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Peter D. Lax (1926-)

Seminal paper: Integrals of nonlinear equations of
evolution and solitary waves,
Commun. Pure Appl. Math. 21 (1968) 467-490



What are Lax Pairs of Nonlinear PDES~?

Historical example: Korteweg-de Vries equation

Ut + cuuy + Uggy = 0

Key idea: Replace the nonlinear PDE with a
compatible linear system (Lax pair):

UVt + 4Ypzx + aut)y, + %O{’LLQ;@D —+ a(t)zp — 0

1 is eigenfunction; A is constant eigenvalue
(A+ = 0) (isospectral), and a(t) is an arbitrary
function. We will set a(t) = 0.



Class of Equations and Notation

Consider a system of evolution equations:

u; = f(u,ug, gy, ..., W)
with u(z,t) = (v, w®, ... «™)) and where
. kq,(J)
-2
Oxk

In examples, the components of u are wu, v, ...

Define the total derivative operator as

N M

Dt‘— +3°% 2 Oe Dk( (J))

j=1 k= Oauka}




Lax Pairs in Operator Form

Replace a completely integrable nonlinear PDE
by a pair of linear equations (called a LLax pair):

LY = A\ and Dy = M)

Require compatibility of both equations

Lip + LDpp = ADy)
Lip + LMy = AMY
= MM\
= MLy

Hence, L+ (LM — ML)Y = 0



Lax equation: Li+ [L,M] =0

with commutator [£L, M] = LM — ML.
Furthermore, ,th — [Dt, ﬁ]w — Dt(ﬁw) — ,Cth
and = means “evaluated on the PDE"

Example: Lax operators for the KdV equation

L = Di—k%aul

M= — (4 Di + auD, + %ozu:,j I)

Note: L) + [£, MY = za (us + quue + Uzes) V¥



Alternate Operator Formulations

Define £L=L—-XI and M= M —Dy

Then, the Lax pair becomes
Lap =0 and M =0

and the Lax equation becomes [£, M] = O
Challenge: Find commuting operators modulo the
(nonlinear) PDE!

If S is an arbitrary invertible operator, then
L=SLS1 M=SMS D, = SD;S™ !

satisfy L;+ [L,M] = O



Lax Pairs in Matrix Form

Express compatibility of

where W —=

D, = XW

D: W = TWw
1
P2 .

, X and T are N X N matrices
YN

Lax equation (zero-curvature equation):

D:X — D,T + [X,T] =0

with commutator [X,T| = XT — TX



Example: Lax pair for the KdV equation

0 1
X = :
A — eal 0
o %ozux —4\ — %au
—4)\2 -+ a)\u + —a 2u? + %(XUQ;,; —%ozux

Substitution into the Lax equation yields

D:X — D, T+ [X,T] = —

—_

(87

0

Ut + OUUg + U3y

0
0




Equivalence under Gauge Transformations

Lax pairs are equivalent under a gauge
transformation:

If (X,T) is a Lax pair then so is (X, T) with
X = GXG 14D, (G)G™!
T = GTG !+ Dy(G)G™!

~

G is arbitrary invertible matrix and ¥ = GW.
T hus,

~

X;—T,+[X,T] =0




with

where \ = —k?



Reasons to Compute a Lax Pair

Compatible linear system is the starting point for
application of the IST and the Riemann-Hilbert
method for boundary value problems

Confirm the complete integrability of the PDE
Zero-curvature representation of the PDE
Compute conservation laws of the PDE
Discover families of completely integrable PDEs

Question: How to find a Lax pair of a completely
Integrable PDE?”

Answer: There is no completely systematic method



Dilation Invariance and Weights

The KAV equation is dilation invariant under the
scaling symmetry

1

(z,t,u) — (s 'z, k5t K*u)

where « IS an arbitrary parameter

The weight W of a variable is the exponent of s
in this symmetry. Thus, W(x) = —1,W(t) = —3, or

W () = 1, W(d) = 3, W(u) = 2

he total weight of the KdV equation is 5
because each monomial scales with x°



Key Observation

The Lax operators for the KdV equation are
scaling invariant.

Indeed,
L = Di—l—%aul

IS uniform of weight 2.

M = — (4D§’E + auD, + %ozuaj I)

IS uniform of weight 3

Furthermore, Ly = M) and D) = M1 are
uniform in weight if W(\) = W (L) =2 and
W(M) =W(Dy) = 3.



Elementary Method to Compute Lax Pairs
Using the KdV equation as an example

Select W (L) = 2. Here W(M) = 3. In general,
W (L) > W (u) and W (M) = W (dy).

Build £ and M as linear combinations of scaling
invariant terms with undetermined coefficients:

L = Di—kclul

M = CQDi + c3uD, + cquy I

Substitute into £; + [£, M] = O, and replace u; by

—(Quuz + u3s)



Set the coefficients of D2, D,, and I equal to zero

Set the coefficients of like monomial terms in
u, Uz, Ugre, €tC. equal to zero

Reduce the nonlinear algebraic system
2c3 — 3c1co =0, 2¢4 4+ c3 — 3cico2 =0,

ci(cs+a)=0, c1—ci1+cica=0

with the Grobner basis method into
c1(6cit —a) =0, ci(ca+4)=0, ci(cs+a)=0,
c1(2c4+a) =0, 6c14+c3=0, 3c1+c4=0

o, c2=—4, c3=—q, 04:—%oz

S

Solve: ¢ =



Substitute the coefficients into £ and M :
L =D+ %aul

M = — (4Di + auD, + %ozux I)

In complicated cases the nonlinear algebraic
systems are long and hard to solve (too many
solution branches)

A divide and conquer strategy is needed



Algorithm to Compute Lax Pairs
Using the KdV equation as an example

Step 1: Compute the weights
W(o;) =1, W (0:) = 3, Wi(u) = 2

Step 2: Build a candidate Lax pair
Select W (L) = 2. Here W(M) = 3.

The candidate Lax pair is

L = D2+ fiDy+ fol
M c3 D2 + g2 D2 + g1 Dy + go1

with undetermined functions fo, fi, 90,91, 92 and
undetermined constant coefficient cj



Step 3:  Substitute into the Lax equation

L+ [,C, M] —
(Qngz — 3¢3D, fl) D3

+(D:2392 — 3c3D; f1 + f1Dzg2 + 2Deg1 — 292D f1
—363Dxf0) D’

+(th1 — c3D2 fi + Dogi — g2D3 fi — 3e3D2 fo
+/1D291 +2D2g0 — 91D f1 — 292Dxf0) D

+(tho — c3D3 fo + D2go — 92D3 fo + fiDaxgo — g1 Dxfo) I



Step 4: Solve the kinematic constraints
(i.e., equations not involving D)

Equate coefficients of D’ and D? to zero and
solve

g2 2c3f1,

%CBD:Cfl — %Csff — %Csfo

g1

The candidate M operator reduces to

M = c3D; + Sc3fiD; + Scs (2Dmf1 + fi + 4fo) D, + gol

he candidate £ remains unchanged



Step 5: Solve the dynamical equations
(i.e., equations that do involve D)

The coefficients of I and D, vield
D¢ f1 + 2D.g0 — LesD, (QDifl 12D, fo

—fi + 12f1f0) =0
D+ fo + D2go + fiDugo — e (D2 fo + 3 /iDL fi

+3D, 1D fo + 2 f2Dufo + $ foDafo) = 0

Because W (L) =2 one has f; = 0. Thus,
2D.go — 3e3D3 fo =0

D: fo + D2go — c3 (Difo -+ %foDxfo) =0



Step 5: continued

Solving these equations gives

go = 2c3Dg fo and fo = bou
Replace u: by —(auuz + usz),

(oz + %sto) Uy + (1 + ic:a) uzy = 0

Hence,

D=

c3=—4, bo=za, fo=zau, f1 =0, go = —5au,



Step 6:  Substitute the coefficients into the
undetermined functions and these into the
candidate pair.

Thus,
L=D2+ %auI
and

M:—(4D§—|—aqu—|—%auxI)

IS @ Lax pair for the KdV equation



Algorithm for Computing Lax Pairs

Compute the scaling symmetry of the PDE

Select W(L)=12>1.
From the Lax equation: W (M) = W (0;) = m

Build a candidate Lax pair of the form

L = D 4+ D 4+ fol
M = D"+ gn D™ 4. 4+ gol

for a constant ¢,

Substitute into the Lax equation



Separate into kinematic constraints and dynamical
equations

Solve the kinematic equations

Solve the dynamical equations

Substitute the coefficients into undetermined
functions and these into the candidate Lax pair

Test the Lax pair



Example 1: The modified KdV (mKdV) equation
ut + auug + ugy = 0

has weights of W(u) = W(0;) =1 and W (0;) = 3
Selecting W (L) = 1 gives a trivial Lax pair
Select W (L) = 2, as in the KdV case, yields

M = 3D + ¢gD2 4+ g1Ds + gol

Requiring uniform weights gives

2 3
f1 = bou, fo=bi1u”+ bouy, go = ai1u” + axuUy + a3Uzy



Example 1: The mKdV equation — continued

Solving the kinematic constraints and dynamical
equations gives the Lax pair

L = D2 + 2euD,

_ ((1262

(

M = —4D° — 12euD?

a) u?

(6e -

—Ga) ua;) I

(1ze + \/ﬁ) u;,;) D,

—((4€ + Zea)u? + (12¢* £ ev/=6a + @) uu,

—I—(Se -+ % —6a)um) I

M. Wadati, J. Phys. Soc. Jpn., 1972-1973]



Example 2: The Boussinesqg system
ur — vy = 0
vy — Buz + Juug + auzy, =0
has W(0,) =1, W (0¢) = W(u) =W(B) =2,W(v) =3
Select W (L) = 3. Then,
L = D+ fiDs+ fol
M = CQD% + go 1

The kinematic constraint yields go = Zcaf1 + cof3

The dynamical equations then become
D:fi = c2 <2Da:fo — D?;fl)

D:fo = ¢ (Di 0—%D§2f1—§f1Dxf1)



Example 2: The Boussinesqg system — continued

The uniform weight ansatz gives

fi a1u + a2f
fO =  A3Ug —+ D;l (a4u2 -+ &55’& + a6Uy + a’752)

Solving the dynamical equations gives

L = D>+ i (3u—p) Dx—l—&% (aux::%\/Sav) I
M = ::\/SCXD?C::@UI

20

V. E. Zakharov, Func. Analysis Appl., 1979]



Example 3: The coupled KdV system (Hirota &
Satsuma)
ur — 68uuy, + 6vv, — Buz, = 0

vy + 3uvg + v3z =0
has W (0,) = 1, W () = 3, W(u) = W(v) = 2.
Select W (L) = 4. If 8 = =, then

L = D3+ 2uD? + 2(uy — v;)Dy
+ (U2 — U2 + U2 — U2:13)I

M = 2D2 +3uD, +3 (%um —v;,;) I

IR. K. Dodd & A. Fordy, Phys. Lett. A, 1982]



Example 4: The Drinfel’'d-Sokolov-Wilson system

us + 3vv, = 0, vt + 2uv,; + auv + 2v3, = 0

has W (8;) = 1, W (8:) = 3, W (u) = W (v) = 2.
Select W (L) =6. If a =1, then
L = D% + 2uD} + (4uy—3v,)D3

1 (% (ugx—vgx)—uQ — 02) Di

+- (g (u3e —v3z) + 2 (uug —vvg) + ua;v—uvx) D

— (%(UZL;U_UZL:U) — %(U‘I‘U)(UZQU_UQ;U) — i(ui—vi)) I
M = D3> +uD, — %(Sfux—ul«)l

[G. Wilson, Phys. Lett. A, 1974]



Example 5: Class of fifth-order KdV equations

2

ut + auuz + BurUzy + yuU3z + Usy = O

Includes several completely integrable equations:

Parameter ratios Commonly used values Equation name
(%.2) () B,7)
(3,2) (30, 20, 10), (120, 40, 20), Lax
(270, 60, 30)
(£,1) (5,5,5), (180, 30, 30), Sawada-Kotera
(45,15, 15)

(2, 3) (20, 25, 10) Kaup-Kupershmidt




Example 5: Fifth-order equations — continued

For W (L) = 2, only Lax's equation has a Lax pair
L =D+ 1—10fyuI
M= —16 D?; — 4vyu Di — O0YUy Di — 7y (5u;m — l%vfu?) D,
— (%ugx + %vuuw) I

[P. Lax, Commun. Pure Appl. Math., 1968]



Example 5: Fifth-order equations — continued

For W (L) = 3, the Sawada-Kotera and
Kaup-Kupershmidt equations have Lax pairs

For the Kaup-Kupershmidt equation:

L =D %vu D

1
70 Y Ua |

M = 9D + 3yu D} + §yu, D + (39%u? + Jyuee )

+ (%’y%ugg — ’7“3:13) I

[A. Fordy & J. Gibbons, J. Math. Phys., 1980]



Example 5 Fifth-order equations — continued

For the Sawada-Kotera equation with W (L) = 3:
Case I L =D3+ iyuD,

M=9 Dg + 3vu D?U = S Di + (%7211? + 27u233) D,

IR. K. Dodd & J. D. Gibbon, Proc. R. Soc.
Lond. A, 1978]

Case II: L=D+ :vuDg + zyusl
M =09 Di + 3yu Di + 6yUy Di u (%vqu e 5’yu2x) D,
+ (%7%% + 27”&3:6) I

[Could not find a reference for Case II]



Conclusions and Future Work

Paper: M. Hickman, W. Hereman, J. Larue, and
U. Goktas, Scaling invariant Lax pairs of nonlinear
evolution equations, Applicable Analysis 91(2)
(2012) 381-402.

Scaling invariant Lax pairs are fairly easy to
construct

Gauge equivalence: which Lax pairs are useful,
which ones are not?

Compare with Wahlquist & Estabrook method,
pseudo-differential operator method, etc.

Implementation in Mathematica






