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Outline

e Overview of conservation laws

e Conservation laws for the Zakharov-Kuznetsov
equation

* Presentation of ConservationLawsMD.m, a
Mathematica program to compute conservation
laws

* Conservation laws for the Manakov-Santini System



Overview of Conservation Laws

* The computation of conservation laws was an

integral part of an in-depth study to find solutions
to the Korteweg-de Vries (KdV) equation

* An infinite set of conservations laws is a factor
determining that the PDE is completely integrable
* In a system described by a PDE, conservation laws

» show which physical quantities are conserved

» |ead to discoveries toward finding solutions of
PDEs such as the Inverse Scattering Transform

» aid in the study of qualitative properties of a
PDE

» aid in the design of numerical solvers



Conservation Law

D;p+Divl =0 on PDE

p Is the “conserved density” J is the “flux”

The continuity equation is satisfied for all solutions of
the PDE.

In 1-D, Jd =J and Divd =D,J
In 2-D, J = (J%, J?) and DivJ = D, J! + D, J?
In 3-D, J = (J',J%,J%) and DivJ = D,J! + D,J? + D.J?




The Zakharov-Kuznetsov (ZK) Equation
and Conservation Laws

The ZK equation models ion-sound solitons in a low
pressure uniform magnetized plasma

The (241)-dimensional ZK equation:
Ut + QUUy + B(UQ.@ + UQy)a: =20

Conservation Laws:

D: (u) + Dx(%u2 + ﬁuQa;) + Dy (ﬁuxy) =0

D1 (u?) + Do (Fu® = B — u}) + 2Bu(une + uz) )

— D, (26uxuy) =0



More Conservation Laws:
Dt(u?’ — %( + u )) + Dy (30‘ * 4 38utug. — 68u(u i—l—ui)
+ 3 (ud, — ud,) — O (ua (uae + tazy) + 1y (uaey + u3y)) )

+ D (Sﬁu Uy + 65% ny(UQ:I: + U2y)) =0

D; (tu - —:Bu) + D, ( (Q;us B ﬂ(ui — ui) + 26u(ugs + u2y))

— z(u® + %ugx) -+ %um) — D, (26(tuxuy -+ éazuggy)) =0
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The Generalized Zakharov-Kuznetsov Equation
and Conservation Laws

ur + au"ug + B(ugg + uzy)z = 0,

where n is rational, n # 0

Conservation Laws:

D (u) + Dx(%uQ + Bugx) + Dy (6%3,) =0

Dt( ) + Dy (Qa S — Bul — uz) + 2Bu(u2, + u2y))

— Dy (Qﬁu;,;uy> =0



T he third conservation law:

D, (un—|—2 (n+1)2(§+2)5( T ))

+1)
— (n41)(n+ 2)Bu"(u? 4+ u2) + WD 2 2 )

_ DA e U2y) + Uy (Uamy + ugy)))

(87

LD, ((272—)Oéu2(n—|—1) + (n 4 2)Bu" us,

«

Dy((n +2) Bu™ gy A () t2)5 Ugy (U2e + u2y)) =0



T he Manakov-Santini System
and Conservation Laws

Uty + U2y + (uua:)a: + VUgUgy — U2xVy — 0

Utz + U2y + UV2p + UgVUgy — VyU2x = 0

Conservation Laws:
D, (fuxvx) + D, (f(uumvx — Ug Vg Uy — UyVy)
— fly(us + uug — uxvy)) + D, (f(uxvy + uy vz + u;,;v:%,)
+ f1(u — yuy — yuxvx)) =0,

where f = f(t) is arbitrary



D, (f(2u + 7132;- — yuwvx)) + D, (f(u2 + uvg + uyv
— vz — vgvy — Y(UUgvy — UgVzVy — UyVy))
— fly(v + vy — vavy) — (2fx — )y (ug + vy — umvy))
— D, (f(u;,;v — 2050y — fui + y(uxvg + uzpvy + uyvy))
— f'(v = yQu+ v, +vd) + (2fz — Fy) (wavs + 1)) =0,
where f = f(t) is arbitrary

plus 3 others



Conclusions and Future Work

* The conservation laws program is fast and has
computed conservation laws for a variety of
PDEs. Improvements to the code will allow for a
broader class of PDEs.

* Future research will include a study of integrability
of DDEs, IDEs and delay DEs, leading to
techniques, algorithms, and software to compute
conservation laws, symmetries, and recursion
operators.

* Software can be found at
http://inside.mines.edu/~whereman



