choosing
thewedgeletsto form therepresentation,wecanweighseveralfac-
tors: theerrorbetweentherepresentationandtheoriginal image,
theparsimony of therepresentation,andwhetherthewedgeletsin
therepresentationform “natural” geometricalstructure.

In thispaper, weshow thatanefficientmultiscalewedgeletde-
compositionis possibleif we carefullychoosethesetof possible
wedgeletorientations.Wealsopresentamodelingframework that
makes it possibleto incorporatesimple geometricalconstraints
into the choiceof wedgeletrepresentation,resultingin parsimo-
niousimageapproximationswith smoothcontours.

1. INTRODUCTION

Despitetheirwidespreadsuccessin imageprocessing,waveletbased
algorithmshavesignificantshort-comingsin theirtreatmentof edge
structurein images.Waveletsdo not parsimoniouslycaptureeven
thesimplestgeometricalstructure in images.For instance,repre-
sentinga long, straightedgesin imagesusingwaveletbasisfunc-
tions in undulydifficult. Not only doesit take many “significant”
wavelet coefficients to representthe edge,but thosecoefficients
alsohave complicatedinter-relationships.Disturbing theserela-
tionshipsduringprocessingresultsin “ringing” aroundtheedges
in thefinal image.

In [1], Donohointroducedthemultiscalewedgeletframework
asa first steptowardsexplicitly capturinggeometricalstructurein
images.A wedgeletis a piecewise constantfunctionon a dyadic
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squarewith a linear discontinuity, seeFigure 1. Eachwedgelet
by itself cansuccinctlyrepresenta straightedgewithin a certain
region of the image.Smoothcontourscanberepresentedby con-
catenatingindividualwedgeletsfrom thisdecomposition.In places
wherethecontouris varyingslowly, wecangetanaccuraterepre-
sentationusinga few coarsescalewedgelets(wedgeletson large
dyadicblocks). In placeswherethecontourvariesmorequickly,
we usea greaternumberof wedgeletsat finer scales(wedgelets
on smallerdyadic blocks). In fact, the wedgeletrepresentation
hasbeenshown to havenearoptimalnon-linearapproximation[1]
andrate-distortion[2] propertiesfor imagesconsistingof piece-
wiseconstantregionsseparatedby smoothboundaries.

Therearetwo componentsin the multiscalewedgeletframe-
work: decompositionandrepresentation.Themultiscalewedgelet
decomposition(MWD), discussedin detail in Section2, divides
theimageinto dyadicblocksat differentscalesandprojectsthese
imageblocksonto wedgeletsat variousorientations(an example
of an imageblock being projectedonto a wedgeletis shown in
Figure2). In Section3, wepresenta fastalgorithmfor calculating
theMWD of an image.Thealgorithmbuilds up projectionsonto
wedgeletsat coarsescalesusingpreviously calculatedprojections
at finer scales.

A multiscalewedgelet representation(MWR) is an approxi-
mationof the image � built out of wedgeletsfrom the MWD. A
MWR is constructedby choosingasetof dyadicsquares(notnec-
essarilyatthesamescale)thatpartition � �����
	�� andawedgeletcon-
tainedin each,seetheexamplein Figure6. CalculatingtheMWR
amountsto solving a regularizedoptimizationproblemwith sev-
eral factorsbeingweighedagainstoneanother:the 
 � error be-
tween the representationand the original image, the parsimony
of the representation(complexity constraints),and whetherthe
wedgeletsin the representationform “natural” geometricalstruc-
ture (geometryconstraints).In Section4, we discusshow to use
scale-to-scaledependenciesbetweenMWRs at different resolu-
tionsto ensuresmoothcontours(like we expectin real-world im-
ages)in the multiscalewedgeletrepresentation.The structureof
themodelallowsefficientalgorithmsfor findingtheoptimalMWR
givenanimageanda setof complexity andgeometryconstraints.

A majorstrengthof thewedgeletframework (andtheclosely
relatedbeamletframework in [3]) is that it capturesgeometri-
cal structureof the imageat multiple scales. We can infer the
grossgeometricalstructureof an imageusinga coarse(parsimo-
nious)wedgeletrepresentation.Refiningthewedgeletrepresenta-
tion notonly yieldsamoreaccurateimageapproximation(in terms
of squared-error),but resultsin a bettergeometricaldescriptionas
well.

Applicationsof wedgeletdecompositionsandrepresentations
includedetectinglinear singularitiesin the presenceof noise[3]
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Fig. 1. A wedgeletonadyadicsquare����� � is apiecewiseconstant
function over two regions ��� and ��� on either side of the line
definedby theorientation ��������� �

�
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andimagecoding[4]. Thecontributionsof this paperaretheeffi-
cientdiscretemultiscalewedgeletdecompositiondiscussedin Sec-
tion 3, andtheuseof wedgeletrepresentationsasa framework for
geometrymodeling,discussedin Section4.

2. WEDGELET DECOMPOSITIONS

A wedgelet � is afunctiononasquare� thatis piecewiseconstant
on eithersideof a line  through � . Four parametersareneeded
to define � : two parametersfor  — in this paperwe’ll usethe
points ��� � ��� �

�
where  intersectsthe perimeterof � — andthe

values � takesabove ( !�� ) andbelow ( !"� )  (seeFigure1). The��������� �
�

determinetheorientationof � , while ! � and ! � determine
its profile, i.e. the sizeandoffset of the “jump” in the wedgelet.
A function that is constantover all of � is called a degenerate
wedgelet(we can think of sucha function as a wedgeletwhere
the line  doesnot passthrough � ). We will use �$#&%
' � %)( � *�+,� *�-�.
to denotea wedgeletwhenwe want to make theparameterization
explicit.

Let � be an image1 supportedon � �����
	 � and ����� �0/1� ���"��	 � ,2436572 ��� 2 �
8

beadyadicblockatscale94:<; , � 3 � 2 ��=,> � ��� 2 �@?� � =,> � 	BA0� 2 � =C> � �"� 2 � ?D�
� =C> � 	 for integers �FE 2 � � 2 �HG > � . The

wedgeletdecompositionIJ���K�L� ��� � ��� of an image � over � ��� � is
a collection of projectionsof �K�L�M��� � � onto wedgeletsat a finite
set of orientationsN . For eachorientation ��� � ��� �

� :ON , �M��� �
is divided into two regions � � (the region above the line  de-
finedby ��� � ��� �

�
) and ��� (theregion below  ). Theprofile of the

wedgeletatorientation��� � ��� �
�

is calculatedby averaging�K�L����� � �
over theseregions:

P!
� 3 QSRUT
VXWZY,T ���K�L����� � �"[ �S� � (1)P!
� 3 QSRUT
VXWZY,T ���K�L����� � �"[ ��� ��\ (2)

SeeFigure2 for anexample.Collectingthewedgeletsinto a set,
we get

IJ���K�L�M��� � ��� 3]5 �$#^%�' � %)( � _*�+,� _*`-�.ba �������`� �
� :<N 8@\ (3)

We caninfer thelocal geometricalstructureof � in theregion����� � by finding theorientationsfor which �$#^%�' � %)( � _*�+U� _*`-�. is a good
approximationto �K�L�M��� � � . If �K�L�M��� � � hasa discontinuityalonga
linearedge,thentheerrorbetween�K�L� ��� � � and �$#^%�' � %)( � _*`+,� _* - . will
besmallfor theorientation��� � ��� �

�
closestto thatedge.

The multiscalewedgeletdecompositionIdce��� � of an image� is thecollectionof wedgeletdecompositionsIJ���K�L����� � ��� for all

1 f is, in general,a functionof a continuousvariableon theunit squareg h,i)j�k � . Fordiscretelnmol pixel images,wecanthink of f beingpiecewise
constantover squareswith sidelength

j�p l .

(a) �K�L����� � � (b) � #^%�' � %)( � _* + � _* - .
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Fig. 2. (a) A sectionof the “Cameraman”imageon a qZrsA0qCr
dyadicsquare� ��� � . (b) Projectionof �K�L� ��� � � ontowedgeletwith
orientation ��������� �

�
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Fig. 3. A wedgeletat ��� �t �)� � �u�7vt �"� ��� in the coarsestscale
dyadic block has the samerelative orientationas a wedgeletat��� �w �)� � �x� vw � ��

���
in the“lower left” dyadicblock at thenext finest

scale.

dyadicsquares� ��� � ,
I c ��� � 365 IJ���K�L�M��� � ��� a 9 3 ��� \"\�\ ��yM� 2 � � 2 � 3 ���

\"\"\ �)> � 8U\
(4)

In thispaper, wewill assumethatthesetof wedgeletorientationsis
thesamerelativeto eachdyadicsquare.For example,if weproject
ontoawedgeletatorientation��� �t �)� � �z� vt ��� ��� at thecoarsestscale
dyadicblock,wewill projectontoawedgeletsat ��� �w �)� � �b� vw � ��

���
,

���Z{w �)� � �|�Z}w � ��
���

, ���Z{w � ��
� �|�Z}w �"� ��� , and ��� �w � ��

� �|� vw �
� ��� atthefour
dyadicblocksat thenext finestscale(seeFigure3). In thesequel,
we will label wedgeletorientationsas they would be labeledon� ������	 � ; thefourorientationsshown in Figure3 wouldall belabeled��� �t �)� � �~� vt �"� ��� .

For an ��A�� pixel image,calculatinga completemultiscale
wedgeletdecompositionI c ��� � with y 3D�^�,Y � � has�F�L����� �^�,Y � ���

�
computationalcomplexity, where� 3 [ N [ is thenumberof wedgelets
for eachdyadicsquare.In thenext section,we will show thatby a
judicious(but still diverse)choiceof orientations��� � ��� �

�
, we can

calculateI�c���� � with �F�L��� � � complexity.

3. A FAST MULTISCALE WEDGELET
DECOMPOSITION

Calculatingthemultiscalewedgeletdecompositionrequirescom-
putationof projections(seeequations(1) and(2) above)for � dif-
ferentwedgeletsin eachdyadicsquare����� � . In general,thenum-
berof operationsfor eachprojectionis proportionalto � � >�� � , the
numberof pixels in � ��� � . We canreducethe total numberof op-
erationsin thewedgeletdecomposition�J���K�L�M��� � ��� by “building
up” projectionsatcoarsescaledusingprojectionsatfiner scales.

Figure3 givesanexampleof usingwedgeletprojectionsat a
finerscaleto computeawedgeletprojectionatacoarsescale.The
wedgeletat orientation ��� �t �"� � ���`�C� �t � on a dyadicsquarebreaks
down into four partsat thenext scale:
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Fig. 4. A wedgeletatorientation���`��=Zr���� � ���`�C�"�7=7r � canbebroken
down at the next finest scaleinto threewedgeletswith different
orientationsandoneconstantregion.

1. A wedgeletof orientation2 ��� �� ���
� ���`�,� ��

�
in the “upper

left” dyadicsubsquare.

2. A wedgeletof orientation������� ��
� �x� �� �)�

�
in theupperright

dyadicsubsquare.

3. A wedgeletof orientation ��� �� �"�
� �~�`�,� ��

�
in thelower right

dyadicsubsquare.

4. A constanton thelower left dyadicsubsquare.

Given thesefiner scalewedgeletprofiles, it is straightforward to
calculatethedesiredwedgeletprofile at thecoarsescale.

To calculatea wedgeletprojectionin this manner, we needto
chooseour set of orientationsN so that wedgeletsat every ori-
entation ��������� �

� :�N breakdown into other wedgeletsat ori-
entationsin N . Considerthe setof orientationswith intersection
pointsequallyspacedat distance��=Z� , ��:�; aroundtheperime-
ter of � �����
	 � . Which wedgeletorientations(pairsof pointson the
perimeter)will allow usto calculateprojectionsby usingresultsat
a finer scale?A quick examplewill illustratethatnot all wedgelet
orientationsareadmissible:

Take � 3 r and considerthe wedgelet � at ori-
entation ��� �t �)� � ���`�C� ��

���
. At the next finest scale,� breaksdown into two wedgeletsat orientations��� �� �)�

� �B� �v �
�
���

and ������� �v
� �B�`�,�"� ��� , neitherof which

arein N .

Theconditionfor an admissibleorientation ��� � ��� �
�

depends
ontheslope� of theline definedby ��� � ��� �

�
. Theorientationis ad-

missibleif � 3 � , � 3�� (horizontalandverticalorientationsare
admissible),or if � 3�� =7�C� � ����:n; is rationaland

�
and � divide� evenly. As anexample,theadmissibleorientationsfor � 3 r —

thereare � 3�� q total,with linesof slope���"�7=7rM�7�7=C>����,��>@��r , and�
— areshown in Figure3. Notethat N is fairly diverse;thereis

anorientationin N “close” to every possibleorientation.
In this paper, we have just consideredwedgeletsthat canbe

built out of other wedgeletsat the next finest scale. It is possi-
ble to get a richer setof orientationsby building up coarsescale
wedgeletsusingwedgeletsatall finerscales.

If everyorientationin N isadmissible,thencalculatingawedgelet
projectionis extremelyfast;it simply requirestheadditionof four
numbers. This reducesthe computationalcomplexity of a full
MWD I c ��� � , y 3D���CY � � to �F�L��� � � .

ThemultiscalewaveletdecompositionI c ��� � givesusanum-
ber of differentwaysof describingthe image � . We canuseany
oneof � (possiblydegenerate)wedgeletsto describeeachdyadic
block of theimage.In thenext section,we discusshow to selecta
setof wedgeletsthatbestdescribesanimage.

2Remember, wedgeletorientationsare labeledrelative to
g h,iXj�k � ; see

Section2.
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Fig. 5. Set of admissiblewedgeletorientationsfor � 3 r . By
restrictingourselvesto thesewedgeletsin eachdyadicsquare,we
cancomputea multiscalewedgeletdecompositionefficiently.

(a) testimage (b) MWR w/ CART (c) MWR w/ Geom.Model

Fig. 6. Wedgeletorientationsusedin themultiscalewedgeletrep-
resentationof a testimage(a). (b) Orientationsfoundwith CART
and(c) with a geometrymodelvia dynamicprogramming.

4. MODELING MULTISCALE WEDGELET
REPRESENTATIONS

Oncewe have calculatedtheprojectionsin theMWD I�c���� � , we
canusethe resultsto choosea representationof the image � . A
multiscalewedgeletrepresentation(MWR) � consistsof a setof
(possiblydifferentsized)dyadicsquaresthatpartition � �����
	�� , each
supportingone (possiblydegenerate)wedgelet3 — seeFigure6
for anexample.Theprojectionof a region of � ontothewedgelet
thewedgeletin a dyadicsquaregivesusgeometricalinformation
aboutthatregionof th

Givenanimage,thechoiceof theMWR � canbeoptimized
over multiplecriteria.Of particularinterestto usis

Approximation We want theMWR to bea closeapproximation
(in the 
 � sense)the image. As the dyadicsquaresused
in the MWR to partition � ������	 � becomesmaller(increas-
ing theresolutionof theMWR), therepresentationbecomes
moreaccurate.

Parsimony Wewantto describetheimageusingthesmallestnum-
ber of wedgeletspossible. As the dyadic squaresin the
MWR becomesmaller, morewedgeletsarebeingusedto
approximatetheimage.

Geometry Thewedgeletsin theMWR shouldform naturalgeo-
metricalstructures,e.g.smooth,connectedcontours.

Of course,thesearenot theonly criteria thatexist. For instance,
in [4], the authorsproposean algorithmthat choosesa wedgelet
approximationthatmaximizescodinggains.

In [1], theCART algorithmis usedto find aMWR with anop-
timal tradeoff betweentheApproximationandParsimony criteria.
Givena weightingparameter� , wecanexploit thequadtreestruc-
tureof therepresentationto find a fastsolutionto theoptimization

3We will find it usefulto think of a MWR asa prunedquadtreewith a
wedgeletliving ateachleaf.



(a) (b) (c)

Fig. 7. When the coarsescalewedgeletrepresentationin (a) is
resolved into subblocks,we expect the wedgeletfits at the next
scaleto refine the geometryof the imageas in (b), and not be
completelyarbitraryasshown in (c).

problem �4���
��� �L� � ? � [ � [

(5)

where� �L� �
is themean-squareerrorbetweentheimage� andthe

MWR � , and
[ � [

is thenumberof terms(leavesof thequadtree)
in � .

In this section,we will discusswaysto incorporategeometry
into theselectionof theMWR by formulatingaproblemsimilar to
(5). By imposingageometrymodelfor smoothcontoursusingthe
relationshipsbetweenMWRsof increasingresolutions,wewill be
able to quantify how well a particulararrangementof wedgelets
fits our notionof edgestructure.We cancharacterizetheway we
expectcontoursto behave in animageby imposingdependencies
betweenthe wedgeletorientationsin the differentdyadicblocks
of theMWR.

To capturethesedependencies,our geometrymodelwill de-
scribehow we expect the orientationsin the MWR to changeas
we increasethe resolution(making the MWR lessparsimonious
but a betterapproximationto � ). For example,Figure7(a)shows
the bestwedgeletfit on a particulardyadicsquare.Whenwe re-
fine theestimate,breakingthedyadicsquareinto four subsquares,
we would expectthebestwedgeletfits to beorientedasshown in
Figure7(b), andwould not expectthemto be orientedasin Fig-
ure7(c).

Theinter-scalerelationshipsbetweenthewedgeletfits canbe
capturedusing a quadtreestructuredfinite Markov model. The
stateat eachnoderepresentsthe orientationof the bestwedgelet
fit in the correspondingdyadicsquare.A statetransitionmatrix
is usedto scoredifferentwedgeletrefinements.For example,the
transitionfrom the parentstatein Figure7(a) to the child states
shown in Figure7(b) would receive a high score,while thetransi-
tion to thechild statesshown in Figure7(c)would receive a much
lower score.

Themostpracticalmodelis to make eachof the four “child”
orientationsindependentgiventhe“parent” orientation.Thenthe
modelis specifiedby an ��As� transitionmatrix whoseentries
aretheconditionalprobabilitiesof thechild orientationgiven the
parentorientation.

The probabilities are assigned based on the distance4¡ �¢ 
£"¤�¥¢¦L§X¨X�` 
©�ª"« ¬ ­ � betweenthe lines  "£
¤�¥¢¦®§)¨ and  
©�ª"« ¬ ­ that define
the parentandchild wedgeletorientations. For the examplesin
this paper, we use ¯ V �¢ "©�ª"« ¬ ­ [  "£"¤�¥�¦®§)¨ �|°�± �³² # ´¶µ)·®¸�¹�º`» � ´®¼¢½)¾ ¿ À . ( .

Now thatwe have thegeometrymodel,we canuseit to reg-
ularize our choiceof MWR. We can againexploit the quadtree

4The spaceof lines canbe parameterizedby the pointson a cylinder
embeddedin Á v , which is isomorphicto ÁFm g h,iLÂ"ÃÅÄ ; thedistancebetween
two linesis just theEuclideandistancebetweentheir representative points
in ÁÆm g h,i`Â"ÃÅÄ

structureof thewedgeletrepresentationalongwith theMarkov na-
tureof themodelto efficiently find anexactsolutionto�4�^�

� � �L� � ? �B�&Ç �^�CY � ¯È�L�
� ? [ � [ 	 (6)

where� �L� �
and

[ � [
arethesameasin (5) and ¯S�L� �

is thelike-
lihood of � underour geometrymodel. The dynamicprogram
that solves(6) is similar to the Viterbi algorithmin communica-
tions.

We can also interpret (6) as a rate-distortionoptimization
problem: the Ç ���CY � ¯È�L�

�
tells us the numberof bits it would

take to codeeachwedgeletorientationin thechosen� usingour
geometrymodel,with anadditional

[ � [
bits to indicatewhich of

thenodesarepruned.
Figure6(c) shows an exampleof using the geometrymodel

to choosethe wedgeletorientation.Notice that the local contour
information is much “cleaner” than that found by the CART al-
gorithm; incorporatinga geometrymodelallows us to beprudent
aboutthekind of structureweextractfrom animage.

5. CONCLUSIONS

Theinadequacy of waveletsin representingcontoursmotivatesthe
needfor decompositionsthatexplicitly take advantageof thegeo-
metricalregularity in images,i.e. thatthesecontoursarein general
slowly varying,to provide a sparserepresentation.Themultiscale
wedgeletdecompositionis onesuchrepresentation.In this paper,
we have shown that thequadtreestructureof theMWD allows us
to:

(a) Calculate the decompositionefficiently by “building up”
wedgeletprojectionsat coarsescalesfrom projectionsat
finer scales.

(b) Imposegeometricalconstraintsonhow weexpectcontoursin
theimageto behave by modelingthescale-to-scaledepen-
denceof theorientationsof wedgeletsusedin therepresen-
tation.

(c) Implementfastalgorithmsthat find the wedgeletrepresenta-
tion of animagethathastheoptimaltrade-off betweenap-
proximationerror, sparsity, andgeometricalfaithfulness.

In addition,work presentedin [4] shows thesemodelingtech-
niquescanbeincorporatedinto practicalimagecoders.
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