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Lax Pair of Nonlinear PDEs

Historical example: Korteweg-de Vries equation

Ut + cuuy + Uggy = 0

Lax equation: L; + [L,M] =0 (on PDE)
with commutator [L,M] = LM — ML

Lax operators:




Note: Li¢ + [L, Mo = & (ut + cquug + Ugzz) ¢
Linear problem

* Sturm-Liouville equation: Ly = Ay
For the KdV equation

¢xx+<%u—)\)¢20

* Time evolution of data: y; = My

* Eigenvalues of L are constant: A\s =0



— ML

s, Lo + (LM — ML) = O

or
L+ [L,M] =0 (on PDE)



Eliminate the third order term in M :

Recall that Ly =0 — Yz = (A — Gu)?

3
]\4:—43——g<ua | au
or Ox
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Reasons to compute a Lax pair

Replace nonlinear PDE by linear scattering
problem and apply the IST

Describe the time evolution of the scattering data
Confirm the complete integrability of the PDE
Zero-curvature representation of the PDE
Compute conservation laws of the PDE

Discover families of completely integrable PDEs

Question: How to find a Lax pair of a completely
Integrable PDE?

Answer: There is no completely systematic method



Nonlinear Partial Difference Equations (PAEs)

Discrete Potential Korteweg-de Vries (pKdV)
equation

(Vn,m = Unt1,m+1) (Vnt1m — Vnm+1) — p*+q* =0

Notation:

v is dependent variable or field (others use u or x)
n and m are lattice points (others use ¢ and m)

p and ¢ are parameters (others use a and j3)



For brevity, denote

(Vn,m, Un+1,ms Unm+1, Un+lm+1) = (&, 21, T2, T12)
Alternatives (in the literature): (v,d,0,v) or
(x,u,v,y) or (U()(),’Ul(),’U()l,’Ull)

discrete pKdV equation:

(x — z12) (21 — 22) — P>+ ¢> =0

Alternatives (in the literature):

(v—0)(8 —0) —p°+¢° =0

of (@ —y)(u—v) —p>+¢> =0

or

(voo — v11)(vip — vo1) — p* +¢° =0







X =Vnm |8 X1 = Vn+1lm



Lax Pair of Nonlinear PAEs
Require that ¥ = Ly, 1 = My

Compatibility:

Y12 = Lot = LaM1)

Y12 = M1 = MLy

Hence, Lax equation: LoM — ML =0 (on PAE)



Example 1: Discrete pKdV equation

(z — z12) (21 — 22) —p° +¢° =0

H1l via extended MoObius transformation:
1

L — 57331 — L1, L2 — 33_12’3:12 — X12, P — 2197q_>q

Lax operators:

T p2—k2—:cx1

1 — X1

€T q2—k2—azx2

1 — X9

witht=s=1o0or t = —-1

Note: & = Vi V=




€T q2—k — XTX9

1 —1 x4+ x9
V(P2 —k2)(¢®—k2) | 0 1




Example 2: Discrete modified KdV equation

p(xx2 — x1712) — q(TT1 — T2T12) = 0

H3 for ¢ =0 and r12 — —XI192
LLax operators:

—px  kxx
L=t| ©
kK —px
—qgx kxxo
M = s !
k  —qxo
witht=-L ands=2L1 ort=s=1
I X2 45
_ 1 _ 1
or t = Ny and s = N CEy
Note: 2 &£ — 221 _ &1
Tt s ) o



Algorithm to Compute a Lax Pair

(Nijhoff 2001, Bobenko & Suris 2001)

Applies to equations that are consistent on cube
Example: Discrete pKdV equation

Step 1: Verify the consistency around the cube



X3 X13




* Equation on front face of cube:

(z — z12) (21 — 22) —p* +¢> =0

p2_q2
Solve for 19 = ©x — Y—~L-
r1—I9
C t p2_q2
ompute xri23 : L12 > L1123 = &3 — T13—T23

* Equation on floor of cube:

(z — z13) (1 —x3) —p° + k=0

2—l€2

Solve for x13 =x — &

L1—x3

Compute x1923 : 13 —— X123

|
S
N
|



* Equation on left face of cube:

(z — w23)(x3 — x2) — k> + ¢°> =0

C]2—]€2
Solve for x93 = x —
2 2 k‘2
. _ .
Compute x93 : 23 — X123 = I1 e
* Verify that
2 2 2 2 2 2
q° — k p°—k p°—q
L123 — L1 — — X2 — — X3 —
L12 — I13 L12 — L23 L13 — I23

Upon substitution of xi12, 13, and xa3

p’x1(x2 — x3) + q°x2(x3 — x1) + k?x3(x1 — x2)
p*(z2 — x3) + ¢*(x3 — 71) + k?(71 — 22)

L123 =

Note: x93 is independent of x (tetrahedron condition)

Consistency around the cube is satisfied!



Step 2: Homogenization

Numerator and denominator of

r3T—rx1+p°—k? and Lo3 = r3T—Tx2+q°—k?

L13 = T3 —T1 T3 —T2

are linear in x3

Substitute z3 = 5 — 13 = g—i, €T3 — g—z

g1 f—z1g
Hence, fi = ¢ (zf + (p* — k* — zz1)g) and

g1 =1t(f —x19)
or, in matrix form

2 1.2
From 13 . o 2 i = =g

i _ r p*—k?—zI1| | f

g1 1 — a1 g




- ) i -
€T — k* — xxq
L=tL.=t| 7"
1 —x
- ) ) -
€T — k* — xx9
1 — X9




Step 3: Determine ¢t and s
* Substitute L =tL., M = sM_. into LaM — ML =0
— tQS(LC)2MC — Slt(MC)lLC =0

* Solve the equation coming from the
(2-1)-element for

to s

o :f(xawlv'CUQ)vaL"')

t s

* If f factors as

= F(x,x1,p,q,...)9(x,z1,p,q,...)
f(CC,CCQ, q,p, .. -)9(337332, q,p, .. )

1 1
then t=z -5 Or g,y and
1 1

S S L r—

NoO square roots needed!



Exceptions: For the Al and A2 lattices

to s F(x,z1,p,q,...)G(x,z1,p,q,...)
t s1  F(x,x2,q,p,...)G(x,22,q,p,...)

Nevertheless, one needs to apply the determinant
(which introduces square roots).

* If f does not factor, apply determinant to get

tag 5 det L. det (M.),

t 51\l det (Le)s det M.
1 g— 1

Vdet L.’ -~ V/det M.

—— Introduces square roots!

* A solution: t =




ry to avoid square roots!

Remedy 1: Work with the 3-leg form of the lattice
Remedy 2: Apply a change of variables x = F(X)

- = f(F(X),F(Xl),F(X2)7p7Q7)

f(Xa XlaPaQa .. )g(Xa X17p7Q7 . )
f(Xa X27Q7p7 .. )g(X7 X27Q7p7 . )

Example: Q2 lattice. Replace z = F(X) = X?

x + 1) + 6°p?)

T + z2) + 62¢%)
(X — X1)* — op?)
(X — X2)? — 6¢°)




* Different Lax pairs are equivalent
(gauge invariance of the Lax equation):

L =G LG, M=GMG!

where G is diagonal matrix (or scalar factor) and
¢ =Gy

Proof: Trivial verification that

(LoM — ML) =0« (LoM — ML)y =0






Additional Examples
Example 3: H1 equation (ABS classification)

(x —z12)(21 —22) +q—p =0

Lax operators:

T — k — xx1
L=t| F

1 — X1

€T — k — 29
M = s L

1 — X9

wWitht=s=1or t = kl and s = —-
—Pp k—q



Example 4: H2 equation (ABS 2003)

(z—z12) (21 —22) + (¢—p) (T+T1+22+712) +¢°—p° =0

Lax operators:

T p—k+z pP—-k*+(p—k)z+z1)— 221
1 —(p—k + 1) )
> g—k+z ¢ -k +(qg—k)(x+x2) — xx2
= s
1 —(q — k + x2) )
with t = L and s = L
\/Q(k—p)(p—l—az—l—m) \/2(k—q)(q—|—x—|—a:2)




Example 5: H3 equation (ABS 2003)

p(zz1 + z2w12) — q(zT2 + TT12) + 6(P° — ¢°) = 0

Lax operators:

_kx —(6(p? — k2) + pxx _
I — ( (P ) p 1)
D —kxq
_k —(6(g? — k%) + gxx _
M — o L ( (q ) +q 2)
q —kxo
with t = L and s = L
V (P2 —k?)(Sptzz1) V(@2 —k2)(6q+zz2)
Note; f2 5 — optza:




Example 6: H3 equation with § = 0 (ABS 2003)

p(xT1 + z2712) — q(TT2 + TX12) = 0

Lax operators:

kx —pxx
L=t P
p —kxi
kxr —qgxxo
M = s q
qg —kxo
witht=s=Lort=1 and s= 1L
L L1 o
Note: &2 5 — 271 —

E%|E%
=

t s

8
8
N



Example 7: Q1 equation (ABS 2003)

p(z—x2) (21 —212) —g(x—21) (22 —212) +6°pg(p—q) = 0

Lax operators:

I (p — k)x1 + kz  —p (68°k(p — k) + zx1)
D — ((p — k‘).il} -+ ka:l) ]
7 (g — k)xa + kz —q (6%°k(q — k) + zx2)
=5
q — ((q — k)CB -+ kxg) )
- _ 1 _ 1
with t = 5L (o) and s = 5L (e—13)’
or t = - and
\/k(p—k) ((5p—|—a:'—x1)(5p—a?+:r;1))
1
S —
\/ Bla—k) ((bq+z—2)(dg—a+22))
Note: f2 5 — q(dp+(z—=z1)) (Sp—(z—21))

t s1 p(5q+(x—$2))(5q—($—$2))




Example 8: Q1 equation with 6§ =0 (ABS 2003)

p(z — z2)(z1 — 712) — g(* — 71) (22 — 212) = 0

which is the cross-ratio equation
(z —x1)(z12 —22)  p
q

(Gai—rpin)\Gn—27)
Lax operators:

G (p — k)x1 + kx —pxI]
p —((p—k)z + kém)_

— k)xo + kx —qIIT

M — o (C] ) 2 qrro
q — ((q — k)x + kxg)_
ey, 2 — dz=21)’ g5 t=-L and s = .

S1 p(rx—x2) T—1I1 T—1I9
or t = 1 and s = 1

\/ k(k—p)(z—x1) \/ k(k—q)(z—2x2)



Example 9: Q2 equation (ABS 2003)

p(x—x2)(r1—212) —q(T—21) (22 —T12) +Pq(P—q)
(x4z14+224+212) —8°pg(p—q) (p* —pg+q°) =0

Lax operators:

(k—p)(0kp—x1)+kx
t —p (0k(k—p)(0k*—0kp+dp® —x—x1)+21)
P —((k—p)(6kp—x)+kx1)

(k—q) (0kq—2) + ka
M=s —q (6k(k—q)(0k*—6kq+8q* —x—x2) +122)
q —((k—q)(6kq—z)+kz2)




with

t = !
\/k’(k—p) (($—$1)2—25p2 (af:—|—$1)—|—(52p4)

and

1

"7 i) ((o—22) 262 (s z2) 1627

Note:
CRC. (z — x1)? — 20p*(x + x1) + 6°p*)
t 51 p((z— x2)? — 20¢%(z + x2) + 52¢4)

with x = X?



Example 10: Q3 equation (ABS 2003)

(¢* —p*)(zx12+T172) +9(p° — 1) (221 +T2712)

2
—P(QQ— 1)(xx2+x1712) — %(1?2—(]2)(102 — 1)(q2— 1)=0

Lax operators:

—4kp (p(k*—1)z+(p*> —k)z1)
—(p2 —1)(6k%— 62k — 62p2 4+ 62k2p® — 4k2pra: )
—4k*p(p*—1) 4kp (p(k* = 1)z1+ (p* — k*)z)

_—4kq (q(k2 —1z+(g? —k2):c2)

=5 —(?—1) (k> — 5%k — 62q% + 62k q* — Ak qu o)

—4k*q(q* —1) 4kq (q(k* —1)z2+(q° — k%))




with
t_

and

g —

B 2k\/p(k2_1)(k2—p2) (4]92 (z—1)?—4p(p—1)?z21+62 (1—p2)2)

Note:
ta s

t s1

- 2k\/Q(k2_1)(k2—q2) (4¢%(z—w2)2—4q(q—1)2z22+02(1—¢2)?)




Example 11: Q3 equation with § =0 (ABS 2003)

(¢° — p*)(zz12 + T172) + q(P° — 1)(TT1 + T2T12)

—p(q2 — 1}(zx2 + z1Z12) = 0

Lax operators:

P _(pQ—kz):cl—l—p(kQ—l)a; —k(p?—1)zz1 _
| -1k —((p°—k*)z+p(k?—1)z1)
IV _(q2—/<:2)x2—|—q(k2—1)a; —k(qg*—1)xzo _




Note: 2 5 — (¢°—1)(pz—x1)(pr1—2)

t s1 (p2—1)(qw—x2)(qx2_x)



Example 12: (a, 8)-equation (Tran)

((p—a)x—(p—l-ﬁ):m) ((p—ﬁ)ivz—(p-l-oz)wm)
_((q—oz)x—(q—l—ﬁ)azz) ((q—ﬁ)xl—(q—l—a)xlg) =0

Lax operators:

|
~

_(p—@) (p—B)z+(k*—p*)z1 —(k—a)(k—B)zx1
(k+a)(k+B8)  —((p+a)(p+B)z1+(K—p*)x)

S
||

_(q—a) (g—B)x+(k*—q*)xs —(k—oa)(k—B)zxo
(k+a)(k+8)  —((g+)(g+B)z2+(k*—g*)z)

S




with t = 1 and s = 1

(a—p)z+(B+p)x1) (a—q)z+(B+q)r2)
- 1 - 1
&= o ey B8 8 = e
or t = 1
\/(P2—k2)((5—p)$+(0¢+19)$1) ((a—p)z+(B+p)z1)
and s = 1

V (@=k) ((B-)z+(atq)ws) (a—g)z+(B+9)z2)

Loty s (B—p) ‘|‘(Oé—|‘p)£131)((Oé—p)x—l—(ﬁ—l—p)xl)
Note: t s1 ( a—|—q)a:2)((a—q)a;+(ﬁ_|_q)a;2)




Example 13: Discrete sine-Gordon equation

rT1T2712 — pq(TT12 — T172) — 1 =0

H3 with 6 = 0 via extended MoObius transformation:

1

1 1
LE=r Lo ] ==y L2 = S 12 e o P e Dy g = q

T he discrete sine-Gordon equation is NO T
consistent around the cube, but has a Lax pair.
Lax operators:

p —kx
I

_k pr1

gz 1
M — €T kx




Conclusions and Future Work

Mathematica code works for PAEs in 2D defined
on quad-graphs (quadrilateral faces)

Code can be used to test consistency around the
Ccube

Code can be used to test Lax pairs

Avoid the determinant method to avoid square
roots! Factorization plays an essential rolel

Work with equivalent representation of the lattice
(3-leg form)

Try to find the simplest Lax pair



Consistency around the cube — PAE has Lax
pair

Lax pair reveals itself from the map (by
eliminations)

here are PAEs with a Lax pair that are
not consistent around the cube.
Example: discrete sine-Gordon equation

Hard case: Q4 equation (elliptic curves,
Weierstrass functions) (Nijhoff, 2001)

PAEs in 3D: Lax pair will consist of tensors.
Examples: discrete Kadomtsev-Petviashvili (KP)
equations (AKP, BKP, KP lattice)






