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Methods for Computing Conservation Laws

* Use Noether’'s Theorem (Lagrangian formulation)

* Direct methods (Anderson, Bluman, Anco, Wolf,
etc.) based on solving ODEs (or PDES)

* Proposed strategy:

e Density is linear combination of scaling invariant
terms with undetermined coefficients

e Use variational derivative (Euler operator) to
compute the undetermined coefficients

e Use the homotopy operator to compute the flux
(invert D, or Div)

e \Work with linearly independent pieces in finite
dimensional spaces



Notation
Independent variables: x = (z!, 2%, 2%) = (z, v, 2)

Dependent variables: u = (u!,u?,...,u/,...,u)
In examples, (u',u?) = (u,v)

. . . 2 5 k
Partial Derivatives: 2% = ua,, afg—ng = U3.2y, 27;‘; — U,

uM) represents all components of u and all partial
derivatives of components of u up to order M

f = f(x,uM(x)) is a differential function where
operations take place on the jet space

For x = (z,y) and u = (u,v), the jet space for second
order derivatives has the coordinate

(X7 u(2) (X)) — (337 Y, Uy Uy Uy y Uy, Vg, Uy, U2z, Ugyy U2y, V2, Vzy, U2y)



Tool: The Total Derivative Operator

NMJ MJ
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J=1 k1=0 k2=0 Uk wkoy

Example: Let f = zu, + yu> — u?ug,

of . of
Dx — o + > > u(]ﬂ"'l)x]@y&
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af af of af of
— — + U2z - U3y - Ugy
8x 8u Ou, OUu9, Ouy

= 2xuy — ug(2uuaz) + w2, (2yus) — ugx(u2) + umy(x2)

— 2xUuy + xQumy + 2yuUz U2 — 20Uz U2, — uzugx



Conservation Law

D;p+Divl =0 on PDE

p Is the “conserved density” J is the “flux”

The continuity equation is satisfied for all solutions of
the PDE.

In 1-D, Jd =J and Divd =D,J
In 2-D, J = (J%, J?) and DivJ = D, J! + D, J?
In 3-D, J = (J',J%,J%) and DivJ = D,J! + D,J? + D.J?




Tool: Euler Operator (Variational Derivtive)

For the the 2-D case,

Eu(x,y)f — ([’ul (z,y) f7 [’u2(x,y) f7 .. 7[’uj (z,y) f7 .. 7£uN(af,y) f)

MJ M‘7

Loswnf =, D (D) (D) —=—, j=1,.. N

k1=0 ko=0 ukla’;kgy




Tool: Euler Operator (Variational Derivtive)

For the the 2-D case,

Eu(x,y)f — ([’ul (z,y) f7 [’uQ(x,y) f7 .. 7[’uj (z,y) f7 .. 7£uN(af,y) f)

MJ M‘7

of |
'Ur] 7y)J[‘ > > kl( D ) ] 9 ] — ]., c ooy N
k1=0 ko=0 Uz kay

Definition: In 1-D, f is exact when there is F' such
that f =D,F.
In multi-D, f is exact when there is F
such that f = Div F.



Tool: Euler Operator (Variational Derivtive)

For the the 2-D case,

Eu(x,y)f — ([’ul (z,y) f7 [’u2(x,y) f7 .. 7[’uj (z,y) f7 .. 7£uN(af,y) f)

MJ M‘7

of |
'Ur] 7y)J[‘ > > kl( D ) ] 9 ] — ].,...,N
k1=0 ko=0 uklaz koy

Definition: In 1-D, f is exact when there is F' such
that f =D,F.
In multi-D, f is exact when there is F
such that f = Div F.

Key Theorem: f is exact if and only if L,/ = 0.



Example: Let f = uQny + 2Uzu2,Vy + S’Ugvxy

b2 9t
(_Dw)ﬁux - (=Da) Ou2y

= — Dy (2upvzy + 2u2zvy) + D?B(Zuxvy)

Lu(a:,y) f

—ng;’UQxy — 4u2xvxy — 2U35Vy + zuxUQ:cy

+ 4u2xvxy + 2u3,0; = 0

o o o0
Ev(x,y)f — (—Dx)af | (_Dy)&;f | (_Dx)(_Dy)avf
T Yy Yy

= —Dz(3vay) — Dy(2ugtzz) + DeDy(u2 + 3vz)

— _GUQCEUZCy — GUQUUQQUy — 2uxyu2:13 — Qua:Uwa _I_ 6U2xvxy

+ 67):1:7123334 + 2ua:yu2:c + 2“:13“23:3/ =0



Example: Let f = uQny + 2Uzu2,Vy + S’Ugvxy

b2 9t
(_Dw)ﬁux - (=Da) Ou2y

= — Dy (2upvzy + 2u2zvy) + Di(?uxvy)

Lu(a:,y) f

—ng;’UQxy — 4’UJ23:U:1:y — 2U35Vy + QU:UUQ:By

+ 4u2xvxy + 2u3,0; = 0

o o o0
Ev(az,y)f — (—Dx)af | (_Dy)a?;f | (_Dx)(_Dy)avf
T Yy Yy

= —Dz(3vay) — Dy(2ugtzz) + DeDy(u2 + 3vz)

— _GUQCEUZCy — 6’033?)2xy — 2uxyu2:13 — 2uaju2xy _I_ 6U2xvxy

+ 67):137)23:3/ + 2ua:yu2:c + 2“:13“23:3/ =0

By hand, F = Div ! f = (u2v,, v2)

T



The Zakharov-Kuznetsov (ZK) Equation
and Conservation Laws

The (2+41)-dimensional equation models ion-sound
solitons in a low pressure uniform magnetized plasma

Ut + uUy + /B(uQZC + u2y)x =0

Conservation Laws:

D (u) + Dx(%UQ + ﬁuQa;) + Dy (5uxy) =0

D1 (u?) + Do %ru® — B(wl — uf) + 28u(uzs + uz) )

+ Dy( — Qﬁuxuy> =0



More Conservation Laws:
Dt(u?’ — %( + u )) + Dy (30‘ * 4 38utug. — 68u(u i—l—ui)
+ 3 (ud, — ud,) — O (ua (uae + tazy) + 1y (uaey + u3y)) )

+ D (Sﬁu Uy + 65% ny(UQ:I: + U2y)) =0

D; (tu - —:Bu) + D, ( (Q;us B ﬂ(ui — ui) + 26u(ugs + u2y))

— z(u® + %ugx) -+ %um) — D, (26(tuxuy -+ éazuggy)) =0



How Conservation Laws Are Computed

1. Determine a scaling symmetry for the PDE

Example: The ZK equation is invariant under the
scaling symmetry

t Ty -

t) ’ I ? 7\ ) _7)‘
0 0 t 0
Note: = = A— RN - — = A —
A 0x A oy A3 ot

Using the scaling symmetry, assign weights to
each variable

W((u) =2 W(a) =3
o o
W(%) =1 W(a—y) =



2. Construct a candidate density

Definition: The “rank” of a monomial is the sum
of the weights of the variables

Example: The rank of the monomial auu, from
the ZK equation is W (u) + W (u) + W(Z) =5



2. Construct a candidate density

Definition: The “rank” of a monomial is the sum
of the weights of the variables

Example: The rank of the monomial auu, from
the ZK equation is W (u) + W (u) + W(Z) =5

The conservation law is invariant under the
scaling symmetry of the PDE



Choose rank 6 and find all terms with rank 6
using the scaling symmetry

3 2 9
{u?, us, uuay, Uy s WUy, Ug Uy, Uy, Udg, Udzy, U202y, Uy, Udy }
Remove divergences and divergence-equivalent

terms. The candidate density is a linear
combination of the remaining terms

_ 3 2 2
p = Clu Couy + c3u,,




3. Calculate the undetermined coefficients in the
candidate density

Find Dtp.
Dip = 3c1u’us 4 2c2usties + 2c3uytuey + ca(tiaty + Ustsy)

Compute E = —D¢p by using the ZK equation to
replace all uy

F = 3c1u2(ozuux + ﬁ(uzx + U2y)af)

+ 2coug (quuy + B(u2e + u2y )z )

—+ QCgufy(Oéuux T B(UQCE BN u2y)$)y
T— C4 (uy(auux + 6(“2:1: + U2y):€)x

+ uz (quuy + B(u2s + u2y)z)y)




Require £ = —D;p to be a divergence since
—D¢p = Divd

0

'Cu(a:,y)E
= —2((3c18 + cz)uzuzy + 2(3¢18 + c3a)uytay

+ 2c4ugUgy + Ca0Uyu, + 3(361ﬁ + CQOé)U:UUQ:v)



Require £ = —D;p to be a divergence since
—D¢p = Divd

0

'Cu(a:,y)E
= —2((3c18 + cz)uzuzy + 2(3¢18 + c3a)uytay

+ 2caqugugy + caauyuz, + 3(3c18 + CQOé)U:UUQCB)

Solve the linear system of coefficients.
3c18 + csa = 0, caa = 0, 3c18 + coax =0

3 3
c1 = 1, CQZ—Eﬁ, 03:—5, ce =0

The density is p = u® — %(u% + u).



Require £ = —D;p to be a divergence since
—D¢p = Divd

0

'Cu(a:,y)E
= —2((3c18 + cz)uzuzy + 2(3¢18 + c3a)uytay

+ 2caqugugy + caauyuz, + 3(3c18 + CQOz)u:cu2x)

Solve the linear system of coefficients.
3c18 + csa = 0, caa = 0, 3c18 + coax =0

3 3
c1 = 1, CQZ—Eﬁ, 03:—5, ce =0

The density is p = u® — %(u% + u).

4. Compute the flux



Computer Demonstration

The program
will compute the conservation laws for
the ZK equation



Tool: The Homotopy Operator

* integrates an exact 1-D differential expression by
parts

* inverts the divergence of an exact multi-D
differential expression

Let f = uzvop cOsu + vz Sin U — V4g

(L) Lo@y) = (0,0), so f is exact



Tool: The Homotopy Operator

°* integrates an exact 1-D differential expression by
parts

* inverts the divergence of an exact multi-D
differential expression

Let f = uzvop cOsu + vz Sin U — V4g
(L) Lo@y) = (0,0), so f is exact
Mathematica’s Integrate returns

/(uxvgx COS U + U3z Sin U — V4 ) dx



Tool: The Homotopy Operator

°* integrates an exact 1-D differential expression by
parts

* inverts the divergence of an exact multi-D
differential expression

Let f = uzvop cOsu + vz Sin U — V4g
(L) Lo@y) = (0,0), so f is exact
Mathematica’s Integrate returns

/(uxvgx COS U + U3z Sin U — V4 ) dx

The homotopy operator returns vy, sin u — v3,



Tool: The Homotopy Operator

°* integrates an exact 1-D differential expression by
parts

* inverts the divergence of an exact multi-D
differential expression

Let f = uzvop cOsu + vz Sin U — V4g
(L) Lo@y) = (0,0), so f is exact
Mathematica’s Integrate returns

/(uggvgglj COS U + U3z Sin U — V4 ) dx

The homotopy operator returns vy, sin u — v3,

Mathematica cannot invert a divergencel!l!l



The 2-D Homotopy Operator
f is an exact differential function, i. e., f = DivF

F — (H(wly f,H(y) f)

N
@ 1) a2 1 (), 1) P2
I aul =2 W A
(//\0 =1 ul (@) Au A Ao; uj(x’y)f Al Y
Mj Mj k1—1 ko ’L1+’62) (k1+/€2—’§1—i2—1)
10,0 = X3 (23
ki1=1 ko=0 11=0 24=0 ( k1 ) af
Uiz iny (D)™ 17 (=Dy) ou’
kix koy
) M{ M% k1 ko—1 (21+Z2) (k1+ll§2—?1—i2—1)
1= 22 (XY
) k1=0ko=1 *121=0 12=0 (kllj;kQ) 9
Uiy ziny (_Dw)kl_il (_Dy)l@_w—l ' /

J
aulﬂm koy



Example: Compute the flux corresponding to the
density p = u’ — @( + ;) for the ZK equation. From
the continuity equation: J = Div ! (=D;p) = Div ' E.
Let A = auu, + B(usz + us2y) SO that
B = 3u?A — Py, A, — Py A,
_ () (y)
J = (Hu@,y)E’Hu(x,y)E)
— (%owfl + Bu?(3ugs + 2usy) — Bu(6u’ + 2u2)
2 2
+ %u(u%ﬁy + u4y) — ﬁ_ua:(Qu:UQy + 6“3:1:)
2 2
o %uy(4u2$y T %u?)y) T - (3u2x _l_ D) xy T Su%y)

532 2
+ 4&“23{“2% ﬂu Ugpy — 46uu$uy

2 2

— 3 wu(uasy + usey) — up(13usgy + 3us,)
9 2

_ 5 1y, (’u,gw + Suxzy) + —fa Uy (UQ;,; + qu))



Div—!f is not unique

f=DivF where F = (G + D,0, G* — D,0), 0 is any
differential function, and f = Div (G, G?)

The homotopy operator often returns F with a
particular “curl” term. In 2-D, K = (D,0, —D.0).
For J from the ZK equation,

2 2 2 2
0 = Qﬁu uy"‘sﬁ (UQxy‘l_USy)"_%uxuxy‘F%uyuay‘l_%u&xuy

The flux without the “curl” term, J =J — K,

~

J = (304 4 —+ 36’11/ U2y — 66u( 33 + uz) + 362 (U’Qx - U%y)
Ea

Uy (u’SQZ -+ u:v2y) -+ Uy (UQ:I:y + USy))a

2
36u2umy + %Ua:y (u2az -+ UZy))



Conservation Laws for the (2-+}1)-dimensional
Camassa-Holm (CH) equation

(ut + KUz — U2 + Uty — 2UpU2e — uuSm)x + U2y — 0

Two problems:
* The CH equation is not an evolution equation

* The CH equation does not have scaling symmetry



Evolution equations are required to be able to
compute values for the undetermined coefficients in

the candidate density.

The CH equation is transformed by interchanging ¢
with vy

(Uy + KUy — U2y + 3uuy — 2uru, — uuSm)af + w9t = 0

Then set v =wu;. This forms a system of evolution
equations

Ut (v
= 3us — 3 2u3
Ut = —Ugy — KU2z T U3zy — OUz — SUUx + 24U,

+ Uz U3z + UU4y



A scaling symmetry exists when parameters o« and 3
are introduced

Ut v,
2 2
Vf = —QUgy — KU2g + U3gy — 30U, — 3Buu: + 2u3,

+ 3uzusy + Uy

Parameters «, £, and « are included in the scaling
symmetry

t
7/2.0 72 1242 13 r Y
(U,U, a? /67 /{/7 t7 ’/1;7 y) (A/LL7A U7A O{?A /87A Ii? A5/27 A, A2)



Conservation Laws:

D, (fu) + Dx(éf(%ﬁfcﬂ + Ku — %ui — UU22 — Utg)
— (éfa? — %f’yQ)(aut—l— Kug+ 30Uty — 2Uuzu2y — UU3g

— uizr)) = Dy (uy(Lfo — S F'y?) + flyu) =0

Dy (fyu) + Do (L fy(30u* + ru — Jud — uuz, — u)
- y(éfx — %f’yQ)(aut + Kuy 4+ 3Buuy — 2uzuzy — UU3L
— wiz) = Dy (yuy(Lfz = Lf'y?) —u(Efz - Lf'y?)) =0

where f = f(t) is an arbitrary function



Computer Demonstration

Results when
computes several conservation laws for
the CH equation



Conservation Laws for the (3+41)-dimensional
Khoklov-Zabolotskaya (KZ) equation

(Ut — Uty )z — uzy — u2; =0

Conservation Law:

For f = f(t,y,z) and g = g(t,y,z),

D1 (fu) — Da(3fu? + (F2 + g) (wr — uuy)

under the constraints Af =0 and Ag = f;



Conclusions

* The conservation laws program is fast and has
computed conservation laws for a variety of
PDEs. Improvements to the code will allow for a
broader class of PDEs.

* The program ConservationLawsMD.m is available
at http://inside.mines.edu/~whereman under
scientific software



