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Origins of nonlinear PAEs

full discretizations of completely integrable PDESs
(Ablowitz, Ladik, Taha)

fully discretized bilinear equations (Hirota)

direct linearization of completely integrable PDEs
(Quispel, Nijhoff)

superposition principle (Bianchi permutability) for
Backlund transformations between solutions of a
completely integrable PDE

classification of multi-dimensionally consistent
PAEs (Adler, Bobenko, Suris)



Example: discrete potential Korteweg-de
Vries (pKdV) equation

(un,m o un—l—l,m+1)(un—|-1,m — un,mﬂ) — p2 -+ q2 — ()

u is dependent variable or field (scalar case)
n and m are lattice points

p and q are parameters

Notation:

(s e Wi oy Dol Wil gl ) = (98 251\ 5590 45019
Alternate notations (in the literature):

(un,m; Un+1,m, Un,m+1, un—l—l,m—l—l) - (uy ﬁ, ,&’ fa)

(Un,m, Un+1.my Unm+1, Un+1,m+1) = (w00, U10, U01, ULL)



Example: discrete pKdV equation

(Unm — Unt1m+1)(Unt1m — Unmt+1) — p° + ¢ =0

Short: (CU — 3312)(5131 — 5132) — p2 —|— q2 — O

® Q

@ o
T = Un,m P 1 = Un+1,m



Concept of Consistency Around the Cube

Superposition of Backlund transformations between
4 solutions x, x1, z2, x3 (3 parameters: p,q, k)

X923

X123




Introduce a third lattice variable 7/

View u as dependent on three lattice points:
n, m,£. SO, T = Unm — T = Upmy

Move in three directions:

n — n + 1 over distance p

m — m + 1 over distance q

¢ — ¢ + 1 over distance k (spectral parameter)

Require that the same PAE holds on the front,
bottom, and left faces of the cube

Require consistency for the computation of
T123 = Up+1m+1e+1 (3 WAYS — same answer)






Classification of 2D scalar nonlinear PAEs

Adler, Bobenko, Suris (ABS) 2003, 2007
Consider a family PAEs: Q(x,x1,x2,x12;p,q) = 0

Assumptions (ABS 2003):
1. Affine linear

Q(x,x1,T2,T12;P,q) = a1TT1XT2X12 + a2xx1T2 +

... T Q142 T+ A15T12 + A16

2. Invariant under D4 (symmetries of square)

Q(xv L1, L2, 12, P, Q> — EQ(ZC, L2y L1y, L12, Q7p)

— O'Q(Qﬁl, Ly, L12, L2 P, Q)

e,0 = x1
3. Consistency around the cube



Result of the ABS Classification

List H
» H1
(¢ —z12)(21 —@2) +q—p =0

> H2
(z—x12)(z1—22)+(q—p)(T+T1+T2+T12) +¢°—p° =0
> H3

p(zx1 + T2712) — q(TT2 + T1T12) + 5(p° — ¢°) = O



(q2 — pZ)($3313321312 +1) + q(p2 — 1) (xx2 + x1712)
—p(¢* — 1)(zz1 + T2212) =0



p(r—x2)(r1—212) —q(r—1) (T2 —T12) +P9(P—q)
(z+z14+22+712) —P(P—q) (P* —Pg+¢*) =0

> Q3

(¢° —p*)(zx12+T172) +9(p° — 1) (221 +T2T12)

2
—p(q°—1)(xx2+x1212)— %(ﬁ —¢*)(p*—1)(¢*—1)=0



» Q4 (mother) Hietarinta’'s Parametrization

sn(a + B; k) (x1x2 + xx12)
—sn(a; k) (xx1 + x2x12) — sn(B; k) (xxe2 + x1212)

+ sn(a; k) sn(B; k) sn(o + B; k) (1 + k*zxizo12) =0

where sn(a; k) is the Jacobi elliptic sine
function with modulus k.

» Other parameterizations (Adler, Nijhoff,
Viallet) are given in the literature.



Systems of PAEs of Boussinesg-type

Example 1: Schwarzian-Boussinesq System

yry —=z1+z = 0
yxro —z0+2z = 0
zy12(y1 —y2) —y(Ppziy2 —q r29y1) = O

System has three dependent variable z,y, and z.
Thus, x = (z,v, 2).

System has two single-edge equations and one
full-face equation.

System is consistent around the cube (CACQ).



Example 2: Hietarinta’s A-2 System (2011)

zx1—yr—x = 0
z2x2 — Y2 —x = 0
G(—p, —a)r1 — G(—q, —a)x>

Y — T 212 + box = 0
29 — 21

with G(w, k) := w? — k> + ag(w? — k%) + a1 (w — k) =0
System has three dependent variable z,y, and z.
Thus, x = (z,v, 2).

System has two single-edge equations and one
full-face equation.

System is CAC without any condition for G.



Refresher: Lax Pairs of Nonlinear PDEs

Historical example: Korteweg-de Vries equation

Ut + axuthy + Uppr = 0 a € R

Key idea: Replace the nonlinear PDE with a
compatible linear system (Lax pair):

wt + 4wxazm + auwaz + %Oéuaﬂp =0

1 is eigenfunction; A is constant eigenvalue
(At = 0) (isospectral)



Lax Pairs in Matrix Form (AKNS Scheme)
Express compatibility of

D,Ww X W

D:Ww = TWw

Y
(o

Lax equation (zero-curvature equation):

where W —

D:X — D, T+ [X,T] = 0

with commutator [X, T| = XT — TX
and where = means “evaluated on the PDE"



Example: Lax pair for the KdV equation

X =

0 1

1
_)\ — sOU O_

1

6

Uy —4)\ — %au

1

— 402 + %a)\u + 1—18042u2 -+ %OKUJQQ; — 50Uy

Substitution into the Lax equation yields

D:X - D, T+ [X,T] = —ta

0
6

Ut + XUULE + U3y

0
0




Equivalence under Gauge Transformations

Lax pairs are equivalent under a gauge
transformation:

If (X, T) is a Lax pair then so is (X, T) with

X = GXG'+D,(G)G!
T = GTG '+ Dy(G)G!

G is arbitrary invertible matrix and ® = GW
where ® goes with (X,T), i.e., D, =X & and

D;® =T &.
Thus,

DX — D,T + [X,T] = 0




with

where \ = —k?



Lax Pair of Nonlinear PAEs

Replace the nonlinear PAE by

Y1 = Ly (recall Y1 = Ypy1m)
Yo = Mo (recall s = Ppmi1)

For scalar PAEs, L, M are 2 x 2 matrices;

f F
r3 = In and ’(p:
_f_
For systems of PAEs, LM are N x N matrices;
X3 = F,Y3 = %,23 — %, etc., Zb:[F f g h ]T

where T is transpose.



Lax equation: | Lo M - M;L =0




Equivalence under Gauge Transformations

Lax pairs of the same size are equivalent under a
gauge transformation

If (L, M) is a Lax pair then so is (L,M) with

L = G LG!
M = GMG!

where G is an invertible matrix, ¢ = Gy
goes with (L,M) i.e., ¢1 =L ¢, ¢2 =M.

Proof: Trivial verification that

(]LQM—MllL)gb — OH(LQM—MlL)w = 0



Lax pairs of different sizes are equivalent under a
gauge-like transformations

For example, if (L, M) is a 3 x 3 Lax pair and
(L, M) is a 4 x 4 Lax pair then

L = HiLHpy
M = Ha MM

where H is 4 x 3 matrix with rank’H{ = 3 and
¢ = Hip, where ¢ goes with (£, M).

Proof:

b1 = Lo = H1LH; (HY = Hi1Lyp = Hitpr = (Hab)q



Alternate Way:

For example, if (L, M) is a 3 x 3 Lax pair and
(L, M) is a 4 x 4 Lax pair, then

L = %1£%R1ght
M = HQMHnght

where H is 3 x 4 matrix with rank 7 = 3 and
v = Ho, where ¢ goes with (£, M).

Proof:

Y = Ly = HlLHnghtw = 7T[1£§b — 7-N[1qb1 = (7T[¢)1



Algorithmic Computation of Lax Pairs

(Nijhoff 2001, Bobenko and Suris 2001)
Applies to systems of PAEs that are

Mmulti-dimensionally consistent

Example: Schwarzian-Boussinesq System

yr1 —z1+z2z = 0
yxro —z0+2z = 0
ryi2(y1 —y2) —y(Pxr1y2 —qx2y1) = O

System has two single-edge equations and one
full-face equation



Edge equations require augmentation of system
with additional shifted, edge equations

Yz 12 — 212 +22 = 0

Yy1x12 —212+21 = 0

Edge equations will provide additional constraints
during homogenization (Step 2).

The way you handle edge equations leads to
gauge-equivalent Lax pairs!



Step 1: Verify the consistency around the cube
* System on the front face:

yxr1 —z1+2=0

yxro — 290 +2=0

ry12(y1 — y2) — y (pr1y2 — qr2y1) =0

Y2 12 — 212 + 22 = 0

Y112 — 212 + 21 =0

Solve for 12, Y12, and zio:

29 — 21
L12 —

Y1 — Y2

~ y(px1y2 — qxay1)
Y12 —
r(y1 — y2)

Y129 — Y221

<12 —

Y1 — Y2



123 —

Y13 — Y23



Y113 — 213 +21 =0

Solve for 13, Y13, and 213 -

13

Y13

<13

z3 — 21

Yir — Y3

y(pr1ys — kxsyr)
z(y1 — y3)

Y123 — Y3zi

Y1 — Y3



Y12 — Y23



Y123 — 223 +21 =0

Solve for xo3, y23, and zo3:

23 — 29
L23 —

Y2 — Y3

y(qrays — kx3y2)
Y23 —

z(y2 — y3)

Y223 — Y3z2

<23 =

Y2 — Y3



<123 =
Y12 — Y13

Substitute x12, Y12, Y12, 13, Y13, 213, T23, Y23, 223
InNnto the above to get



z(x1— z2) (y1(22— 23) + y2(23— 21)+ y3(z1— 22))

T123 =
(21 — 22) (pz1(ys — y2) + qz2(y1 — y3) + kxs(y2 — y1))
q(z2— z1)(kx3y1— pr1ys3) + k(23— 21)(pT1Yy2 — qT2Y1)
Y123 —
1 (pr1(y3 — y2)+ qza(y1 — y3)+ kxs(y2— 1))
i — px1(ys3za— y223)+ qra(y123 — y321)+ kx3(y221 — y122)

pr1(ys — y2)+ qra(y1 — y3)+ kxs3(y2 — y1)

Answer is unique and independent of x and y.

Consistency around the cube is satisfied!



Step 2: Homogenization

* Observed that x3, y3 and z3 appear linearly in
numerators and denominators of

23 — 21
L13 —

Yir — ys

y(pr1ys — kx3y1)
Y13 =—

z(y1 — y3)

Y123 — Yszi

<13 ==

Yir — Y3



* Substitute

S g h
T — = —, and z3 = —.
3 Y3 3 H

F G

x Use constraints (from left face edges)

yr, — 21+2=0, yxrg—20+2=0
= yx3 —23+2=0

Solve for x3 = 2=

Yy
_ ] _ h—zH -
ThUS, xr3 — = T H Y3 =

F



* Substitute x3, y3, z3 Into x13, Y13, 213:

~ G(h—=1H)
o H(y1G — g)
gy = YPTigE —kyfG)
Fz(y1G — g)
 y1hG — z1gH
T H(uG - g)

Require that numerators and denominators are
linear in f,qg,h, F,G, and H. That forces
H=G=F.

h—zF
yF

Hence, x3 =



Hence,

Y13

<13

h—z21F B hi1 — z1 F}

nF—g  uk
ypr1g — kyith + kzy F°~ g1
z(y1F — g) Fy

yih—z1g

nwF —g F



Note that
h— 21 F B h1 — z1 F1

wF—g  yF

L13 —

IS automatically satisfied as a result of the relation
Zoy=—"1%
o

* Write in matrix form:

I3 —

P =

* Repeat the same steps for xa3, y23, 2203 tO oObtain

I

g1
h1

Y1

kzyi
T

0

—1

pPYyxi
XL

L



L = thore —

M — SMcore = S

kzy1  pyzi
5 h
0 —21
y2  —1
kzys  qyx2
h Hh
0 —29




Step 3: Determine t and s

* Substitute L =t Leore, M = s Mcore iNTO
LoM—-M;L=0

—> 128 (Lcore>2 Mecore — 811 (Mcore)1 Leore =0

x Solve the equation from the (2-1)-element:

to s

t 51

5 IS
=

Thus, t=s=2% ort= =L and s = +,
Y Y1 Y2

or (from determinant method) t = 3/y2§ - and
1 xXr

S = 3/——.
Ys Yy 2




Summary: Lax Pair for Schwarzian-BSQ System

Option a: Solving the edge equation for z3 = ==
yields

F
h—zF
L3 = yé,ygz%, and23:%, Wy = g
h
Corresponding Lax matrix: -
Y1 —1 0
La — 1 kzy1 PYyTi _@
y | © .
O —Z1 yl




Corresponding Lax matrix:

Y1 0 —1
1
Lb:; < — 21 Y 0
0 _ kyyn  pyz1
L 1 T






Gauge and Gauge-like Equivalences

Use of a left or right inverse depends on the edge
equations!

LLax pairs for generalized Boussinesq lattices due
to Hietarinta:

Lax pairs were computed by Zhao, Zhang, &
Nijhoff (2012) and Bridgman & Hereman (2012).
They are all valid but differ in size. Zhao et al.
have 4 x 4 matrices. We obtained 3 x 3 matrices.



New Results

Investigation of Gauge Equivalences of
Boussinesq-type Systems due to Hietarinta (2011)

Four systems: A-2, B-2, C-3, and C-4.

Only the B-2 system requires that
G(a,c) + G(c,b) = G(a,b) is satisfied.

General solution: G(a,b) = f(a) — f(b), where f is
an arbitrary function.

Results for the A-2 and B-2 systems are similar.

Results for the C-3 and C-4 systems are similar.



Example 1: Hietarinta's A-2 System (2011)

zx1—yr—x = 0
zxog— Y2 —x = 0
G(—p, —a)z1 — G(—q, —a)xs

Yy — x 212 + box = 0
29 — Z1

with G(w, k) 1= w? — k3 + as(w? — k?) + a1(w — k) =0

System is CAC without any condition for G.



La=—| 1 21 — 2T
z
b ko) (i



—21 0 1

Ly=|—x 1 0
£31 _ G(_l;7_a) y+£096

l31 = %(G(—p, —a)z1 — z1(y + bow))



Corresponding Lax matrix:

—21 0 0

L. — —x1 1 0
0 21 0

641 _ G(_Z7_a’) O

y+box







and - -

HI_Jelft = |l—x z 0 O




and

1 0 0 0
0O 1 0 0

0O 0 0 1



Example 2: Hietarinta's B-2 System (2011)

rx1 —21—y = 0

rxo —20—y = 0
G(—p, —

y12—|—Oé1—|—Z—|—Ck2($12—x)—£E$12 | ( b q) = (0
Tro — X1

with G(w, k) := w? — k3 + as(w? — k?) + a1(w — k) =0

System is 3D consistent if G(a, c) + G(c,b) = G(a,b)
holds, i.e., when G(a,b) = f(a) — f(b), where f is an
arbitrary function.



Y — TT 0 1

La=— | ¥l r(r — ) axr—a) — 2

—Yyuy1 L1 —Y1

lo1 =(avx — a1 —2)(y—xx1) — G(—p, —k)x — xy1(x — O2)



—x1 1 0
Ly= |-y 0 1

V31 ovxr— a1 —2 T — Q9

V31 = — (:cl(ozgat — a1 — z) +y1(x — a2) + G(—p, —k))



Option c: Substituting

F
T3 = %, Y3 = %, z3 = %, and setting . = ;ﬂ
h
Corresponding Lax matrix:
_—331 1 0 O-
—Y1 0 1 0

—
V31 owvxr—o1—2z x—aoag 0

f31 = — (azl(agaj —a1 —z2) +y1(x — az2) + G(—p, —k))






and

H

-1
Left =

1
0

0O 0 O
0O 1 0

—y x 0 O



and

1 0 0 0
J =10 1 00
0010




Example 3: Hietarinta's C-3 System (2011)

zy1+x1—x=0 = 0
zYs +x20—x = 0
G(—a, —b)x12 — y 212
G(—qg, —b — G(—p, —b
—|—Z< ( q, )ZlyQ ( P, )Z2y1> — 0
21 — 29

with G(w, k) = w? — k3 + ae(w? — k*) + a1(w — k) =0

System is CAC without any condition on G.



—21 0 1
ZY1 —z 0
—G(—a, —b) % l32  l33

2z

b == (G(—a, _b) — G(—F, —b))

/33 :1 (G(—a, —b)(x — y12) + G(—p, —b)zy1)
Y



—21 0 1
1
Ly=- 0 —21 T
Z
—G(—k,=b)=+ f32 {33
O30 =2 (G(—k, _b) — G(—a, —b))
Yy

1
f33 = — (le(—a, —b) + y12G(—p, —b))
Yy



11 0 —21 0 x

< | zy1 0 —z 0
0 —G(—a,—b)7 €31 Lu

221

l3a=—G(—k, —b)
Y

1

Y

Ve (G(—a, —b)x1 + G(—p, —b)zyl)






and - -

1 0 O

~ |z —z 0
Right — 1 0
0O 0 1



and



Example 4: Hietarinta's C-4 System (2011)

|
o

zy1+x1 —x =0
zYs +x2 —x = 0

Yyzi2—=z (Zleg(p)_Zlng(Q)> —zx12 + 4G(—a,~b)* = 0

<1 — <2

with G(w, k) = w? — k3 + ae(w? — k*) + a1(w — k) =0

System is CAC without any condition on G.



—21 0 1
1
Lo=— |z — 21 —z 0
z
(31 % (iL‘ -+ 9(k)) 33
l31= — i( - EG(—C% —5)2)
Y 4

1 1
53325 (37331 — ZG(_a’ —5)2 — y129(p))






1 0 —Z1 0 L1
2

21 0 —Z 0

011 —mgl Z?S(k) €44_

2 <1

l11= —G( a, —b)

Cag = ! (x:m — —G(—a, —b)* — y1zS(p))
Y 4






and - -

1 0 O

~ |z —z 0
Right — 1 0
0O 0 1



and






Conclusions and Future Work

Mathematica code works for scalar PAEs in 2D
defined on quad-graphs (quadrilateral faces).

Mathematica code has been extended to systems
of PAEs in 2D defined on quad-graphs.

Code can be used to test (i) consistency around
the cube and compute or test (ii) Lax pairs.

Consistency around cube — PAE has Lax pair.

PAE has Lax pair % consistency around cube.
Indeed, there are PAEs with a Lax pair that are
not consistent around the cube.

Example: discrete sine-Gordon equation.



Avoid the determinant method to avoid square
roots! Factorization plays an essential rolel

Future Work: Extension to more complicated
systems of PAEs.






Additional Examples

Example: Discrete pKdV Equation

Lax pair:

(x — z12) (21 — 22) —p° +¢° =0

thore =1

r p?—k?—xx1

1 — a1

M — SMCOI’G — S

r q° —k?— zxo

1 — X9
: _ _ - 1 . 1
with t =s =1 or ¢ N TTIR -
1 1
and s = — .
\/DetMcore v/ k2 —q2

Here, z5 =4, ¢ =[f F]T, and 2 £ =1.

S1




Example: (H1) Equation (ABS classification)
(¢ —z12)(21 —@2) +q—p =0

Lax pair:
T — k — xx
I — ¢ p 1
1 — X1
€T — k — xx
M = s : ’
1 — X9
: o 1 1
with t =s=1ort = and s = o
Here, o3 = L, « = ! and 2 5 =1
’ 3 F) F Y tSl ¢




Example: (H2) Equation (ABS 2003)

(z—z12) (21 —22) +(q—p) (z+T1+22+712) +¢°—p° =0

Lax pair:
I p—k+z pP—-k*+(p—k)z+z1)— 221
1 —(p—k+ 1)
g—k+z ¢ -k +(q—k)(z+x2) — xx2
M =s
1 —(q — k + x2)
with ¢ = - and s = !
\V/2(k—p)(p+z+x1) V2(k—q)(g+z+2)
_ [ _ f to s _ pt+x+x
Here, z3 = +, ¥ = - , and fg—§+x+x;-




Example: (H3) Equation (ABS 2003)

p(zx1 + 2712) — q(TT2 + T1T12) + 6(P° — ¢°) = 0

Lax pair:
I kr — (cS(p2 — k?) —|—pxw1)
p —kx1
o kr — (6(¢* — k?) + qzx2)
q —kxo
with t = . and s = .
V(P2 —k?)(bp+za1) V(2 —k?)(6g+aa2)
_ f _ f to s __ optxx
Here, z3 = +, ¥ = - ,andfg_&—m;.




Example: (H3) Equation (6§ = 0) (ABS 2003)

p(xx1 + x2712) — q(TX2 + T1712) = 0

Lax pair:
kx —pxxi
L=t o
p —kx
kxr —qgxxo
M = s d
q —kxo
Witht:S:lOFt:iandszL
xXr _33_1 To
__J _ U2 S ATy 1L
Here, @ =5, ¢ = | |-and B = =5




Example: (Al) Equation (ABS 2003)

p(z+x2)(z14+z12) —q(z+21) (T2 +712) —6°Pg(P—9) = O

(Ql) hi r1 — —x1 and xo — —x9

Lax pair:
I (k—p)z1 + kx —p (6°k(k — p) + zz1)
i D — ((k: —p)x + kazl) }
IV (k—q)x2 + kx —q (52k(k —q) + £Ca?2)

q — ((k — @)x + ka2)




ta s __ q(0p+(z+z1)) (6p—(z+x1))

t st p(5q—|—(:1;—|—:v2))(5q—(:v—|—a:2)) ;

Question: Rational choice for ¢t and s?



Example: (A2) Equation (ABS 2003)

(q2 — p2)(33:131:c2:1:12 +1) + q(p2 — 1)(xx2 + T1212)
—p(q2 — 1)(xx1 + x2212) =0

(Q3) with 6 = 0 via Mdbius transformation:

1 1
T —r X, L1 —> T2 = =, T12 =7 12, — P, 4 — ¢

Lax pair:

P k(p?—1)x — (p2—k2—|—p(k2—1)azm1)
p(k?—1)+(p? — k?)zx1 —k(p?—1)x1
k(21 (P K2+ q(K2—1)zz)

Iy (¢°—1)z (g q(k*—1)zx2)

q(k* —1)+(q° —k*)zx> —k(q° —1)zs




ta s _ (¢*=1)(p—zz1)(prz1—1)

t s1  (p2—1)(q—zx2)(qraa—1)"

Question: Rational choice for ¢t and s?



Example: (Q1) Equation (ABS 2003)

p(z—x2)(z1—z12) —q(z—21) (T2 —712) +6°Pg(P—9) = 0

Lax pair:

I (p—k)x1 + kx —p (6%k(p — k) + zx1)
i D — ((p — k)z + k1) ;
M (g — k)xo + kx  —q (6°k(q — k) + zx2)
= s
I q — ((q — k)x + kazg) )
: _ 1 _ 1
with t = S (1) and s = 5L (o—13)’
or t = L and

VE@—k) ((6p+a—z1)(p—2-+11))
1

Vi(a—k) ((Oa+a—u2) (dg—a-+22))

S —







Example: (Q1) Equation (6§ =0) (ABS 2003)

p(z — z2)(z1 — 712) — g(* — 21) (22 — 212) = 0

which is the cross-ratio equation
(¢ —x1)(x12 —22) p
q

(1 — x12)(x2 — )

Lax pair:
— k)x1 + kx —DELI
I (p — k)x1 pTT]
D — ((p — k)az -+ kam)_
— k)xo + kx —qIIT
IV (q — k)2 qTT2

q — ((¢ — k)z + kx2)







Example: (Q2) Equation (ABS 2003)

p(r—x2)(r1—712) —q(r—=1) (T2 —T12) +P9(P—q)
(z+z1+z2+712) —Pg(P—q) (P° —Pg+q°) =0

Lax pair:
(k—p)(kp—x1)+kx
L=t —p (k(k—p)(k* —kp+p*—x—x1) +221)
p —((k—p)(kp—2)+ka1)

(k—q)(kq—x2)+ka
M=s —q (k(k—q)(k*—kq+q¢* —x—xz2) +xx2)
q —((k—q)(kq—a)+kz2)




with

t = L
VEUe—p) ((z—21)2—2p2(z+21)+p*)

and

1
\/k(k—Q) ((w—22)2—2¢*(z+x2)+q*)

Here, z3 = £, ¢ =[f F|", and

S —

t2 s q((z—=21)°—2p°(z + 1) +p’)
t s1 p ((z — x2)? — 2¢%(z + x2) + ¢*)
_ p((X+X1)? —p?) (X — X1)° —p?)

with = = X? and, consequently, z; = X%, xo = X3,



Example: (Q3) Equation (ABS 2003)

(¢* —p*)(zT12+T122) +q(p° — 1) (TT1 +T2712)

2
—p(CIQ— 1)(xx2+x1712) — %(pz—q%(pz— 1)(q2— 1)=0

Lax pair:

—4kp (p(k*—1)z+(p>—k*)z1)
L=t —(p?—1)(6%k? — 6 k* — §°p* 4 6°k*p* — dk*prx1 )
—4k?p(p?—1) 4kp (p(k? —1)z1+(p* —k?))

—4kq (q(k* —1)z+(q° —k?*)z2)
=% —(q®—1)(6%k? —5°k* —6%q* +5°k?q* — 4k*qrx2)
—4k*q(q*—1) 4kq (q(k*—1)z2+(¢* —k*)z)







Here, x5 = £, ¢ = . and

—~
=~
K
DO
~~
S
[\
_|_
S
DO DO
\/
..l;
K
—~ | —
}_\
I
)
[\
N — [ —
S
S
N}
|
%
[\
~~
p—
|
K
DO




where

Ap* (2 +22) —Ap(1+p*)zx1 +6°(1—p?)?

=§*(p—eX X)) (p—e” X TX) (p—eX K1) (p—e™ (X X))

= §*(p—cosh(X X1)—|—Slnh(X + X1))
(p—cosh(X + Xi)—sinh(X + X))
(p—cosh(X Xl)—|—smh(X X1))
(p—cosh(X — X1)—sinh(X — X1))

with x = 6 cosh(X), and, consequently,
x1 = d cosh(X1), x2 = d cosh(X2).



Example: (Q3) Equation (6§ =0) (ABS 2003)

(¢° — p*)(zx12 + T122) + q(P* — 1) (221 + T2212)
—p(q2 — 1)(zx2 + T1712) = 0

Lax pair:
J -
L @ =Rep( =1z —k(p®—aa:
(" =Dk —((p*—k)z+p(k*—1)z1)
M=s (q2_k2)x2+Q(k2_1)CE —k(qz—l)xmz




ﬁjl“ﬁ

Here, x3 =

) ’(p_ 7and

_ (=D (px—=z1)(pr1i—2)
 (p?—-1)(gz—=2)(qz2—7T)"

)

2
t

S —
51



Example: (a, 8)-equation (Quispel 1983)

((p—a)x—(p—l-ﬁ):m) ((p—ﬁ)ivz—(p-l-oz)CCm)
_((q—oz)x—(q—l—ﬁ)azz) ((q—ﬂ)xl—(q—l—a)xlg) =0

Lax pair:

|
~

_(p—oz) (p—B)z+(k*—p?)x1 —(k—a)(k—B)xx1
(k+a)(k+8)  —((p+a)(p+B)z1+(k*—p*)x)

<
||

_(q—a) (g—B)x+(k*—q?)xs —(k—oa)(k—B)zxo
(k+a)(k+8)  —((g+a)(g+B)z2+(k*—g*)z)

S




with t = 1 and s = 1

(a—p)z+(B+p)z1) (a—q)z+(B+q)z2)
_ 1 _ 1
O 1= Gpmrrpen 2N S = Ggataromn)
or t = 1
V02 —E2) ((B—p)z+(a-+p)a1) ((a—p)a-+(B+p)x1 )
and s = 1
V(@ =k2)((B—q)z+(at+a)z2 ) ((a—q)z+(B+q)z2)
H _ 1 oy=|f
ere, x3 = 4, P = , and
F

ty s _ ((B—p af+(oz+p )( —p)z+(B+p)w1 )
((B— r2) ((a—q)a+(B+q)zz)



Example: Discrete sine-Gordon Equation

xxrixoxi2 — pq(xriz — T122) — 1 =0

(H3) with § = 0 via extended Mobius
transformation:

r— T, r1 — Ir1,xry — x_lg’x12_> S

Discrete sine-Gordon equation is NO T consistent
around the cube, but has a Lax pair!

Lax pair:

Y

12

p— 3,4 —q

L =

—kx1




Example: Lattice due to Hietarinta (2011)
zx1 —yy —x =0

zx2 — Y2 —x =0

Y 1(pw1—qa:2)
212 — — — — =0
5%

<1 — <2

System has two single-edge equations and
one full-face equation.

Lax pair:
] Yz k kx—pxlz—yzzl—
X X X
L=t|—x1z =z T 21

Z 0 —2z21



h
Here, ajgza,ygz%,,z;g:é, WP = g , and




Lax pair:

— I 1 0

p—k—xy1 + 112 —2 X




2 s __
, and t81_1.

Tl

Here, x3 =

Ea
<
|
B

y Y3 =




Example: System of pKdV Lattices
(Xenitidis and Mikhailov 2009)

(. —z2)(y1 —y2) —p°+¢ = 0
(y —y12)(x1 — x2) — p2 + q2 = 0
Lax pair:

0 0 tr t(p? — k* — zy1)

0 0 t —t

L= s
Ty T(p?>—k?—z1y) O 0
T —T'xq 0 0




0 0 st s(q® — k* — xy2)
0 0 S —S
M — -
Sy S(¢? — k? —x2y) O 0
S —Sx9 0 0

witht =s=T =5 =1,
1 1

_ 1 — 1 _ 1
Or tT' = 5o = % a4 5 = 558 = -
Here, x3 = %, y3=4, v=|[f F g G]', and
ta S __ I5 s
LS —1and &g =1,

o S _ : _ _
or 5 =1, with T =tT,S=sS8.




Example: Discrete NLS System
(Xenitidis and Mikhailov 2009)

yl—y2_y((331—$2)y—|‘p—Q)
1 — x2 + 212 ((z1 — 22)y + p — q)

Lax pair:







Lax pair:

Y 0 —yz
L =1t |_Fkyy py=z 0
yA y4




-
(D
=
e
8
|
&
N
|
e
[\
w
|
T~
<
|
Q




Example: Toda modified Boussinesq System

(Nijhoff 1992)

yi2lp—q+z2—x1) — (p—Dy2a+ (¢ — 1)y1 =0
yiya(p —q— 22+ 21) — (p— Dyya + (¢ — Dyyr1 =0
yp+qg—z—z2)(p—q+z2—x1) — (p°+p+ Vi

+(¢*+qg+ 1)y =0

LLax pair:
_k _ 5 14k+k> —kzy—yl—p2(y1—y)—ky(x1—z)—|—yzx1-
Y Yy
_ plyrtyzi+yz)
L=t Y
p—1 (1 — k)
0 D — k — Il




with t =s=1, or t = ,3/%1 and s = ,3/%2.

Here, 51332%, ys=4%, v=|g|,

and 2 5 =1
t s1 )



