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e Purpose

Design and implement algorithms to compute polynomial conser-
vation laws and generalized symmetries (later recursion operators)
for nonlinear systems of PDEs and differential-difference equations

(DDESs).
e Motivation

— Conservation laws describe the conservation of fundamental phys-
ical quantities (linear momentum, energy, etc.).

Compare with constants of motion (linear momentum, energy)
in mechanics.

— Conservation laws provide a method to study quantitative and
qualitative properties of equations and their solutions,
e.g. Hamiltonian structures.

— Conserved densities can be used to test numerical integrators.

— For PDEs and DDEs, the existence of a sufficiently large (in
principal infinite) number of conservation laws or symmetries
assures complete integrability.

— Conserved densities and symmetries aid in finding the recursion
operator (which guarantees the existence of infinitely many sym-
metries).



Part I PDEs: A Brief Review

e Given: Nonlinear system of evolution equations
u = F(u,u,,ugy, ..., Uy
in a (single) space variable  and time ¢, and with
u = (ug,ug,...,u,), F=(F,Fy ... F,).

Notation:

_ou
Ot

F is polynomial in u,u,, ..., u,,,.

du

m) _ '
ox™m

u u,,, = u'

PDEs of higher order in ¢ should be recast as a first-order system.

Prototypical Examples
The Korteweg-de Vries (KdV) equation:
U + uty + ug; = 0.
The Boussinesq (wave) equation:
Ut — Ugp + SUloy + SUy’ + Uy, = 0,
written as a first-order system (v auxiliary variable):
ur + v, = 0,

vy + Uy — U, — aug, = 0.

e Dilation invariance

The KAV equation, u; + uu, + us, = 0, has scaling symmetry
(t, 2, u) — (A7, A le, ANu).
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The Boussinesq system
ur + v, = 0,
vt + Uy — 3uu, — aug, = 0,
is not scaling invariant (u, and us, are conflicting terms).
If one introduces an auxiliary parameter (3, then
ur + v, = 0,
v + Buy — 3uu, — aug, = 0,
has scaling symmetry:

(z,t,u,v, B) — (N to, A2, N, Mo, A23).

Conservation Laws
Dtp + ij = O,

with conserved density p and flux J.
Both are polynomial in u, u;, us,, us,, ....
+00
P = /_OO p dx = constant
if J vanishes at infinity.
Examples

For the Korteweg-de Vries (KdV) equation, u; + uu, + ug, = 0,
the first few conserved densities (and fluxes) are:

u2

P1 = U, Dt(U) + Dm(Q -+ ng) — 0.

2 2 2u’ 2
p2 = u’, Dt(U)+Dx(3+2uu2x—u$):O.
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3 2
ps = b —3u,”,

3
Dy (u3 — Suxz) +D, (4u4 — 6utt,? +3u gy + Sug, s — 6uxU3x> =0.

pe = u® — 60uu,? — 30u,* + 108uug,>

720 4, 648 ., 216
T U2 — o UUZ, T Uy

7 7 7

The Boussinesq system:

pP1 = U, P2 = U,
p3 = uv, py = Bu?—ud+0v*+ au,’.

(then set G =1).

e Generalized Symmetries.

G(z,t,u,u;, uy,, ...)

with G = (G, G, ...,Gy) is a symmetry iff it leaves the PDE
invariant for the replacement u — u + €G within order €. i.e.

Di(u+eG) = F(u+ €G)
must hold up to order € on the solutions of PDE.

Consequently, G must satisfy the linearized equation

0
D,G = F’(u) G] = aF(u + €G)|e=0-
€
where F’ is the Fréchet derivative of F.
Here u is replaced by u + €G, and u,, by u,, + €D G.
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Example

For the KdV equation, u; = 6uu, + ug,, the first few generalized
syminetries are:

G =u,,

G =6uu, + us,,

G®) =30uu, + 20uus, + 10uus, + us,,
GW=140uu, + T0u? + 280U, us, + T0uus,

+70us,u3,; + 42U, + 1duus, + wr,.

e Recursion Operators.
A recursion operator ® connects two consecutive symmetries
For n-component systems, ® is an n X n matrix.

Defining equation for @ :

0P
Di® + [®,F'(u)] = 5 T P'[F|]+ P o F'(u) — F'(u) o ® =0,
where [, | means commutator, o stands for composition, and ®'[F]

is the variational derivative of ®.
Example

The recursion operator for the KdV equation:
® = D? 4+ 2u + 2D, uD; " = D2 + 4u + 2u,D; ",
where D! is the integration operator.
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For example,

du, = (D2 4+ 2u + 2D,uD; u, = 6uw, + us,,
®(6ur, +us,) = (D2 + 2u + 2D,uD, ) (6uu, + us,)
= BOuzux + 20w, w0, + 10uus, + us,.

Key observations:

Conserved densities, generalized symmetries and recursion opera-
tors are invariant under the dilation (scaling) symmetry of the given

PDE.

The dilation invariance allows one to design algorithms to compute
densities, symmetries, and recursion operators.

Example: Algorithm for Conserved Densities of PDEs.

1). Determine weights (scaling properties) of variables and

auxiliary parameters.
2). Construct the form of the density (find monomial building blocks).
3). Determine the constant coefficients.
Example: Density of rank 6 for the KdV equation.

Step 1: Compute the weights (dilation symmetry).

The weight, w, of a variable is by definition the number of -
derivatives the variable corresponds to.

The rank of a monomial is its total weight in terms of x-derivatives.
Set w(D,) =1 or w(z) = —1 and require that all terms in
uy + uu, + us, = 0.
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have the same rank. Hence,
w(u) +w(Dy) =2w(u) + 1 = w(u) + 3.
Solve the linear system: w(u) = 2, w(Dy) = 3, so, w(t) = —3.
(t, 2, u) — (A7, A 1a, Nu).

Step 2: Determine the form of the density.

List all possible powers of u, up to rank 6 :  [u, u?, u).

Introduce x derivatives to ‘complete’ the rank.
u has weight 2, introduce Dj.
u? has weight 4, introduce D?.

u? has weight 6, no derivative needed.

Apply the D, derivatives.
Remove terms of the form D,u,,, or D, up to terms kept prior in
the list.

[t4,] ] empty list.

N
[uf, Uloy] — [uf] since utg, = (Ully )y — Uy
—

[u”].

Linearly combine the ‘building blocks’:

3 2
p = Clu” + Cou,".

Step 3. Determine the coefficients c;.
Compute D;p = 3cutug + 2e9t .

Replace u; by —(uu, 4+ ug,) and wyy by —(uuy, + usy )y

10



Integrate the result, £/, with respect to x. To avoid integration by
parts, apply the Euler operator (variational derivative)

m 1,

1;::0( >aukx

0 0 0 0
= D5+ D SR T

S D)+ D) (1D

to E of order m.
If L,(F) = 0 immediately, then F is a total z-derivative.

If L,(E) # 0, the remaining expression must vanish identically.

3
Dqp :—D$[401u4— (3¢1 —co)uu? + 3euusg,

— Gyl + 2cou,us,] — (3¢ + co)uy”.

The non-integrable term must vanish.

S0, ¢ = —%CQ. Set co = —3, hence, ¢ = 1.
Result:
p=u’ — 3u,”.
Expression [...] yields
3
J = 4u4 — Gun,’ + 3uusy + 3oy’ — Gy,

Generalized symmetries and recursion operators can be constructed
in a similiar way!
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Recursion Operators

o A recursion operator for a PDE system is the linear operator ®
connecting two symmetries G and G:

G = ®G.
For n-component systems, ® is an n X n matrix.

e Example.

The recursion operator for the KdV equation (has rank 2)
® = D? 4+ 2u + 2D, uD; " = D? + 4u + 2u,D, ",
where D1 is the integration operator.

For example

du, = (D + 2u + 2D,uD; Mu, = 6uu, + us,,
®(6ur, +us,) = (D> + 2u + 2D,uD; ) (6uu, + us,)
= 30uuy, + 20u,us, + 10uus, + s,
e Key Observations.
The terms in the recursion operator are monomials in D, D%, u, u,, ...
Recursion operators split naturally in ® = &y + ;.

®g is a differential operator (no D! terms).
®; is an integral operator (with D1 terms).

Application of ® to a symmetry should not leave any integrals.
For instance, for the KdV equation:

DY (6uu, + uz,) = 3u® + g, is polynomial.
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Use the conserved densities: ptV) = u, p® = 4?2, p®) =43 — %ui
Dt,O(l) = Dtu = U = —Dﬁ(](l),
Dtp@) = Dyu? = 2uuy = —DxJ(Q), and
1 /
D;p') = Dy(u® — 2u§) = p3 (W) u] = (3u? — uDy)uy = =D JP,

for polynomial J@, ¢ = 1,2, 3.

So, application of D! or D 'u, or D !(3u* — u,D,)
to 6buu, + ug, leads to a polynomial result.

e Algorithm for Recursion Operators of PDEs.
Step 1: Determine the rank of the recursion operator.

Recall: symmetries for the KdV equation, wu; = 6uu, + us,, are
GY =u,, G% = 6uu, + us,,
G®) = 30utu, + 20U, 9, + 10uus, + us,.

Hence,

R = rank ® = rank G® — rank G = rank G® — rank G = 2.

Step 2: Construct the form of the recursion operator.

(i) Determine the pieces of operator

List all permutations of type D/u” of rank R, with j and k nonneg-
ative integers.

L ={D* u}.
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(ii) Determine the pieces of operator ¢,

Combine the symmetries G with D' and p®'(u), so that every
term In

by =¥ 5 GID M (u)
j k

has rank &; = R.
The indices 7 and £ are taken so that

/

rank (GY)) + rank () (u)) — 1 = R.

List such terms:

M = {u,D'}.
(iii) Build the operator ¢
Linearly combine the term in

R=LUM = {D* u,u,D'}.

to get
d=c;D*+ cyu+ czu,DL

Step 3: Determine the unknown coefficients.

Require that
GW = g | =1,2.3, ...

Solve the linear system:

S ={c1—1=0,18¢c1+c3—20 = 0, 6¢14+co—10 = 0, 2c9+c3—10 = 0},
Solution: ¢y =1,c0 =4, and c3 = 2. So,

d=D>+4u+2u,D "
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Examples.

The SK equation:

2
U = DU U, + OUL U, + DUU, + Usy-

Recursion operator:

® = DO + 3uD* — 3DuD? + 11D?*uD? — 10D3uD + 5D*u
+ 12u°D? — 19uDuD + 8uD?u + 8DuDu + 4u*
+ u, DY (u? — 2u,D) + GPD7Y,

with G® = 5u2u, + Suyus, + Sutisy + Usy.
For the vector nonlinear Schrodinger system:
u + [u(u2 + v + Bu+ v — vx}x =0,
v + [U(u2 +0?) 4 Qu + dv + uxLC = 0.
Recursion operator:

P — B—6+2u®+2u,D'u 0+ 2uv — D+ 2u,D v
04 2uv+D +2v,D7 20% 4+ 20, D71 '
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Part II Differential-difference Equations (DDEs)

e Given: Nonlinear system of DDEs:
(continuous in time, discretized in space)
w, =F(. u, 1,u,,u,,1,...)
where u,, and F are vector dynamical variables.
F is polynomial with constant coefficients.
No restrictions on the level of the shifts or the degree of nonlinearity.
e Conservation Law:
pn = Jn — Jn1
with density p, and flux J,.

Both are polynomials in u,, and its shifts.

d

dt(zn: pn) — %:pn — %:(J” - Jn—l—l)

if .J,, is bounded for all n.

Subject to suitable boundary or periodicity conditions

> pn = constant.
n

e Example.
Consider the one-dimensional Toda lattice

Yn = €XP (yn—l - yn) — €XpP (yn - yn+1)

Yn is the displacement from equilibrium of the nth particle with
unit mass under an exponential decaying interaction force between
nearest neighbors.
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Change of variables:

Up = yna Up = €XP (yn - yn—i—l)

yields

un = Up—1 — Up, Un — Un(un - un+1)-
Toda system is completely integrable.

The first two density-flux pairs (computed by hand):

PV =, JV =9, and p? = %ui t o, JP =0, .

e Key concept: Dilation invariance.

The conservation laws and symmetries are invariant under the dila-
tion symmetry of the Toda lattice:

(t, U, vp) — (ATHE, Ay, A20p).

Thus, u,, corresponds to one t-derivative: u, ~ %.

d2

Similarly, v, ~ 2.

Weight, w, of variables are defined in terms of t-derivatives.
With w() = 1, we get w(u,) =1, w(v,) = 2.

Weights of dependent variables are nonnegative, rational, and
independent of n.

The rank of a monomial is its total weight in terms of t-derivatives.
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Continuous Case (PDEs) | Semi-discrete Case (DDEs)

System

u = F(u, u,, uy,, ..

) w,=F(...,u,_1,u,,u,.1,...)

Conservation Law | Dyp + D,J =0

pn+Jn+1_Jn:0

Symmetry D;G = F'(u)|G] DG = F'(u,)|G]
= ZF(u+ €G)| =0 — 2F(u, + €G)|—
Table 1:  Conservation Laws and Symmetries
KdV Equation Volterra Lattice
Equation | u; = 6uu, + us, Up = Up (Ups1 — Up_1)
Densities | p=u, p=u? Pn = Up, Pn = un(%un+ Upt1)
P = u?— %ui pn:%u%‘*’unun—kl (un+un+1 +un+2)
Symmetries | G=u,, G=6uu, + u3; | G = Uptni1 (U + Ups1 + Upio)

G =30u u, + 20U, U0,
+10uus, + us,

_un—lun(un—Q + Up—1 + un)

Table 2:  Prototypical Examples
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Analogy PDEs and DDEs

— Conservation laws for PDEs
Diyp = —-D,J
density p, flux J.
Compute E = D;p.
Use PDE to replace all t—derivatives: u;, U, U, €tc.

To avoid integration by parts, apply the Euler operator (variational
derivative)

m 0
L, =Y (-D,)"
2
. 0 b, O i, 0
= gu ~ Pelg )+ D5, ) o+ (CDTDY(G ).

to I of order m.
If L,(E) =0, then F is a total x-derivative.

If L,(F) # 0, the nonzero terms must vanish identically.
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— Conservation laws for DDEs
Pn = Jn — Jnt1
density p,, flux J,.
Compute F = p,.
Use the DDE to remove all t—derivatives, t,, t,+1, Uy+2, €tc.

To avoid pattern matching, apply the Euler operator (variational deriva-
tive)

P 0
L, = D)*

0 0 0 0

— 1D D? ...+ DP
duy, * (aurH—l) * (aun+2) * * (auTH-p)
0
2 q

+ U(aUn_l) +U (au”_2) +---4+U (aUn_q).

to I with shifts n — ¢, n +p. Note U = D1,
If L,(E) =0, then F can be written as J,, — Jy,11.

If L,(E) # 0, the nonzero terms must vanish identically.
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e Eiquivalence Criterion.

Define D shift-down operator, and U shift-up operator,
on the set of all monomials in u,, and their shifts.

For a monomial m :
Dm =m|p.n_1, and Um =m|,_pi1.
For example
Dun+2vn — Un+1Un—1, Uun—QUn—l = Up—-1Unp.

Compositions of D and U define an equivalence relation.
All shifted monomials are equivalent.

For example

Up—1Un+1 = Up42Un44 = Up—3Up—1-
Fquivalence criterion:
Two monomials m; and ms are equivalent, m; = mso, if

mi; = Mo + [Mn — Mn—l—l]

for some polynomial M,,.
For example, wu,_su, = U,_1U,41 Since
Up—2Up = un—lun+1+[un—2un_un—1un—l—1] — un—lun—f—l—i_[Mn_Mn—i—l]-

Main representative of an equivalence class is the monomial with
label n on u (or v).

For example, u,u, 2 is the main representative of the class
with elements w, _1upi1, Upi1Unys, ete.

Use lexicographical ordering to resolve conflicts.

For example, 1, v, 42 (not u,_ov,) is the main representative of
the class with elements w,_3v,_1, Uy 12Un 14, etc.

21



e Algorithm for Conserved Densities of DDEs.

Three-step algorithm to find conserved densities:

1). Determine the weights.
2). Construct the form of density.

3). Determine the coefficients.
Example: Density of rank 3 of the Toda lattice,
un = Up—1 — Up, Un - vn(un — un—l—l)-

Step 1: Compute the weights.

Require uniformity in rank for each equation to compute the weights:

d

wlon) + w( ) = w(w,0) = wlo,).
d
w(vy,) + w(dt) = w(vy,) + wu,) = w(v,) + w(tyy)
Weights are shift invariant. Set w({) = 1 and solve the linear

system: w(u,) = w(u,11) = 1 and w(v,) = w(v,—1) = 2.
Step 2: Construct the form of the density.
List all monomials in u,, and v,, of rank 3 or less:

g= {ufl, ui, UpVpy Up, Up b

For each monomial in G, introduce enough t-derivatives to obtain
weight 3. Use the DDE to remove ,, and v, :

d° d°
dto(ui) — uia dto(unvn) = UpUn,
d 2

u;) = 2UpUp_1 — 2UpUp,

.
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d
dt(vn) = UpUp — Up+1Un,
d2

dt?
Gather the resulting terms in a set

(un> = Up—1Vp—1 — UpUp—1 — UpUy + Up+1Unp-

3
H = {Un, UpUp—1, UpUp, Up—1Up—1, un—l—lvn}-

Replace members in the same equivalence class by their
main representatives .

For example, u,v,_1 = u, 10, are replaced by wu,v,_1.
Linearly combine the monomials in

T = {u, upVn_1, Upvy, }
to obtain

3
Pn = C1 U, + Co2UpUp_1 + C3 Uy,

Step 3: Determine the coefficients.
Require that p, = J, — J,.1, holds.
Compute p,, and use the DDE to remove 1, and v,,.

Group the terms

pn = (3c1 — cz)uivn_l + (c3 — 3cl)uivn + (e3 — C2)Up_10y

2

2
+ColUp—1UpVp—1 + C2V,,_1 — C3URUp 1V, — C30,,.

Use the equivalence criterion to modify p,.
Replace u,,_1u,v,_1 by

Un Wy 1Vn + [Up—1UpVn—1 — UpUn10p).
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Introduce the main representatives. Thus
: 2 2
pn = (3c1 — co)urv,—1 + (c3 — 3c1)us vy,
+(c3 — c2)vntpg1 + [(c3 — c2)vn—1v, — (3 — C2)VyVp11]
U Un 1V + [Coln—1UnVp—1 — C2UnUp 41V
2 2 2 2
+Covi + [Covi | — CoU] — CaUpUp iU, — C3U;.

Group the terms outside of the square brackets and move the pairs
inside the square brackets to the bottom.

Rearrange the terms to match the pattern [J,, — J,11].

Hence

pn = (3cp — cz)uflvn_l + (c3 — SCl)uivn

+(c3 = C2)UnUng1 + (€2 — C3)UnUp 10, + (C2 — c3)0;,
+{(e3 — €2)Vn_1Vn + Cotn_1Un U1 + Co0;, 1}
—{(c3 — 2)VaUp41 + QU1 + 202 .
The terms inside the square brackets determine:
J = (€3 — C2)Vp_1Un + Colly_1UpVp_1 + CoV>_,.
The terms outside the square brackets must vanish, thus
S={3c1 —c3=0,c3 —3c1 = 0,0 — c3 = 0}.
The solution is 3¢y = ¢9 = ¢3, s0 choose ¢; = %, and co = c3 = 1:

1.3 2
Pn — 3 U, + un(vn—l + Un)a Jn = Up—1UnpUp—1 + Uy_1-

Analogously, conserved densities of rank < 5:

PS) = Up /07(12) = %un2 + Up
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pg’) — %uni)’ + un(vn_l + Un)

4 ) _ 1, 4 2 1,2
A = tupt w2Vt 4 0n) + o1, + 20,7+ VU

PS) — %un5 + ung(vn—l + Un) + Unun—l—lvn(un + Un+1)

+unvn—1(vn—2 + Up—1 + Un) + unvn(vn—l + Up + Un—{—l)-

e Generalized Symmetries

A vector function G(..., 0,1, Uy, Uy, ...) I8 a symmetry if the
infinitesimal transformation w, — u, + €G(...,w,_1, U,, Uy, -..)
leaves the DDE system invariant within order e.

Consequently, G must satisfy the linearized equation

o
DG = F'(w,)[G] = 5 F(u, +€G)|—

where F/ is the Fréchet derivative of F.

Here, u, — u, + €G(...,u,_1, Uy, Uy 1, ...) means that w,,y is
replaced by w, 1 + €G-

e Example
Consider the Toda lattice
un = Up—1 — Up, Un — Un(“n - un—i—l)-
Higher-order symmetry of rank (3, 4):

Gl — Un(”n + un+1) - Un—l(un—l + un);

Gy = (Ul g — u2) + v (Vys1 — Vy1).
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e Algorithm for Generalized Symmetries of DDEs.

Consider the Toda system with w(u,) = 1 and w(v,) = 2.
Compute the form of the symmetry of ranks (3,4), i.e. the first
component of the symmetry has rank 3, the second rank 4.

Step 1: Construct the form of the symmetry.

List all monomials in u,, and v,, of rank 3 or less:

£1 - {U Un, UpUpy Un, Un}
and of rank 4 or less:

4 3 2 2 2
£2 — {Un, uﬂ) Un’Un, urm UpUp, Up, Una Un}-

For each monomial in £ and Ls, introduce enough ¢-derivatives, so
that each term exactly has rank 3 and 4, respectively.

Using the DDEs, for the monomials in £ :

a d’

dto(ui) = Up, dt —0(Untn) = UnUp,
d

dt(u%) = 2u, U, = 2UpUpy—1 — 2UpUp,
d

dt(vn) = Up = UnUn — Un+1Un,

d? d, . d

dtg(un) = dt(un) &

= Up—1Up—1 — UpUp—1 — UpUp + Up41Vp-
Gather the resulting terms:

Ri = {u, Up_1Un_1, UpVn_1, UpUp, Uns1Vp }.
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4 2 2 2 2
Ro = {Un, Uy _1Un—1, Up—1UpUn—1, UpUn—1, Un—2Un—1, U, _1, Uy, Un,

2 2
UpUn+1Vn, Wi 1 Vn, Un—1Un, Usyy UnUpt1 -
Linearly combine the monomials in R and Ro
3
Gl = C1u, + C2 Up—1Vp—1 + C3 UpUp—1 + C4 UpUp + C5 Up41Unp,
4 2 2
Ga = CaUy, + CrUy,_Up—1 + C8 Up—1UpUp—1 + Cg Uy Up_1

2 2
+C10 Un—2Un—1 + C11 U, _1 T C12 U, Uy + C13 UpUp41Up

2 2
+C14 un+1vn + C15 Un—1Un + C16 U, + C17 UpUp41.

Step 2: Determine the unknown coefficients.

Require that the symmetry condition holds.
Solution:
€1 =Cg=Cr=Cg=Cg=C1p=C11 =C13=C15=0,

—Cy) = —C3 = C4 = Cy = —C12 = C14 = —C15 = C17.

Therefore, with ¢;7 = 1, the symmetry of rank (3,4) is:

Gl = UpUp — Up—1Up—1 + Up+1Up — UpUp_1,
2 2
Gy = U, Uy — Uy Uy + VpUpg1 — Up_1Uy.

Analogously, the symmetry of rank (4, 5) reads

2 2 2 2
Gi1 = U,y + UpUp1Uy + Usy Uy + U, + VpUpgl — Uy Un—1

2 2
—Up—1UpUp—1 — U, Un—1 — Up—2Up—1 — U,,_1q,
Gy = 2 +2 - — upv, + u
2 = Up+1V), Un+1UnUn4+1 T Upn42UnUpg1 — UpUp T Uy 1Up

2

—Up—1Vp—1Up — 2UpUp_1Vy — UpL;,.
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e Example: The Ablowitz-Ladik DDE.
Consider the Ablowitz and Ladik discretization,
Uy, = Upt1 — 2Up + Up—1 + KU Up (Up1 + Up—1),
of the NLS equation,

g + Upy + KUPUS =0

u is the complex conjugate of u,,. Treat u, and v, = u; as indepen-
dent variables and add the complex conjugate equation. Set Kk = 1
(scaling) and absorb 4 in the scale on ¢ :

un = Up+1 — 2un + Up—1 + unvn(un+1 + un—l)a
v, = _(Un+1 - 2Un + Un—l) - unvn<vn+1 + 'Un—l)-

*

Since v, = .,

w(vy,) = w(uy).

No uniformity in rank! Introduce an auxiliary parameter a with
weight.

un - a(un—i—l — 2un + un—l) + unvn(un—l—l + un—l)a

v, = _a(vn—l—l — 2v, + Un—l) - unvn(vn—i—l + Un—l)-
Uniformity in rank leads to

w(u,) +1 = wla) +w(u,) = 2w(u,) + w(v,) = 3w(u,),
w(v,) +1 = wla)+w(v,) = 2w(v,) + w(u,) = 3w(vy,).

which yields
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Conserved densities (for v = 1, in original variables):

;07(11) = Uply,_

/07(12) = Ul

107(13) — %uiu;?—l + unun+1u2—1vn + unuZ—Q

/07(14) — %uiu:;il + unun+1u;+1u2+2+ unu;—i—Q

pl) = %uiu?ﬁ_l + Up U1 U, U (Up Uy 1+ Upp1U + Up oty )

* * * * * * *
T+ Uply,_q (unun—Q +un+1un—1) + unun(UTH—lun—Z + Un+2Un_1> + Unly,_3

6) _ 1,3, %3 * * * s %
Pn’ = 3UpUpiq +Unun+1un+1un+2(unun+1 T Up4+1Up 12 ‘|‘Un+2un+3)

* * * x * x *
F Untlyy o (Un Uy, 1+ U1y, 9) FUn U, 45 (Un 1 Usy g FHUn2Us o) FUn Uy

The Ablowitz-Ladik lattice has infinitely many conserved densities.

Although a constant of motion, we cannot find the Hamiltonian:
H = —iY[u) (un—1 + tn+1) — 2In(1 + u,uy)],

since it has a logarithmic term.
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e Application: Discretization of the combined KdV-mKdV
equation.

Consider the integrable discretization

i, = —(1+ ah®u, + Bh*u?) { h% (%un” — Ups1 + Up_1 — %Un_2>

arfl, 2 2
+ g lUn 1 — U+ U (U1 — Un—1) + Up1Un g2 — Up—1Up 2]

+ %[uiﬂ(unw + ) — ui_l(un_g + up)| }
of the combined KdV-mKdV equation
w4+ 6auu, + 65Uty + Uppy = 0.

Discretizations the KdV and mKdV equations are special cases.
Set h =1 (scaling). No uniformity in rank!

Introduce auxiliary parameters v and ¢ with weights.
Uy = —(y+ oty + Bul) { 6(3tngs — Uni1 + Up_y — Fun2)
+ 92— U2 A Un (Ut — U 1) U1 U2 — U 1Ty o)

+ g[UiH(unm + ) — Uy (U2 + ) }7
Uniformitiy in rank requires

w(y) =w(d) =2w(u,), wla)=wu,), w(3) =D0.
Then,
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Conserved densities: Special cases

For the KAV case (= 0) :

Uy = _(7 + CVhQUfn) { }?3(1un+2 Upt1 + Up—1 — %un—Q)

ar, 2 2
A g (Ung1 — Uy 1 F U (Upg1 — Up—1) + Upy1Upgo — un_lun_z]}

with v = 0 = 1 is a completely integrable discretization of the KdV

equation
wy + 6auu, + Uppr = 0.
Now,
w(v) = w(d) = wlu,), wla)=0.
Then,
w(uy,) + 1 = 3w(uy,).
S0,
w(u,) =w(y) =w(d) =3, wla)=0.
From rank 2 and 2 (after splitting):
p7(11) = Un,
pg’) = u (1 2 Uy + Un+1 - un+2 + Upt1Uns2)
4) 13
P = un(ju, + Ut 1 + UnUnH Uyt Uy Ul g3)

5 1.4 1.3 2
pf,ﬂ = un(gaun — SU, — 2UpUpyr + - F QU1 U 42U+ 3Un 1-4)
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For the mKdV case (o = 0) :

iy = —(y+ B0 { i(Guwnss = o + 0t — o)
+ %[ui—l—l(un—ﬂ + Up) — Ui—1(“n—2 + )] }

with v = 6 = 1 is a completely integrable discretization of the
modified KdV equation

wy + 65Uty + Uppy = 0.

Now,
w(y) = w(6) = 2uw(uy), w()=0.
Then,
w(uy,) + 1= 5w(uy,).
S0,

w(ug) =4, w(y) =w(d) =3, w(B)=0.
From rank 2 and 2 (after splitting):

1) _—

pn _ unurH—l;
2 1 2 1 2
Py = Un (GUnUy 41 + FUn+2 T Upp41Un+2)
3) _ 1,2, 3 1 2 2
pgl) — un(§unun+1 + Eunun—i-lun—ﬂ et un+1un+2un+3>

4) _ 15 3 4 2. 9 2 92 9
Pn = un(ZBUnuTH—l + unun+1un+2+' St ﬁun+1un+2un+3un+4)
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Part III Software, Future Work, Publications

e Scope and Limitations of Algorithms.

— Systems of PDEs and DDEs must be polynomial in dependent
variables. No explicitly dependencies on the independent vari-
ables. (Transcendental nonlinearities in progress).

— Only one space variable (continuous or discretized) is allowed.

— Program only computes polynomial conservation laws and gen-
eralized symmetries (no recursion operators yet).

— Program computes conservation laws and symmetries that ex-
plicitly depend on the independent variables, if the highest degree
is specified.

— No limit on the number of equations in the system.
In practice: time and memory constraints.

— Input systems may have (nonzero) parameters.
Program computes the compatibility conditions for parameters
such that conservation laws and symmetries (of a given rank)
exist.

— Systems can also have parameters with (unknown) weight.
This allows one to test evolution and lattice equations
of non-uniform rank.

— For systems where one or more of the weights is free,
the program prompts the user for info.

— Fractional weights and ranks are permitted.
— Complex dependent variables are allowed.

— PDEs and lattice equations must be of first-order in .
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e Conclusions and Future Research

— Implement the recursion operator algorithm for PDESs.
— Design an algorithm for recursion operators of DDEs.

— Generalization to (3+1)-dimensional case

(e.g. Kadomtsev-Petviashvili equation).
— Improve software, compare with other packages.
— Add tools for parameter analysis (Grébner basis).

— Generalization towards broader classes of equations (e.g. ).

— Exploit other symmetries in the hope to find conserved densities.
of non-polynomial form

— Application: test model DDEs for integrability.
(study the integrable discretization of KAV-mKdV equation).

— Compute constants of motion for dynamical systems

(e.g. Lorenz and Hénon-Heiles systems)
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e Implementation in Mathematica — Software

— U. Goktag and W. Hereman, The software package
InvariantsSymmetries.m and the related files are available at
http://www.mathsource.com /cgi-bin /msitem?0208-932.
MathSource is an electronic library of Mathematica material.

— Software: available via F'TP, ftp site mines. edu
in

pub/papers/math_cs_dept /software /condens
pub /papers/math_cs_dept /software/diffdens

or via the Internet

URL: http://www.mines.edu/fs_home/whereman/
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