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Background & Motivation
Example 1: Bateman-Burgers equation

o o 0?2
u—|—2u—u——u:O or u; + 2uty — Uy = 0

ot Oor  Ox?

Harry Bateman Johannes Burgers
(1882-1946) (1895-1981)



Shock wave
(1 — tanh

kax — 2k2t + 5))

(

Graphs of the kink solution for k=1, 6 = 0.

u(x,t) =k




Example 2: The Korteweg-de Vries (KdV) equation
ou ou  Ou

| =0 or u+ 6uuy + Uugzr =0

6
ot " ar T a8

Diederik Korteweg  Gustav de Vries
(1848-1941) (1866-1934)



Solitary wave and periodic solutions

w(z,t) = 2k*sech?(kx —4k’t+6) and
u(x,t) = %kQ(l —m) + 2k*mcn?(kx — 4k>t 4+ 6;m)

Graphs of the solitary wave (red) and cnoidal (blue)

wave solutions for k =2, m = -, § = 0.

u(x,0)




John Scott Russell (1808-1882)



Soliton solutions

Norman Zabusky and Martin Kruskal (1965)

Collision of three-solitons for the KdV equation




Bird’'s eye view of a 3-soliton collision for the KdV
equation. Notice the phase shift.




Computation of solitary wave & soliton solutions
Direct integration (solitary wave solutions)
Inverse Scattering Transform
Hirota's bilinear method
Wronskian determinant method
Riemann-Hilbert approach
O-dressing method
Darboux & Backlund transformations

Simplified Hirota method (homogenization of
degree)



Homogenization of nonlinear PDEs
Example 1: The Burgers equation

The Cole-Hopf transformation
The Burgers equation

Ut + 2uly — Uy = 0

can be linearized with a logarithmic derivative
transformation due to Cole (1951) and Hopf (1950).

Integrate the Burgers equation with respect to x:

(9t(/xuda:) +u? —u, =0.



Substitute

u=c(In f)y :c(%)

where c is a constant, to get

f(ft = foa)+(c+ 1)fx2 = 0.
Setting ¢ = —1 yields the heat equation f; — f,» = 0.

Then,

IS the well-known Cole-Hopf transformation.



How to find the Cole-Hopf transformation?
As Iin the Painlevé test, substitute a Laurent series

u(z, t) = f*(z,1) > up(z, t) fF(z, )
k=0

f(x,t) is manifold for the poles; « is negative integer.

Terms f?~! and f* 2 balance when a = —1 and vanish
for up(xz,t) = —f,. Truncating the Laurent series at the
constant level in f

u(x,t) = ——= 4+ ui(x,t) = —(In f)z + ui(x, t)

where u;(x,t) satisfies the Burgers equation.
Setting u; = 0 yields the Cole-Hopf transformation.



Find a kink solution of the Burgers equation

Substitute f(z,t) =1+¢e’ =1 4 eF*wH into

fz e? ege_g
u(x,t) = —(lnf)g;:—?:—k(l e9>:_k<(

with 0 = kx + k2t + 6.



Equivalently,

u(x,t) = %l%(l — tanh g)
with k = —k, 0 = kx — k*t + 6
u(x,t) = K (1 —tanh©)

with K = —%, © = Kz — 2K*t + A.



Example 2: The Korteweg-de Vries (KdV) equation

Using a Laurent series, f?“~! and f® 2 balance when
o= —2. The terms in f=° and f~* vanish when

uo(x,t) = —fz, uwi(x,t) = 2fzz.

Hence

22" | 2fua

f2 | / Fuz(x,t) = 2(In f)ze + ua(x, t)

f f
where ua(x,t) solves the KdV equation (auto-Backlund
transformation). Setting us = 0 yields the Hirota

transformation that “bilinearizes” the KdV equation.

u(x,t) = —




Hirota’s method

Example 2 continued: The KdV equation

Integrate with respect to «

8t(/xudx) + 3u® + uop = 0.

Substitute u =c(In )z = ¢ (ffmffgfo) where c is a
constant, to get

F2(fat + faa) = F2(fufe — 3(c — 1) f2, + 4 fuf3z)
+3(c = 2) 7 (fi — 2f faa) = 0,



Set ¢ =2 to get a PDE that is homogenous of
second degree in f

F(for + fiz) — fofi +3f2 — Afufse =0

which can be written in bilinear form
B(f-f) = (DuDi + DY) (f-f) = 0

using Hirota's bilinear operators

D7 (f-g) (0x—0w)" f(z,t)g(x, t)

' =x

(=)Dl QI fN O
B JZ% j!(n—j)T!L (aa;j)<axn—i)'




Explicitly for n =4

Df?;(f'g) = fazg — 413292 + 6 f22G920 — 4f2932 + [Gas.

Leibniz rule for derivatives of products with every
other sign flipped. Likewise

D:TD? (fg) — (ax_ﬁx’)m(({?t_ﬁt’)nf(xat)g(xlat/)

'=x,t'=t
_1)(n—|—m—i—j)m|n| afH—jf 6n—|—m—i—jg
i=0 i=0 ]'(m — ])'Z (’I’L — Z) (atzaaj]) (atTL—’Laajm—])

For example

Dth(f-g) = Jatg — Jt9z — J29t + J Gt



Seek a solution of the form

flz,t) =14 € fM(z,t)=1+efV+f0 4.

n=1

e is a bookkeeping parameter (not a small quantity).

O

—_

O O
/'\/\/(%\/\/'\
\/\/\53\./\./

M

O

M

O

(

(1-F) + .1y = 0

: B(l-f(2) 4 f(l).f(l) 4 f(2).1) —0
(1-F73) 4+ fM.p@ 4 @) ) 4 #B)1) = 0
(1.f(4) + fW B ¢ () 4 B () 4 f(4).1) —0

. B (Z f<:">.f<”j>) =0 withf% =1,
§j=0



How to find exact solutions if the bilinear form is
not known? Use a simplified Hirota method!

The quadratic equation

f(fat + faz) — fofe + 3]‘}%95 —4frf3: =0

is of the form fLf +N(f,f)=0.

L is a linear differential operator, N is a quadratic
differential operator. For the KdV equation

£f — fwt‘|‘f4az
N(fv 9) = —f29t + 3f2292x — 4[2932

for auxiliary functions f(x,t) and g(xz,t).



Substitute f(z,t) =1+ 572 " f(")(x,t). Use Cauchy’s
product formula to group powers of e:

(i - f(r)) (i gy f(s>) _ ien n_lf(n—j) 70)
r=1 s=1 n=2  j=1

Set the coefficients of powers of ¢ to zero:
O(e"): LM =0

O(e) : LfP =NV, 1Y)

n—1 n—1

O(e") : LfM™ =_ (Z FOD LD LN N (), f@))),

J=2 g=1



For example, for n =3

LF0) = _( FOLF LA (FD FOY L A (5D, f<2>),

The N-soliton solution of the KAV is generated from

N N
f(l) _ E :egi — E :ekim_wit+5i.
1=1 1=1

Then £f1) =0 yields w; = k2.

Using f(1)
N
_,/\/'(f(l)’f(l)) — Z Skzk?(kz _ kj)eefrej
ij=1



No terms in e*’il This determines the form of f(2)

f(Q) _ Z aijeei_l_@j

1<i<j<N

Next, compute

[,f(Q) — Z Skik]‘(ki -+ ]Cj)Q 7% e@¢+9j

1<i<j<N

and solve £f®?) = —N(f1), ) for

kl_kj>2 . .
= : 1 <7< 9 < N.
QA <ki‘|‘kj S1< ) s



Similarly, compute f®). For example, for N =3

f(S) _ b123691 +02+03

with

2
(k1 — k2) (k1 — k3) (k2 — k3)
b123 = a12 a13 a3 = .
((k’1 + k2) (k1 + k3) (k2 + ks3)
For N = 3, one finds f(”) =0 for n > 3. Thus,

f=14e" +e”+e"+ a1n e 4 a13e" % + agz ™03

+b193 691 +02+-03

setting e = 1. No terms in 201, 202, 201402 202401

Finally, compute u(z,t) = 2(In f)pe = 2 (ffm*’;,;ff) .



One-soliton solution of the KdV equation
With f=1+e =1+ ekz—F 149

o — :B2 2k2 0 2k2 0_,—0
u(:v,t):2<ff / ) - °°

P ()

(kx— k3t—|—5)} = 2Kzsech2(Ka:—4K3t—|—A)

— 1k2sech? [

1
2 2

Graph of a hump solution for K =2, A = 0.




Two-soliton solution of the KdV equation

Using f =1 +¢e% +e% + qoe”1102,

2 (k%eel—l— k2eP24-2(k1—ko)2e?102 a9 (k3eP1+ k3e?? )691%2)

u(x,t)= 5
(1 + e 4 €% + a9 e¥1102)

Alternate forms:

(2, 1) 4 (K3—K?) ((K§—K7?)4 Kicosh(202) + K3cosh(201))
u(x,t) =

[((Ko— K1)cosh(©2+01)+ (K2+ K1)cosh(©2—01)]?

B 5 5 K?2sech?(0©1) + K2csch?(03)
—9 (K2 . Kl) 2
[Kl tanh(@l) — Ko COth(@g)]

where ©; = K,z — 4K33t + A (1 =1,2).



Collision of two-solitons for the KdV equation

at different times with k1 =2, kx = 5, 61 = 6 = 0.
20 1F\/\ 20¢
il J A RS




Bird's eye view of a 2-soliton collision for the KdV
equation; k; = 2, ko = %, 01 = 09 = 0.




N-soliton solution of the KAV equation
S Agjping N uzﬂz}
F= 3 el e
pn=0,1
) _u—01 1S over all combinations of
M1 :0717 /1'2:0717 + o0y :uN:()vl

Zg} is such that 0 <i < j < N and a;; = e,

Nice form of N-soliton solution (IST):

u(x,t) = Z(Indet(l + M))

rr

where [ is the N x N identity matrix and

e@£+@m 3
My, = with ©y = Kyx — 4K;t + Ay.
2Ky + Kom) ‘




Application: A family of fifth-order KdV equations

2

ut + au Uy + Buzlzz + yuusz + use = 0.

Scaling u = %f& yields
Ut + O 0, + Buxum + uugg + use = 0.

Completely integrable cases:

% =3, gzz (a =30, B8 =20,y =10) Lax

% — % g =1 (=5, 8=05,v=05) Sawada—Kotera
or Caudrey —Dodd — Gibbon

g =1 £=% (a=20, f=25v=10)

Kaup— Kuperschmidt



Integrate
81;(/ udm) + %au?’ + %(5 — v)ui + YUUzzr + Uge = O.

Substitute

ffoe — fo)

u:c(lnf)m:c( 7

where c is a constant, to get

6f5(fa:t =+ fo) o 3f4(2f55ft RERRRIN 12f:cf5:13)
_|_2f3(()f§ + ...+ ()f:zfélaz)

=32 12(C)f2 A+ () fo )
+214(360 — 68c + ac® — 127¢)(3f foe — 2F2) = 0.



Example 3: The Lax equation

Using a = 342, B =2v, and ¢ = %y_o one gets a cubic

(homogenous) equation

fQ(fast + f6:L‘) — f(fwft — 5f23:f4a: + szr;f596)
‘|‘10(fo — 2fsfor f3z + f§f4x) = 0.

Bilinear form consists of two coupled equations
(D2Ds + DY) (f-f) =0
(DeDi+ DY) (71 = § (D3 + DD} (f-6) =0

for only one function f but with an auxiliary time
variable s. Ignore the bilinear form!



Write the cubic equation as

PPLE+ NS S) + Na(f £, ) = 0

with
Lf = fur+ fou
Ni(f,9) = —(ftgz — 5foxgaz + 6fzg52)
NQ(f, g, h) — 1O(f2x92xh2x — 2fx92xh3x + fxg:vh4a:)-
Substitute

flat) =1+ € fO (1),
n=1



Perturbation scheme becomes

O(eh): £V =0

O() : £f® = —2fWerW —n(r®, ro)

O : £f® = —2fW L@ _or@ )y _ f(l)Qﬁ(f(l))
—./\/1(f(1), f(2)) —N1(f(2), f(l))
— FOAN D, FOY Z A (D, D p)

Start from f( =3V ofi =3V ckiz—wiltdi and proceed
as in KdV case.



One-soliton solution of the Lax equation

u(x,t)

5 k?sech’ [%(kx—k%m)]
_ %KQSech2(Kx—16K5t+A)
where kL = 2K and 6 = 2A solves

ut + Y U U + 2YUs U + YUUSe + Use = 0.

2
ki,
Here, w; = k?, Qjj = (kﬂrkj) and bi23 = ai12a130923

(for 2- and 3-soliton solutions).



Example 4: The Sawada-Kotera equation

Using a = :~%, 8=+, and c = 37—0 one gets a quadratic

equation

Bilinear representation

(D2Dy + DY) (f-f) =0
IS similar to one for the KdV equation. Ignore it!

Define
Lf = fut+ fo

N(fa g) _fazgt — lofoQSm + 15fxa:g4x — 6fa;g5x~

Proceed as in the KdV case.



One-soliton solution of the Sawada-Kotera equation

u(x,t) = %kQSeChZ[ (kaz—k‘r’t—l—é)}

1
2

— %K2866h2(Ka:—16K5t—|—A).
where k£ = 2K and 0 = 2A solves

2

ut + 27 U Uz + YUaUer + YUUSe + Use = 0.

Here, w; = k?. For the 3-soliton solution:

(ki — kj)* (K7 — kikj + k2) (ki — kj)? (K} + k)
(ki + kj)* (k2 + kikj + k2) (ki + kj)° (k3 — k2)

bios = ai12a13a93.

Oy




Example 5: The Kaup-Kupershmidt equation

Using a = 1~42, B8 = 2~, and ¢ = L yields a quartic
5’7 2,7 Y
equation

4% (fat + fou) — F2(4fefo — 5f3a” + 24fz fsa)
_Soffm(f2a:f3:1: - 2f:13f4:c) -+ 15fx2(3f2a:2 — 4fmf3:r:) = 0.

Bilinear form consists of two coupled equations
(DeDy+ D) (f-f) + 2 D2(f-g) = 0
Dy(f-f) —4fg =0

for two unknown functions f and g. Ignore bilinear
form.



Continue with equation for f:

fS»Cf ‘I‘fQNl(f;f)+fN2(faf7f)+N3(f7f7f7f):O

where

Lf = fut+ fou

Ni(f,9) = —(4ft92 — 5f3293¢ + 24 fzg52)
NQ(f, g, ) — _30f$(92$h3513 o 2933h4$)
N3(f7 g, h ]) — 15fxga:(h2:c]2x — 4hx]3:c)



First three equations of the ‘perturbation’ scheme:
O(e)): £V =0
O(?): Lf® =N (fb, fb)y
O(€e%) : L3 = 3D _ Qf(l)N1(f(1), f(l))
—N1(f(2), f(l)) —N1(f(1), f(2))
—Na(fY, fO, fD).

T he one-soliton solution of the KK equation

With f) = el = erz—wito £ ) = yields w = kP.

Compute
—N(fW, 1)) = 15k5*.



Thus f? is of the form
f(2) — ae??.

Since
£f(2) — 240ak%e?’

_ 1
one gets a = 6"

Next, verify that f) =0 for n > 3.

Setting e = 1, for the one-soliton solution

1
:1—|—69 —629.
J + T



Then u = %(m ez vields

210,2 [ €(16 + e’ + )
u = ==k
i (16 + 16e? 4 e2¢)2

which solves

ut + 27 U Us + 2 VUL U + YUUSE + Use = 0.

One-soliton solution can also be written as

a0y ((1 — tanh?(%)) (21 — 30 tanh(%) + 13 ts,nhQ(g)))
(33 — 30tanh(?) + tanhQ(g))

where 0 = kx — k°t + 6.



Graph of one-soliton solution (v =10,k = 2,6 = 0).

Collision of two-solitons (k1 = 2, ko = 1,61 = d2 = 0).
[ i w
5 i il

WA . JAWAN
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T he two-soliton solution of the KK equation

Start from
f(l) — 691 4 692

where 0; = k;x — w;t + 9; with w; = k? (Z =1, 2).

Compute

~N(fD, FD) = 15k5e? 4+ 15k5e?
+10k1 ko (2k] — k2k2 + 2k3)e1 02

Thus f? must be of the form

f(Q) — ae??t 4 be??? 4 qi9e1 102,



Proceed with

LfP = 240ake*” + 240bkSe™”
—|—20a12k1k2(k1 —+ kz) (kl + k1ko + k%)eel+92.

Hence, a = b = 1—16, and

2kt — k?k3 + 2k5

a2 — )
2(k1 + k2)* (ki + k1k2 + k3)
T herefore,
o) _ ie% . ie%Q I (2k} — k2k2 + 2K5) e1 10 |
16 16 2(k1 + ko) (k2 + k1ks + k2)

At the next level of recursion

f(3) — b9 (691+292 _|_62<91-|-92)



with
(k1 — k2)*(kf — kika + k3)

- 16(k1 + ko)2(k? 4 kike + k2)

b12

Next,

FO 2 21t (k1 = ko) (K} — kiks + k3)% 21402

256(k'1 - k2)4(k’% + k1ko + k’%)Q

After verification that all ") are zero, for n > 5

1 1
— 1 _|_ 691 _I_ 692 _|_ _6291 _l_ _6292 _I_ a e(91—|—92
! 16 16 .

1bis (6291+92 . eel+202) 1 b2, e2(01+02)

and u = %(m az.



T he three-soliton solution of the KK equation

First six equations in the perturbation scheme must be
solved. Start with f(U =372 e% . Then

f(2 162 e20i 4 Z a;ie 0;+0;

1<1<3<3
with
2k; — k7 k3 4 2K;

Qi; = : 1 <1<y <3
T 2(ki + k) (K2 + Kok + K2)

Compute f®) through f©); at that term the expansion
of f truncates. Verify that f) =0 for n > 7.



Summary of the results:

£3) = Z bi; (ezeﬁej 1 eei+20j> 1 cygzeli P2t

1<i<j<3

where

(ki — kj)* (ki — kikj + k) o
bij = 5 / T 1 <1< <3
16(k; + k’j)Q(ki + kik; + kj)



and

1
25K2k4 kiks + 2k3) (kS + kik5)

C123 —

(2ky — kiks + 2ky) (k5 + ki ky)

(2K — kks + 2ky) (kY + ki)
1
— o= [(kf + K3) (k7 + K2) (k5 + kikok3)

2D
(ki + k3) (ky

(k3 + k3) (k3

with

12K kyks]

_4H

1<1<9<3

+ k3) (k3 + kik3ks3)

+ k) (k1 + kikoks)

)2 (k7 + kik; + k7).



Solve step by step to get

f(4) _ Z b2 2(0 7,—|—9)_|_16 (a23b12b13€ 01+4602+03

1<i<j<3

+a13b1abaze?t 7202105 4 a12513523691+92+293) -

O = 162 biabisbos (b126291+292+93 + byge?fr T2t
+b23601+292+293) |
FO) = 16 (16b12b13bo3)2e? 1 +02403)
Finally

F=1+fD 4 @ 4 £G4 ¢@ 4 £6) 4 £(6)

Then u = %(ln )z SOlves

Ut + 27 U Ue + 2 VUL Usr + YUUSe + Use = 0.



Mathematica demonstration

Bird's eye view of a 3-soliton collision for the KK
equation for k1 = 2,ky = 2, ks = 1,01 = 2 = 63 = 0.




Application: Non-solitonic equations

Example 6: The Fisher equation with convection

ur + autgy — Uge — u(l —u) = 0.

Use u(z,t) = —2(In f(z, 1)), = —2 (fT) to get an
homogenous equation of lowest degree (quadratic)

f(foa + fo = fat) + folfe = foo + 3 f) = FLF+N(£, ) = 0.

Seek f(z,t) =1+ >0 € f")(x, ).
LfN) = £330, %) determines w; = —(1 + k2).



Consequently

N
,Cf(Q) = — Z ki(l —+ %ki)e%i — Z %kzk](kz —+ /fj)eeiJrgj.
1=1

1<i<j<N

Including terms ¢?% in f(2) does not help (perturbation
scheme does not terminate). Hence, k; = —5 and
N =1. Then

Q

1
flz,t)=1+e’ =1+e¢ g ot g (+at)itsd,




Example 7: The Fisher equation
Ut — Ugy — u(l —u) = 0.
Truncated Laurent series reveals that
u(z,t) = —6(In f)az + 2(In f):.

The equation for f is quadratic:

f(faz + fox — gfa:a:t + %ftt — %ft)
—Afef3e + 3f0e — fo — 2 fifee + 2 fofo + 52 17
=fLf+N(f, f)=0.

Le? = 0 yields w = —5k? or w = —(1 + k?). Next,
N (e?,¢e?) = 0 determines k = £—-. Thus, w = —2.

S



With f =1+ €

629 1 .
1) = - - —(1 g h(

)

N [D

Explicitly for k£ = —

S

u(x,t) = i(l — tanh (% [\%w— %t—l—é} )) .



Example 8: The FitzHugh-Nagumo equation
with convection term

ur + auty — Uzy + u(l —u)(a —u) = 0.

Use u=+vm(n f); = +v/m (fo) where a = mf;f
Then

f(frex — afe — for) + fo (ft_ (m‘|‘2)fxa¢‘|‘\/ﬁ(1+a)][w)
—fLf +N<f,f) — 0,
Seek f(z,t) =1+ >0 € f)(x, ).

LfD = £33, e%) determines w; = a — k2.



Finally, f =1+¢e% +¢e”2 and

el —|—ae@2
u(x,t) = o o
where
01 = \/%a: | (1_ﬂim) t+ 01 and 6y = jﬁm | (a(an_lm)) t 4+ 09.

T he solution describes two coalescent wave fronts.

Since o = mf;f the values of m are

m:%(él—l—azzza\/S—l—oz?).



Graph of u(zx,t) for a =3,a=1(m =4),d; = d2 = 0.

For m = 2 one gets the solution of FitzHugh-Nagumo
equation without convection (a = 0).



Example 9: A combined KdV-Burgers equation

ur + 6uuy + Upzsr — SBULz: = O.
Truncated Laurent series reveals that
u(z,t) = 2(In f)zz — 26(In f)e.
Substitute into the (integrated) KdV-Burgers equation

8,5(/ udw) + 3u? + ugy — 5Bug = 0
to get

f(fil?t _ ﬂft + 562]0233 — 65]03:5 -+ f4az)
—fuft + B2f2 4+ 6B fufor + 3fay — Afuf3z = 0.



As before fLf + N(f, f) =0. Then, Lef*=«+0 =0 yields
(8 — k)(w — k3 + 58K2) = 0.

Case 1: w=k*(k—58) and 8 # k.
Then N(e?,e?) =0 determines k£ = —3. S0, w = —633.

First solution:

0 0
u(z,t) = 252 <e(1(i 686)2)> _ _%52 (3 — tanh g) (1 + tanh g)

with 8 = —Bx + 683t + 4.



Graph of the solution for 5 =2, 0 = 0.




Case 2. g =k.
Then N(e?,e?) =0 determines w = —633.

Second solution:

20 i
v ((1 . eé>z> = —38°(1+ tanh §)

with 6 = Bz + 683t + 6.



Graph of the

solution




Concluding remarks
Shed some light on how Hirota's method works.

Hirota transformation and homogenization (of
degree) are crucial.

One can still proceed without knowing the bilinear
forms.

Bilinear form is useful, e.g., to proof existence of
solitons solutions, etc.

Simplified approach applies to nonlinear PDEs
that are not soliton equation.

Implementation in Mathematica in collaboration
with Unal Goktas.



T hank You



Extra example: The mKdV equation
U + 24u2ux + Uprr = 0.

Laurent series (two branches combined):

Fr Gy , F

=3 (F- ) -4 ((E)

F G G//z
Let FF= f+1i9, G=Ff—1g
( (f+ig)) _( (f)) _ J29— f9a
1 | In , — | arctan | £ — :

f—ig//a 9/ e 24 g7

This is Hirota's transformation for the mKdV equation!

u —

DO |



Integrate
Ut + 24”&2?1@ + Uggr = 0

with respect to z:

6t(/ uda:) 8ud + uyp = 0.

Applying Hirota's transformation

U = (arctan (g) ):1; — f?gz__i_];gx

yvields

fg(gt + g?)x) - gg(ft + f396) — fQ(ftg + 3f29zx + 3fzage + f3$g)
‘|‘92(th + 3f229z + 3fr9za + fQSa:) + 6f9x(f:? =+ 93:)
_Gfxg(fsg -+ 93:) + 6f9(faﬁfm — 9x92w) =0



which can be regrouped as

(f2 - 92)(ft9 — J9t + f329 — 3fe2Gzr + 3[x Gz — fgS:IJ)
—6(f29 — f92)(f fow — f7 + 992z — 92) = O,

and recast into bilinear form:

(Dt + D))(f-g9) =0
DZ(f-f +g9) =0.

Seek

oo O L f)  2p@ 4
g = O 1eg® 4 e2g® 4

Then 9 = ¢1) =0 (or, equivalently, ¢\® = (1) =0).



One-soliton solution of the mKdV equation
With f =€’ and g =1

T ke’
u = / — © :%ksechﬁ
1+ f2 1 + e2¢

— lksech (kz — kPt + §) = Ksech (ZK(:B _AK?t A))

with k = 2K, § = 2KA.



Two-soliton solution of the mKdV equation

_ 01 0o
f = et+e

g = 1—apeh™®

. ki1—k 2
with 6; = k;x — k?t + 9;, aie = (ki"‘k;) .

Eventually,

]<11e€1 —I_ k2€92 —I— a2 (kleQQ _|_ k2691)691—|—92

u =

1+ 6291 + 6292 | 8k1k2 5 691—'_02 + CL122 6201—'_292
(k1 + k2)



T hree-soliton solution of the mKdV equation

f — 691 + 692 + 693 o b123e(91—|—92—|‘93

01402 691 +03

— a3 692+93

g = 1—ape — Q93

2
. ki—k
with 0; = k;x — k,‘?t + 95, aijj = (kmij) , b12s = ai2a13a23.

N-soliton solution of the mKdV equation

1 det(l + +M)
u(x,t) = —| In _
21 det(l —t M)
where I is the N x N identity matrix and

e@£+@m 3
My, = with ©) = Kyox — 4Kt + Ay.
2(Ky + Kn) ‘




Other Equations and T heir Bilinear Forms

Type l

The KAV equation : ut + 6uug + Ugrr = 0
u = 2(In f)zs
(D2Dy + DY(f-f) =0



Type II
The mKdV equation : wus + 6u2ux + Upyrr = 0

u=2( arctan (£))

(Dt + D3)(f-9) =0
Dy (f-f +9-9) = 0.
Alternative 1 : u =
(Dt + D) (G-F) =0
DA(F-F)—2G* =0
Alternative 2 : v = i(ln (%) )x

(D + D) (f*f) =0
D(f*f) =0

Q)



Type 111
The sine— Gordon equation : uy: = sinu
w=2im (£, smu=2((£)~(£))
DoDi(f-f) = —5(f* — f?)
Alternative 1 : w = 4 arctan ( )
(DyDy — I(F-G) =
D,D{(F-F —G-G) =0

Alternative 2 : w = 4 arctan (%)

Q)

3
DY}

(DyD; — I)(F-F — G-G) =
D.Di(F-G) =0



Type 1V
The NLS equation : iu; + uze + |u]u = 0
u = %, with F real, |u|? = 2(In F),
(iDy + D?)(G-F) = 0
D*(F-F) = GG*



Type V
The Benjamin—Ono equation : u; + 2uu; + Hugy = 0

0 t/
Hilbert transform H(w)(t) = %p.v. / w(t')

oo t— 1
u:i(ln (%))w

(iD¢ + D) (f-f*) = 0,

dt’




Coupled systems
The Hirota—Satsuma system
ut + 3UzV + Ugzy = 0
vt — a(6vvy + Vppz) — 2buuy = 0
U %, v=2(In F)zq
i+ D) (F-G)=0
D.D; — aD3)(F-F) = bG*

(D
(

N-soliton solution only exists if a =

DO |



Polynomial versions of sine-Gordon equation
Uyt = SIN U
Ja—
PP = f(fer+ 1) + fafe =0

Alternative :
O = Uz, Y =cosu —1
Gzt — @ — @Y =0

¢; +2¢ +9* =0



