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Conservation Laws

Conservation law in (141)-dimensions

Dip + D,J = 0| (on PDE)

conserved density p and flux J

Conservation law in (341)-dimensions

Dip+V-J=Diyp+D,J1 +DyJa+ D,J3 =0|(on PDE)

conserved density p and flux J = (J1, Ja, J3)



Famous Examples in Historical Perspective

Example: Korteweg-de Vries (KdV) equation

ou ou O3u
e | —0

Ot u u@w ox?

Diederik Korteweg  Gustav de Vries



First six (of co many) densities-flux pairs:

’U,2

2
u2) + D, <§u3 — uag2 -+ 2uu2$> =0

3
D, (ZU4 - 6uux2 — 3u2u2$ — 3u2$2 - Guxu3x> =0

108
Dy <u5 — 30 u’uz? + 36 uugy’ — 7“335) +

5 216
D, (guG - 4Ou3ui T TUSQUUM) — 0



Third conservation law: Gerald Whitham, 1965
Fourth and fifth: Norman Zabusky, 1965-66
Sixth: algebraic mistake, 1966

Seventh (sixth thru tenth): Robert Miura, 1966



Robert Miura



First five: IBM 7094 computer with FORMAC
(1966) — storage space problem!

First eleven densities: AEC CDC-6600 computer
(2.2 seconds) — large integers problem!

2006 Leroy P. Steele Prize (AMS): Gardner,
Greene, Kruskal, and Miura

National Medal of Science, von Neuman Prize
(SIAM), ...: Martin Kruskal



Key property: Dilation invariance

Example: KdV equation and its density-flux pairs
are invariant under the scaling symmetry

2
(x,t,u) — (X, F’A u)

A IS arbitrary parameter

Examples of conservation laws
2
Dy (u2) + D, (§u3 — ux2 + 2uu2x> =0
Dt (u3 — 3u3;2) —+

3
D, (Zu4 - 6uux2 — B’U,Z’U,Qx — 3uQx2 - 6uxu3x> =0



" Transcendental Equations in (141)-Dimensions

Example: sine-Gordon equation

UXT = sin U

or |

Written as a first order system:
Ut = U

Vi = Ugpr + aSINU

Scaling invariance (trick!)

t
(z,t,u,v,a) — (;, P Au, dv, Ma)

A\ IS arbitrary parameter



First few densities-flux pairs

Py =

P2) =

2

200 cosu + v+ Uy J(l) = —2U,V
_ 2 2

2ULV Ji2) = 2accosu — v7 — uy

12vu, cosu + 2v3u;,; — 2vu:,;3 — 16v,u9,

2 cos’ u — 2sin’ u — v? —+ 6v2ux2 - ux4

+ 4v? cosu + 20u,2 cosu — 16v,° — 16w9y,>

J(s) are not shown (too long)



An Example in (241)-Dimensions
Example: Shallow water wave (SWW) equations

[P. Dellar, Phys. Fluids 15 (2003) 292-297]

1
u: + (uViu+2Q xu+ V(0h) — §hV9 =0
0; + u(VH) =0

where u(x,y,t),0(x,y,t) and h(z,y,t)



In compone

nts:

1
ut—l—uu;,;—l—vuy—QQU—l—gh«%—l—th:O

0 -

1
v + uvg + vvy + 2 Qu + §h9y +0hy =0

_ugx_

- v0y, = 0

ht + hug + why + hvy + vhy = 0

SWW equations are invariant under
(‘T/‘7 y? t? u? ’U, h) 07 Q) —
Atz XLy, A0, A0, A0 e, AR, A2 20, \PQY)

where W (h) =a and W(Q)=b (a,b € Q)



First few densities-flux pairs of SWW system:

uh
vh
uh6
vho
uh6?
vho?

uw3h + uv?h + 2uh?6
pay = (U2 +v)h+h%0 JW =

v3h + u?vh + 2vh%0
(4Qu — 2uuy + 2uv, — h6,)0

(4Qv + 2vv; — 2vuy + h6,)6

JG) —

DO |



1
+ D, <§g(9) (4Qv — 2uyv + 2vv; + h@x)> =0

for any functions f(0) and ¢g(60)



Reasons to Compute Conservation Laws

» Conservation of physical quantities (linear
momentum, mass, energy)

» Verify the closure of a model

» Testing of complete integrability and
application of Inverse Scattering Transform

> Testing of nhumerical integrators

» Study of quantitative and qualitative
properties of PDEs (Hamiltonian structure,
recursion operators)



Notation — Computations on the Jet Space

» Independent variables x = (x, vy, z)

» Dependent variables
u= (e, @ ) )

In examples: u = (u,v,0,h,...)

k ak—l—lu

> Partial derivatives wj, = 2%, up,py = = S,

» Differential functions

Example: f = uvv, + xQuivx + UV



> Total derivative (with respect to z)

CIREN o M %,
D, = Ey T kz:; U(k+1)a Dur. | kz:; V(k+1)z Dor.
a0 o> 0
= % + Um% + Ugy Dt ~ U3z . ..
9 > 0
—|—”U:1:% + Uzz S ~ U3z i ..

Mél) is the order of f in u (with respect to )
M? is the order of f in v (with respect to x)



> Example: f =wvv, + ugvx + U Vg
Here, Mél) — 1 and Ma(; ) — 2

» Total derivative with respect to x:

Dzf = + Z u(k—l—l)az Z V(k+1)x

kx

of , af O f

- 8w % e OU
of of  of
+ Vg 8v + V2 o ~ U3x i

— 2513%3”0:1: + U, (vfux) -+ um(3a:2u2vg; = fo:r;)

+ Vg (uvaﬁ) -+ U:cac(u'U + CU u ) + Umxw(uac)



A Method to Compute Conservation Laws
» Density is linear combination of scaling
invariant terms with undetermined coefficients

» Compute D;p with total derivative operator

» Use variational derivative (Euler operator) to
compute the undetermined coefficients

» Use homotopy operator to compute flux J
(invert D, or Div)

» Use linear algebra and variational calculus
(algorithmic)

» Work with linearly independent pieces in finite
dimensional spaces



Algorithm for PDEs in (1+41)-dimensions
» Example: Density of rank 6 for the KdV
equation

Ut + Uy + Usg; = 0

» Step 1: Compute the dilation symmetry
Set W(D,) =1 and solve

W(u)+W(D¢) =2W(u)+1=W(u)+ 3

Hence,
Wi(u) =2, W(Dy) =3
Thus,
x 9
(xz,t,u) — (X, F’)\ u)



» Step 2: Determine the form of the density

List powers of u, up to rank 6 :  [u,u?, u’

Introduce z derivatives to ‘adjust’ the rank
v has weight 2, introduce D}
u? has weight 4, introduce D2

u? has weight 6, no derivative needed



Apply the D, derivatives

Remove total and highest derivative terms:

[ugz] —

2

(uz”, uuy| —

]

Linearly combine the “building blocks”

|  empty list

Candidate density:

since uugy = (Ulg)r — Ug

3
P = C1U" + Co2Uy

2

2



» Step 3: Compute the coefficients ¢;

Compute
dp

Dip = T p'(u)[ud]

op /N
— D
ot T2 o

— (361U2I + 2couz Dy )uy

Substitute u; by —(uuy + usy)

i

—Dyp = (SCluZI + 2c2u Dy ) (uug + usg)

361 u3

Uy + 20221,:?1’j + 2coutu, Uy

2
+3 ciuusy + 2coususgy



Apply the Euler operator (variational derivative)

m o
L = (-Dg)*
k=0 Oty

Here, E has order m = 4, thus

LOE = a—E—DxaE - D?
“ ou OU Y Ouoy Ousy Ou4,

= —6(3c1 + c2)uzu2e

his term must vanish!

_ 1

SO, ¢ = 3

c2. Set co = —3, then ¢ =1

Hence, the final form density is

3

p=1u — 3ug?




» Step 4: Compute the flux J

Method 1: Integrate by parts (simple cases)

Now,
B = Su?’um — 3u2u3x - 6u§’6 — OUUL U2, — OUL UL,
Integration of D,J = FE vields final form of the flux

3
J = "t
4

2 2

— OUL U3

3u2u2x 3U9,

— OUU,




Method 2: Build the form of J (cumbersome)
Note: Rank J = Rank p 4+ Rank D; —1
Build up form of J. Compute

m IS the order of J. Match D,.J = F






Here M = 4, thus

E E
I.E = (UI)(a ) + (uzl — uDg)( 0 )
E
(sl — uyDy + uD2) (22
U3y
.. OF

+(u3e] — u2: Dy 4+ ugDZ — uD?)(

)

8’&4;5
= (ul)(3u® + 18u’ — 6uug, — 6uly)

+(uzl — uDg)(—6uuy)
+(u2zl — uz Dy + uDi)(SuQ)
+(u3zl — w2, Dy + u:,;D?E — uDi)(—Gux)

= 3u* — 18uu? + Yuus, + 6us, — 12uzus,

Note: correct terms but incorrect coefficients!



3
— Z’U,4 — 6’11,'11,33 —l— 3?1,2'11,23; _l_ Su%w - 6uxu356

Final form of the flux:

3
J = Zu4 — 6uu,’ + 3ulus, + Sugy’ — OUL U3,







Review of Vector Calculus
» Definition: F is conservative it F =V f

> Definition: F is irrotational or curl free if
VXF=0
» Theorem: F=V/fiff VXF =0
The curl annihilates gradients!
» Definition: F is incompressible or divergence
freeif V.-F =0
» Theorem: F=V xXGIiff V-F =0
T he divergence annihilates curls!
Question: How can one test that f =V - F7



Review of Vector Calculus
» Definition: F is conservative it F =V f

> Definition: F is irrotational or curl free if
VXF=0
» Theorem: F=V/fiff VXF =0
The curl annihilates gradients!
» Definition: F is incompressible or divergence
freeif V.-F =0
» Theorem: F=V xXGIiff V-F =0
T he divergence annihilates curls!

Question: How can one test that f =V - F7
No theorem from vector calculus!



Tools from the Calculus of Variations

» Definition:

A differential function f is exact iff f = D, F
» Theorem (exactness test):

f=D,F iff L((J)(w)f_O j=1,2,....N
> Definition:

A differential function f is a divergence if

f=DivF
» Theorem (exactness test):

f = DivF iff L(m(x)f_o j=1,2,...,N

The Euler operator annihilates divergences!



where 9 =1,2,..., N.



u Oug Ouy/

0 0

+ D? . — D —— o
yaug) Z%%é? 8ug2

~+D;D
o

where 3 =1,2,..., N.



Application: Testing Exactness

Example:

3

> sIn U — 6vVV, COS U +2Uz U2, COS U + 8V Vg

f=3ugv?sinu —u

where u(xz) and v(x)
f Is exact

After integration by parts (by hand):

F:/fdaizélvi—l—ui cosu — 3v? cosu






Inverting D, and Div
Problem Statement in 1D

Example:

3

2 sIn U — 6VV; COS U +2Uzr U2, COS U + 8V Vo

f=3ugzv’sinu —u

Find F:/f dr. SO, f=D.,F
Result (by hand):
F =492 +u? cosu — 3v? cosu

Mathematica cannot compute this integral!



Problem Statement in 2D
Example:

f = UpVy — U2xVy — UyVUy + UgyUz
where u(z,y) and v(x,y)
Find F=Div'! f so, f =DivF
Result (by hand):

~

F = (uvy — ugvy, —uvg + UgVy)




Problem Statement in 2D

Example:

where u(z,y) and v(z, y)
Find F=Div ! f so, f=DivF

Result (by hand):

~

F = (uvy — ugvy, —uvy

u:vvx)

Mathematica cannot do this!



Problem Statement in 2D

Example:

where u(z,y) and v(z, y)
Find F=Div ! f so, f=DivF

Result (by hand):

~

F = (uvy — ugvy, —uvy

u:vvx)

Mathematica cannot do this!
Can this be done without integration by parts?



Problem Statement in 2D

Example:

where u(z,y) and v(x,y)
Find F = Div ! f SO, f = Div F

Result (by hand):

~

F = (uvy — ugvy, —uvy

u:vvx)

Mathematica cannot do this!
Can this be done without integration by parts?

Can this be reduced to single integral in one variable?



Problem Statement in 2D
Example:

f — Uz Vy — U22zVy — UyUy + Ugy Vg
where u(z,y) and v(z, y)
Find F =Div"' f so, f=DivF
Result (by hand):

~

F = (uvy — ugvy, —uvg + UgVy)

Mathematica cannot do this!
Can this be done without integration by parts?

Can this be reduced to single integral in one variable?

Yes! With the Homotopy operator



Using the Homotopy Operator
Theorem (integration with homotopy operator):

e In 1D: If f is exact then

F=D;'f = [ fdo =My !

e In 2D: If f is a divergence then

F=Div!f=MH" fHY )

u(z,y) u(z,y)




Homotopy Operator in 1D (variable z):

1 N d\

Hu@) ) = Z(qu)f)[)\u] ~

0 5 A

with integrand
MY [_1

(4) k—(i+1) of
u(J)f Z Zu 3 (7)
1= ukaz

N is the number of dependent variables and

(I, f)|Au] means that in I f one replaces
u — Au, u; — Au,, €etc.

More general: u — A(u — ug) + ug

u,; — AN(ugy — uyg) +uyy etc.



Application of Homotopy Operator in 1D

Example:

3

2 sIn U — 6V, COS U +2Uz U2, COS U + 8V Vg

f=3ugv?sinu —u

Compute
0 0
= 3uv’sinu — uu’ sinu + 2uZ cosu



0 A

1
— / (3)\2uv2 sin(Au) — Auu? sin(Au)
0

+2Xu? cos(Au) — 6Av? cos(Au) + 8)«)33) dA

— 41)3, + ui cos u — 3v% cos u



Homotopy Operator in 2D (variables x and vy):

(2) 1Y X
Hu(af:,y)f: , Jz_:l( (])f)[)\u] \
N
Wt = [ 3o ) %
j=1
where
MDD MP (k-1 ky (k +ky—ig zy—l)

ko —1k —0 \4o=0 iy =0

(_Dx)kx_im_l (_Dy)ky_iy) af



Application of Homotopy Operator in 2D

By hand: F = (uv, — ugvy, —uvy + uzvz)

Compute
I?Sx)f — u 2 F (ugl — uDy) 2
1 1 OFf



H

1
2

I

(z)

u(z

(v

A

—UVy + Zuyvx —

pf=[ (IO + 17 F) ] -

1 1

1 1 1 1 1

v) d )

—UrVy + —UVpy — —UyUV + — Uy U
Qxy A Ty 2y wa



Analogously,

dA
= Holof / (L9 f +10f) )=

! 1 1
:/ <)\ (—U/Ug; — 5%’0255 + 5“:1:”:1:) + A (U:I:U — u2xv)> dA
0

1 1 1 1 1
— —5”(1/0:1: — ZU/UQ:I: + Zumvm + 5“96” — iung
So,
1 1 1 1 1 1
P §U/Uy —+ ZnyU:U — §uazvy + Zuvxy — §U:yv - §u;cy”U

1 1 1 1 1
—5UVz — 7UV2z + FULVz + 5ULV — U2V



~

Let K=F—F then

1 1 1 1 | 1 1
1 1 3 1 1

then DivK =0

Also, K = (D,0, —D.0) with 6 = %uv — iuvx — %uwv

(curl in 2D)

Needed: Fast algorithm to remove curl terms
(and strategy to avoid curl terms)



Computation of Conservation Laws for SWW

QuicC

k Recapitulation

Conservation law in (241) dimensions

Dip+V-J =Dip+ DgJ1 +DyJa =0 (on PDE)

conserved density p and flux J = (Ji, J2)

Example: Shallow water wave (SWW) equations

1
ut—l—uux—l—vuy—Zva—l—ih@x—l—th:O

0 -

1
v + uvg + vvy + 2 Qu + §h9y +0hy =0

_uex_l

-v0, =0

ht + hug + uhy + hvy + vhy =0






Algorithm for PDEs in (2+41)-dimensions

Step 1: Construct the form of the density

he SWW equations are invariant under the
scaling symmetries

(z,y,t,u,v,0,h, Q) — (XN 1z, X\ y, A%, du, Av, A0, Ah, A2Q)
and
(z,y,t,u,v,0,h, Q) — (XN tx, X1y, A\, A, Av, A20, APk, A2Q)
Construct a candidate density, for example,
p = c1920 + cauy 0 4 c3v,0 + caur 0 + c5v.0

which is scaling invariant under both symmetries.



Step 2: Determine the constants ¢;

Compute E = —D¢p and remove time derivatives
op op dp dp op

b= - Utz Uty Vi - Viy + ——0

B, uy, U vy~ Ouy, U 00 2

= c4f(uuy + vuy — 2Qu + %hex + 0hs) s

+ c20(uug + vuy — 2Qu + Lhl, + 0hy),

+ c560(uvy + vuy, + 2Qu + %hey + 0hy)a

+ c30(uvy + vuy + 2Qu + %hey + 6hy),

+ (192 + CoUy + C3Vy + C4Uy + 05%)(“9:8 T Uey)

Require that

£00 g £00 p_ 00 5 00

. ) 0@y L = Lyt =0



Solution: ¢1 =2, co=—-1, c3=c4 =0, cg =1 gives

p = 200 — u,0 4 v,.0

Step 3: Compute the flux J

E = 0(ugzvy + uveg + vg0y + vUgy + 2Quy
——%Hxhy — UpUy — Ulgy — UyUy — UyV
+2Qub; 4+ 2000, — uu,0;

—uyvly + uv0; + vu.0,

Apply the 2D homotopy operator:

J = (J1, J2) = Div ' E = (H(x(gc Y) Hl(ly()lfay) )



Similarly, compute

1
IYE = w0+ §v20y + uv,0
1
Ie(w)E — 592hy + 2Qub — uuy6 + uv,0

1
IE = —00,h



= ANQuO + N* ( Buv.0 + §u20y — 2uuy0 4 vv,0

1 1 1

2 1 1
= 2Qub— guuyG—l— UV 0+ §'vvy6’—|— guZHy

1 1 1
4—6fu29y — oo, + EhyHQ



“h60, — —h,0°
+6 6

Hence,

- 1 [ 12Qu6 —4uuy, 0+ 6uv,0 +2vv,0 +u?0, +v*6, — h60, + h,6?
6\ 12000 + 4vv,0 — 6vuy 0 — 2uuL0 — u0, — 120, +hO0, — h6?



Needed: Fast algorithm to remove curl terms
(and strategy to avoid curl terms)



Additional Examples

Example: Kadomtsev-Petviashvili (KP) Equation

(ut + auUuy + USm)w + 0'2u2y =0

parameter o € R and o2 = +1.

The equation be written as a conservation law

Dy(uz) + Do (quug + use) + Dy(o?uy,) = 0.

Exchange y and ¢t and set u; = v

Ut = U

1

2
vt = ——(Ugy + auy + auug + Ugz)
o2



Examples of conservation laws explicitly
dependent on ¢, x, and y

D (xuy) +D, 3u2—u2x—6xuu¢c—|—a:u3x +D, (axuy,) =0
Y Y

D¢(yug) +Dz (y(ouug + ussz)) +Dy <02(yuy — u)) =0

D (\/E )+D LoVl + oY +02y2
u z | —aviu U2, U U3z
: 9 UG At
P
| 4\/?; uty — 2V tur — axVtuug — 2V tusg

'yuy'a:u —
+Dy<2\/ \/.\/Ey> 0



More general conservation laws for KP equation:

D (f(t)u) D, (f(t)(%ow? 1 )
+GO Oy — F(O)2) (w + auus + uss) )

+Dy (uy (L' ()y? — *F(H)z) — F'()yu) =0

Di(f(t)yu) + D (f(Dy(Fou” + us)
+(E2 ()Y = f(O)y) (ur + avu, + ug,))
Dy (uy (31 (0)y* = o> (D2y) —u(3f (Oy* — o* (1)) ) =0

where f(t) is arbitrary function.



Example: Potential KP Equation

Replace v by u, and integrate with respect to x.

2
Uzt T+ AUz U2z + Udy + O U2y = 0

Examples of conservation laws
(not explicitly dependent on x, vy, t)

1
D¢(ugz) + Dy <§aui + u3m> + Dy(c%uy) =0
9 2 3 2 2
D¢(us) + Dy gozux — U5, + 2UgU3y — T U,

+D, (QJquuy) =0



—2QUUz Uty — Utz U2z + SUtU3y + Uz Ut 22 — SUUL3L)

+D, (602utuy) =0

Various generalizations exist



Example: Khoklov-Zabolotskaya Equation
(describes e.g. sound waves in nonlinear media)

(ue — uug)y — u2y = 0

Examples of conservation laws (with f(t)):
Di(uz) + Dz(—uue) + Dy(—uy) =0

Di (fu) + D (—(f + 119 (e = war) — 3 1o

D, ((fx %f/TUZ)uy — f/yu) =0
D¢ (fyu) + Ds (—(f:vy 1) tg) %fyU)

+D, ((Fy+ Fu, = (ot L 1)e) =0



Example: Zakharov-Kuznetsov Equation

(describes e.g. ion acoustic solitons in magnetic
plasma)

Ut + cuu, + ﬁV2ux =0

1 _ 2_82 | 82
In 2-D, V* = - 4 92

Examples of conservation laws:

D¢ (u) + Dy (%uz ﬁu2w> Dy (Buzy) =0

D, (uQ) + Dy (2?&“3 — 5(“3; — Uz) + 2Bu(u2s + u2y))

+Dy (—2Bugzuy) =0









Example: Navier's Equation

(describes e.g. wave motion in elastic solids)
0’u
ot?

where u = (u,v,w), A and p are Lamé’s constants

= A+ p)V(V-u)+ pAu

In components,

pU2t — ()\ T /J) (UQCU T Ugy T wxz) + U (UZm + U2y + u2z)

pvat = (A + ) (Ugy + vy + wyz) + p (Ve + v2y + v22)

pwar = (A + 1) (Usz + vys +w2z) + 1 (W2r + way + w2z



Examples of densities (fluxes are long):

P(1) = Pt
P(2) = PUt
P(3) = PWt

Py = Uz (Vz — Wiy) — Va(Utz — Wiz) + Wa(Uty — Vix)

P5) = Uy(Vez — Wiy) + VaWiy — VyUtz — Walty + Wyliy

p) = (Uy — Vz)wez — (Uz — Wa) Ve + (V2 — Wy) U,

Py = p(ustts, — wiltyy — Vi) + 1 (Uywe, + s (tee — Wy —wey)

+ VyUyz + VpUzz + wx(vwaz — 'foy) — wyuyy)

and many more....



Conclusions and Future Work

The power of Euler and homotopy operators:
» Testing exactness
» Integration by parts, D!, and Div !
Integration of non-exact expressions

Example: f = uyv + uvg + uuoy
[ fdz = wv + fu2u2x dx

Treat broader class of PDEs (other than those of
evolution type)

Full implementation in Mathematica






Software packages in Mathematica

Codes are available via the Internet:

URL: http://inside.mines.edu/~whereman/
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