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Conservation Laws for Nonlinear PDEs

System of evolution equations of order M

u = F(u"(x))

with u = (u,v,w,...) and x = (x,y, 2).

Conservation law in (141)-dimensions

Dip+ DgJ =0

evaluated on the PDE.

Conserved density p and flux J.



Conservation law in (241)-dimensions

Dip+V-J =Dip+ DzJ1 +DyJo =0

evaluated on the PDE.
Conserved density p and flux J = (Ji, J2).

Conservation law in (341)-dimensions

Dtp—l—V'J:Dtp+D;CJ1—|—DyJ2—|—DZJ3:O

evaluated on the PDE.
Conserved density p and flux J = (Ji, J2, J3).



Reasons for Computing Conservation Laws

Conservation of physical quantities (linear
momentum, mass, energy, electric charge, ... )

esting of complete integrability and application
of Inverse Scattering Transform

Testing of numerical integrators

Study of quantitative and qualitative properties
of PDEs (Hamiltonian structure, recursion
operators, ...)

Verify the closure of a model



Examples of PDEs with Conservation Laws

Korteweg-de Vries (KdV) equation models shallow
water waves, ion-acoustic waves in plasmas, etc.

ou ou O%u
- u | =0 or |ut+ ulugy + Uggy =0

ot oxr Ox3

Diederik Korteweg  Gustav de Vries



First six (of infinitely many) conservation laws:
Dt( )—I—D ( U —I—um) =0

Dt( )—I—D (zu — Uy —I—Quum):O

w

D; (u3 _ sug)
+ D, (%fufl — Guufj — SuQum —- Sfuix - Guxumx> =0
Dy (u — 12uu -+ 36 u’ ) -+ Dx(§u5 - 18uui -+ 4u3um

2 96 2 36 2



Dy (’LL5 — 30 ’UJQ’U/?C + 36 uuix — &ﬁuiwm)

5 6 3 2 216
-+ Dx(gu —40u u;, — ... — TUxIxu5x) =0

Dy (u6 — 60 usui — 30 ui + 108 u2u§;$

720 . 3 648 2 216 2
T 7 Upy = 7 UWlgpy T 7 u4a:)
6,7 4 2 432
-+ Dx(7u —Dduu, — ... + 7u4xu6x) =0

Third conservation law: Gerald Whitham, 1965

Fourth and fifth: Norman Zabusky, 1965-66
Seventh (sixth thru tenth): Robert Miura, 1966






First eleven densities: Control Data Computer
CDC-6600 computer (2.2 seconds)
—— large integers problem!

Control Data CDC-6600



Zakharov-Kuznetsov (ZK) equation
models ion-sound solitons in a low pressure
uniform magnetized plasma

Ut + UUy + B(uazm + uyy)a: =0

Conservation laws:
Dy (u> + Dx(%UQ + 6“3%) =+ Dy (Bumy) =0

Dt( ) + D, (Za S — Bul — u?]) + 2Bu(uze + uyy))

— D, (QBuxuy) =0



More conservation laws (ZK equation):

Dt(ug—% +u >) + Dy (Sa u' + 3Bu gy — 68u(u; + u)
2 2

30, ) — e+ )yl )

+ Dy (35’“2“:@ T %Umy(um T uyy)) =0

Dt( u? — —xu) -+ Dy ( (2:?“3 _ ﬁ(ui — u;) + 26u(Uzg + Uyy))

— a:‘(u2 + %um) + %ux> — D, (QB(tuxuy + éxu;py)) =0



Methods for Computing Conservation Laws

Use Noether’'s theorem (Lagrangian formulation):
connection between symmetries and conservation

laws (Olver, and many others)

Integrating factor methods (Anderson, Bluman,
Anco, Cheviakov, Wolf, etc.) require solving
ODEs (or PDEs)



Proposed Algorithmic Method

Density is linear combination of scaling invariant
terms with undetermined coefficients

Compute D:p with total derivative operator

Use variational derivative (Euler operator) to
express exactness

Solve a (parametrized) linear system to find the
undetermined coefficients

Use the homotopy operator to compute the flux
(invert D, or Div)



Work with linearly independent pieces in finite
dimensional spaces

Use linear algebra, calculus, and variational
calculus (algorithmic)

Implement the algorithm in Mathematica



Software Demonstration



Notation — Computations on the Jet Space

Independent variables x = (x, vy, z)

Dependent variables u = (uM,u®, ..., 4wl
In examples: u = (u,v,0,h,...)

u(N))

’ o L] () ’

8ku ak—|—l

Partial derivatives up, = ook Ukzly = Gumyl etc.

5
86

Uy yyyy — U2xdy — ox2y’

uM) represents all components of u and all its
partial derivatives up to order M.

Differential functions
Example: f = uvv, + xzu?’vw + UV



Tools from the Calculus of Variations

Definition:
A differential function f is a exact iff f = DivF.

Special case (1D): f =D, F.
Question: How can one test that f = DivF ?

Theorem (exactness test):
f=DivF iff L,y f =0, j=1,2,...,N.

N is the number of dependent variables.

T he Euler operator annihilates divergences



Euler operator in 1D (variable u(x)):

8uk:1:
— 3 — D, 0 | D2 4 _ D3 O L.

Euler operator in 2D (variable u(x,y)):

o,
k 14
k=0 (=0 LY
_9 0 0
ou Ou, Ouy
+ D2 -D,D 7 -D? 7 -D° 7




Question: How can one compute F = Div ! f?

Theorem (integration by parts):
e In 1D: If f is exact then

F:D:Zlf:/fdw:?iu(x)f

e In 2D: If f is a divergence then

. . —1 (513)
F=Div " f=(H g f7 Hu(x,y)f)

The homotopy operator inverts total

derivatives and divergences!



Homotopy Operator in 1D (variable z):

1 N A\

Hu(z)f = Z(qu)f)[)\u] ~

0 5 A

with integrand
MY [_1

(4) k—(i+1) of
u(J)f Z Zu 3 (7)
1= ukaz

(L,» f)[Au] means that in I ¢ f one replaces
u— Au, u; — Au,, etc.

More general: u — A(u — ug) + ug

u, — AN(ugy — uyg) +uyg etc.



Application to Zakharov-Kuznetsov Equation

Step 1: Compute the dilation invariance

ZK equation iIs invariant under scaling symmetry

t x Y
(¢, z,y,u) = (

AT AN

A IS an arbitrary parameter.

)= (L, %, 7, 0)

Assign weights to each variable
Wu) =2, W(D¢) =3, W(D;) =1, W(D,) =1.
Rank of a monomial is the sum of the weights of

the variables.
Example: Rank(auuz) = 2W (u) + W(D,) = 5.



Key observation: A conservation law is invariant
under the scaling symmetry of the PDE

Wi(u) =2, W(Dy) =3, W(D,)=1, W(D,) = 1.
For example,
Dy (u? — 2 (u2 +u2) ) + D (%ut +38u s —68u(ul +ul)
32 (2, 2,) — O ot -+ )+ 2ty -+ )
+ Dy (38u iy + Lty (1t + uyy) ) = 0

Rank(p) = 6, Rank(J) = 8.
Rank (conservation law) = 9.

Rank of the density needs to be selected!



Step 2: Construct the candidate density
For example, construct a density of rank 6.

Make a list of all terms with rank 6:
3 9 2
{u”, us, utigy, Uy s Ullyyy s Ug Uy, Ulgy, Udg, Udzy, U202y, Uz3y, U4y }

Remove divergences and divergence-equivalent
terms.

Candidate density of rank 6:

3 2 2
p = ClUu” + C2U, + C3U,, T+ C4UL Uy




Step 3: Compute the undetermined coefficients

Compute
dp
Dip = E‘FP( w) | ue]
YY DkDeut
Ty
k=0 (= oau kx by

— (361’11, I 4+ 2cou,D, + 203uyDy + C4(uyD:U + Uny))ut

Substitute u; = —(auux 1 i uyy)x)



E = —Dyp = 3ci1v’(auuy + B(Ugs + Uszy)z)

+ 2couz (auug + B(Uzz + Uyy)z)z + 2¢3Uy (U,

+ B(uze + Uyy)a)y + caluy(ounz + B(uze + Uyy)z)s
+ Uz (Quug + B(Uzz + Uyy)z)y)

Apply the Euler operator (variational derivative)

e OF
k 14
Luen B =33 (-DH-D,)
k=0 £=0 ko by

— —2((3015 + Cc30) Uz Uyy + 2(3c18 + c300) UyUgy

+2C40Uz Ugy + CAOUY Uy —|—3(3615 —I—CQCM)UQ;U:):QS>

0



Solve a parameterized linear system for the ¢;:

3c1B8+c3a=0, caaa =0, 3c18+ coaa =0

Solution:

cit=1, co=—=, cg=—=, c4 =0

Substitute the solution into the candidate density

3 2 2
p = Clu” + C2U, + C3Uy, T+ C4UL Uy

Final density of rank 6:




Step 4: Compute the flux

Use the homotopy operator to invert Div:

_Div-! = (4@ (v)
J=Div " E= (”Hu(x,y)E, ”Hu(%y)E)
where . Lo dA
OB = [ 19D T
with

Similar formulas for HS& nE and ZWE.



Let A = auug + B(Ugzz + Uzyy) SO that
E = 3u?A — %uxAx — %uyAy
T hen,

3= (H), B HY B

u(w,y) u(az,y)
— (%onfl + 5u2(3um + 2uyy) — 5“(6%25 T 2%2/)
+ %U(ulﬁy + ugy) — %uw(%uwyy + 6tz )

2 3 2 2 5 2 3 2
- %uy(4ufva T §uyyy) T %(37%3: T 5Ugy, T ;U )

4 7YY
582 2
+ %uazxuyya Bu Ugy — 4Buumuy
3 2 P
- %U(uﬁy + usgy) — f_auw(l?)umy + 3uyyy)
552 962

— 1o Yy (ua:xa: + Suazyy) + Eumy(uazx + Uyy))



However, Div_'E is not unique.

Indeed, J = J + K, where K = (D6, —D.0)
IS a curl term.

For example,

0=2pu’u, + % (Su(umy gy ) 10Uz ULy +DUy (SUyy —I—um))

Shorter flux:

J=J-K
_ (3a 4 + Sﬁu Upy — 66u( i -+ uz) -+ 352 (um — uzy)
2
B %(U:c (Uzzz + Usyy) + Uy(Uzzy + Uyyy)),

2
35u2uazy + %U/ajy(uxa: + uyy))



Additional Examples

Manakov-Santini system

Uty + Uy + (uuaz)x + VUgpUgy — UggVy = 0

Vtr + Vyy + UVgy + VgeVUgy — VUyUgy = 0
Conservation laws for Manakov-Santini system:
D; (fumMB) + D, (f(uuxvx — UgUg Uy — UyVy)
— Fy(us + wte = ugwy) ) + Dy (f(urvy + v, + ugv?)
+ f(u — yuy — yua:’va:)) =0

where f = f(t) is arbitrary.



Conservation laws — continued:

D, (f(Qu + fui — yuxvx)) + D, (f(u2 4+ uvg + Uy
— ’U; — Ua%”Uy — y(uuazvx — UgUxUy — uyvy))
— fly(ve + wvz — vavy) — (2fz — f)y (e + uug — U:cvy))
— D, (f(u;,;v — 205Uy — vg + y(uxv:% + uzvy + uyvyg))
— (v = y(2u+ v, + D) + (2fz = ') (wrve + ) ) =0
where f = f(t) is arbitrary.
There are three additional conservation laws.



(2+1)-dimensional Camassa-Holm equation

(aut + KUz — Utgx T+ Sﬁuu:r; — 2Ugp Uy — uua:xa:)az + Uyy = 0

Interchange t with y
(auy + KUz — Ugzy + Sﬁuum — 2Up Uy — uumxw)m +uy =0

Set v = u; to get
Ut = v
Vt = —QUgy — KUgy + U3gy — 35“2 — Sﬁuuwx + Quix

+ Uz Urrr + UUgy



Conservation laws for the Camassa-Holm equation

D, (fu) + Dx(éf(%ﬁfcﬂ + ru — %ui — UlUgy — Uty)

_ (éfac — %f’yZ)(ozut—l— Ky + 30Uty — 2Uzlzy — Ulpgs

— Utacx)) — Dy (uy(éfx — %f/y2) + f’yu) =0

Dy (fyu) + Da (L fy(38u* + ku — Jul — ur — ui)

— y(éfaz — %f’yQ)(ozut + Kug + 3Buuy — 2UuzpUzy — Uy
- utm)) — Dy (yuy(éﬁ’? — %f/QQ) — u(éfm — %f/yz)) =0

where f = f(t) is an arbitrary function.



Khoklov-Zabolotskaya equation
describes e.g. sound waves in nonlinear media

(us — YUz )z — Uyy — Uyz = 0

Conservation law:

Dy (fu) — Do (Lfu? + (fo + g) (ur — uuy))
— Dy((fyf’j + gy)u — (fz + g)uy)
= D.((for + g:)u— (fo + g)uz) =0

under the constraints Af =0 and Ag = f;
where f = f(t,y,z) and g = g(t, vy, 2).



Shallow water wave model (atmosphere)
w + (wV)u+2Q X u+ V(0h) — ThVH =0
0 +u-(VO) =0
ht + V-(uh) =0

where u(x,y,t),0(x,y,t) and h(x,y,t).

In components:
ur + uug + vuy — 2 Qv %h@x—l—é’hx =0
v + uvg + vvy + 2 Qu + %hﬁy—l—ﬁhy =0
0: + ub; +v0, =0
ht + hug + why + hvy + vhy = 0



First few conservation laws of SWW model:

(Y
,O(Q)Zh@ J(2):h9(u)
p(3)2h92 J(S —h(92 ( )

u (
Py = h (u® + v? + ho) J@ =
(v + u?

305) _ % p ( 40y — 2uuy + 2uvy — ho, )

2 1 2h9)

+ 2h0)



More general conservation laws for SWW model:

D; (f(e)h) D, (f(e)hu) D, (f(@)lw) —0

D; (g(e)(zsz t o, — u;,;))
+ D; (%g(@) (4Qu — 2uuy + 2uv, — th))
+ Dy(%g(e) (4Qv — 2uyv + 2vv, + h@x)) =0

for any functions f(6) and g(6).



Kadomtsev-Petviashvili (KP) Equation

(ut + aulUy + ua::r;a:)a: + 0'2uyy =0

parameter o € R and o2 =

L.

Equation be written as a conservation law

Di(uz) + Dz (outy + Ugzz) + Dy(a2uy) = 0.

Exchange y and ¢t and set u; = v

Ut = U
1

2
Ut = __(u:cy + U, + UUzy + u:mcx:v)

0'2



Examples of conservation laws for KP equation
(explicitly dependent on ¢, z, and vy)

Dy (mux) +D., (3u2 — Ugpr —OTUUL —I—:Eumx) + Dy, (oz:vuy) =0

D; (yux) +D, (y(auux + umm)) +D, <02 (yuy, — u)) =0
5292 5292

D (\/ZQ/,) + D, (Q\/gUQ i \/gua:ac | Ut Uxxx

! 5 NG / NG

2, 2
oo
| 4\/3 Uy — :C\/Eut —oaxVituu, — tumx)
2
Y Uy yu
+D (33 tuy — —) =0
(7 y 4\/5 2\/%



More general conservation laws for KP equation:
Dy (fu) + D (f(§u? + tre)
(G 'Y = fo)(u + auu, + uss) )

+D, (3f'y? — o fw)uy — f'yu) =0

Di( fyu) + D (fy(§u” + use)
y(%5 f'y? = fo)(ue + o + us,) )

+D, (y(%f’y2 — o’ fo)uy + (0 fz — %f’yQ)U) =0

where f(t) is arbitrary function.



Potential KP equation

Replace v by u, and integrate with respect to x.

2
Uyt T+ QUzUgy + Ugzzr + O Uyy = 0

Examples of conservation laws
(not explicitly dependent on x=, vy, t):

Dt<ux) + D, ( U —|—umm) + Dy (0 uy) =0
Dy ( ) + D, ( au3 — umj + 22U Uy — U2uyy)

+D, (202uxuy) =0



Conservation laws for pKP equation — continued:

2.2 1,3 2 ) _
—I—Dy(a uy—gux—utuw—l—um)—()

Dy (2auuxum + 3uua,y — 302u§) + D, (Qautui - Su%
— 20UUL Uty — SUtzUzy + SUtUpry + SUzUt zx — SUUE xwx)
+D, (602utuy> =0

Various generalizations exist.



Generalized Zakharov-Kuznetsov equation

where n is rational, n # 0.

Conservation laws:

Dy (u) + Dx(n&_l_lun—i—l + 5”36:16) + Dy (Bumy) =0

— D, (ZBua;uy) —



Third conservation law for gZK equation:

D, (un—l—Q (n—|—1) n—|—2 B(u 4 UQ))

1D, ((T(Hi)l? 2041) 4 (, 4 2) By,

— (n+ 1)(n + 2)Bu"(u’ +u§) | (n+1);n+2)52 (u2, — uzy

mn n 2
_ (ot l)nt2)5 (Uz (Uzze + Uzyy) + Uy(Uzay + uyyy)))

«

+ Dy ((n +2)Bu™ gy A (et D(nt2)5 Ugy (Uzz + uyy)) =0

«




Conclusions and Future Work

The power of Euler and homotopy operators:
» Testing exactness

> Integration by parts: D! and Div !
Integration of non-exact expressions
Example: f = uyv + uv, + U Uy
f fdxr = uv + L/ﬁfu2fummj dx

Use other homotopy formulas (prevent curl terms)



Broader class of PDEs (beyond evolution type)

Example: short pulse equation (nonlinear optics)
Upt = U + (ug)m = u -+ 6uu§ + 3ul Uy,
with non-polynomial conservation law

D, (ﬂ ¥ 6ug) _D, (3u2\/1 T Gug) — 0

Continue the implementation in Mathematica

Software: http://inside.mines.edu/~whereman






