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Part I Purpose, Motivation, Strategy, Demo

e Purpose

Design and implement algorithms to compute polynomial
conservation laws, generalized symmetries, and recursion operators
for nonlinear systems of differential-difference equations (DDEs).

e Motivation

— Conservation laws describe the conservation of physical
quantities (linear momentum, energy, etc.).

Compare with constants of motion (linear momentum, energy)
in mechanics.

— Conservation laws help in the study of quantitative and
qualitative properties of DDEs and their solutions.

— Conserved densities can be used to test numerical integrators.

— The existence of a sufficiently large (in principal infinite)
number of conservation laws or symmetries assures complete
integrability.

— Conserved densities and symmetries aid in finding the recursion
operator (which guarantees the existence of infinitely many
symmetries).



Definitions and Examples for DDEs (lattices)

e Nonlinear system of DDEs
(continuous in time, discretized in space)
u, = F(, Up—1, Up, Upt1, )7

w, = (Urp,Usm, - Uny) and F = (F}, Fy, -+ F),) are vector
dynamical variables.

In practice: denote components of u,, by (uy,, vy, wy, - - ).

F is polynomial with constant coefficients (parameters).

No restrictions on the level of the shifts or the degree of nonlinearity.

e Typical Examples
*x The Kac-van Moerbeke lattice
Uy = un(un+1 - un—l)-

* The (quadratic) Volterra lattice

Uy = U (Upg1 — Up_1).

* One-dimensional Toda lattice
yn — eXp (yn—l - yn) — €Xp (yn - yn+1)-
Yp 18 the displacement from equilibrium of the nth particle with unit

mass under an exponentially decaying interaction force
between nearest neighbors.

Change of variables:
Up = Yn, Up = €XP (yn - yn—l—l)

yields

Up = Up—1 — Un, Up = Un(un - un—i—l)-



* The Ablowitz and Ladik lattice
Py = Ups1 — 2Up + U1 + KU Uy (U1 + Up—1),
is an integrable discretization of the NLS equation:

iy + Uy + KuPu' =0

u 1s the complex conjugate of w,,.

Treat u,, and v,, = u,, as independent variables and add the complex

conjugate equation. Set k = 1 (scaling) and absorb 7 in scale on t :
un = Up+1 — 2un + Up—1 + unvn(unqu + un—l)a

v, = _(Un+1 — Zvn + Un—l) - Unvncvn—i-l + Un—l)-

x The Taha-Herbst lattice
w, = —(1+ ah®u, + Bh*u?) { % (%un” — Ups1 + Up_1 — %Un_g)

af, 2 2
+ o Ung1 — Un_q T Un (U1 — Up—1) + Up1Upy2 — Up—1Up 2]

+ %[ui+1(un+2 + un) - ug@—l(un—Q + u”>] }’

is an integrable discretization of a combined KdV-mKdV equation
wy + 6aut, + 66Uty 4 Uppy = 0.
Discretizations the KAV and mKdV equations are special cases.

x The Belov-Chaltikian lattice:

Uy = un(un—l—l - un—l) + Up—1 — Uns

Uy = Un(un—l—Q - un—l)-



x The Blaszak-Marciniak three field lattice:

Up = Wp+1 — Wp-—1,
Up = Up—1Wp—1 — UpWp,

Wy = Wy(Vy — Vpa1).

* The Blaszak-Marciniak four field lattice:

Uy, = Up_12n — UnZn+1,
Uy = Wp_12n — Wn2n4-2,
Wy = Znt3 — Zny

Zn = Zn(Up_1 — Up).

x The relativistic Toda lattice:

U, = (14 auy)(v, — vy_1),

U = Up(Ung1 — Up + QU1 — QUL_1).



e Dilation Invariance of DDEs
x The Kac-van Moerbeke lattice

Uy = un(un+1 — un—l)-
is invariant under the scaling symmetry

(t,un) — (A7, Auy,).

Weight w(u,) is defined in terms of t-derivatives.

d
dt

Using w(5;) = 1 and w(u,ey,) = w(uy,),
w(uy,) + 1 = 2w(uy,).
Hence, w(u,) = 1.
* The Toda lattice
Uy = Vpo1 = Vp, Uy = Up(Up — Upy1).
is invariant under the scaling symmetry

(t, up, vy) — ()\_175, Ay, )\2vn).

Weights w(u,,), w(v,) are defined in terms of t-derivatives.

d

Using w(a) =1, w(“nip) — w(un)7 w(”nip) = w<vn)

wlu,) +1 = w(vy,),
w(v,) +1 = w(v,) + w(uy,).

Hence,
w(u,) =1, wv,) =2.

The rank of a monomial is its total weight in terms of ¢-derivatives.



e Conservation Law for DDEs:
pn = Jy — Jn+1 on DDE7

density p,, flux J,.

d

dt(Zn: pn) - zn:pn = Zn:(Jn - Jn—l—l)

if J,, is bounded for all n.

Subject to suitable boundary or periodicity conditions

> pn = constant.
n

First three density-flux pairs (computed by hand) for Toda lattice:

Py = In(v,) T =,
/07(11) = Un Jél) = Un—1
p\?) = %u% + Uy J2) = u,v, 4

e Generalized Symmetries of DDEs
A vector function G(..., 0,1, Uy, W11, ...) is & symmetry iff
u, — u, +eG(...,u, 1,0, Uy, ...

leaves the DDE system invariant within order e.
G must satisfy the linearized equation

, 0 4 OF
DG = F'(1,)[G] = &F(un + €G)|eo = kz (DFG) o
i .

)

where F’ is the Fréchet derivative of F in direction of G.

D is up-shift operator, D! is down-shift operator,
and D' =DoDo---0D (i times).



e Examples

* Kac-van Moerbeke lattice
Up = Up(Upy1 — Up—1)-
Higher order symmetries of rank (2,3)
GY = Up (Upt1 — Un—1),
G® = Ut 1 (U + Up1 + Ups2) — U1ty (U + U1 + Up).
* Toda lattice

Up = Up—1 — Un, Up = Un(un - un+1)-

First three higher-order symmetries:

1
G —
)
G(z) _ Upn — Un—1 )
Un(un - Un—i—l)
G(3) _ vn(un + un+1) - vn—l(un—l -+ Un)
Un(urzwrl — Uy, + Vng1 — Vpo1)



e Recursion Operators of DDEs.
A recursion operator ‘R connects symmetries
GVt =RGV), j=1,2,..,
s is seed. For r-component systems, R is an r X r matrix.

Defining equation for R :

Di/R + [R,F'(u,)] = oR + R'[F]+RoF(u,) — F(u,) oR =0,

ot
where [, | means commutator, o stands for composition, and
. OF
F(u,)= Y D*
() k:_q( 8un+k)

p, ¢ are bounds of the shifts, D is up-shift operator and
D¥=DoDo---0D (k times).

R'|F| is the Fréchet derivative of R in direction of F :

RIF = 3= (O'F) %

k=—q aun—l—k

Example 1
The Kac-van Moerbeke lattice

un — un<un+1 - un—l)a
has recursion operator
1
R = u,D 4w, D7+ (uy + pa1)] + vy (Upgr — tp_)(D — 1) 11
Unp
1
= u,(I+D)(u,D — D u,)(D—1)"' =1

Up

Note: pl% = In(u,) and J\ = —(u, + u,_;) are density-flux pair.

n
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Example 2
The (quadratic) Volterra equation

Up = ui(unjtl — un—l)

has recursion operator

1
R = u2D 4+ u2D ™ + 2upup 1] 4 202 (Upgy — Up_1)(D — I)_lul

Example 3
The Toda lattice

Up = Up—1 — Up Un = Un(un - un—i—l)
has recursion operator

= ( — | —D ' =T+ (vpo1 — v,)(D = I)" 1L )

n

_UnI — UnD un+1I + vn(un — un+1)(D - I)_lvil

n

The recursion operator can be factored as
R =HS
with Hamiltonian (symplectic) operator

. D~ 1v,I —v,D — Uyl + u, D7, 1
—\ —v,Du,l + upv,] —v,Du,l + v, D, 1
and co-symplectic operator
S _ 0 (D — I)_lil
N UiD(D — ! 0

n

11



e Key Observation

Conserved densities, generalized symmetries, and recursion opera-
tors are invariant under the dilation (scaling) symmetry of the given

DDE.

e Overall Strategy
Exploit dilation symmetry as much as possible.
Keep the computations as simple as possible.
Use linear algebra
* solve linear systems
* construct basis vectors (building blocks)
* use linear independence
* work in finite dimensional spaces
Use calculus and differential equations
* derivatives
* integrals (as little as possible)
* solve systems of linear ODEs
Use tools from variational calculus
* variational derivative (Euler operator)
* higher Euler operators and homotopy operator
* Fréchet derivative
* calculus with operators

Use analogy between continuous and semi-discrete cases

12



Analogy PDEs and DDEs

Continuous Case (PDEs) | Semi-discrete Case (DDEs)

System

w, = F(u,u,, uy,, ...)

w,=F(..,u, 1,4y, upy1,...)

Conservation Law Dip+D,J =0

pn+Jn+1_Jn:0

Symmetry

D,G = F'(u)[G]

€

= a@ (u+ €GQ)|e=o = %F(un + €G)|e=0

D,G = F'(u,)[G]

Recursion Operator | D,;R + [R,F/'(u)] =0

DR+ [R,F'(u,)] =0

Table 1:

Conservation Laws and Symmetries

KdV Equation

Volterra Lattice

Equation uy = 6ul, + Usy Uy = Up (Upy1 — Up—1)
o, . o 2 _ _ 1
Densities p=u, p=1u Pn = Un, Pn = un(iun"i_ un—i—l)
_ .31 1,3
p=u’—3 P = 35Uy FUn U g1 (Un +Un g1+ Unio)
Symmetries G=u;, G=06uu, +uz; | G = uptpi1 (Uy + Ups1 + Upi2)

G =30u?u, + 20u, s,
+10uus, + usy

_unflun<un72 + Up—1 + un)

Recursion Operator

R = D2 +4u + 2u, D!

R = u,(I+ D)(u,D — D7 1u,)
(D-1) 1L

Un

Table 2:  Prototypical Examples

13




Review of Algorithm for Conserved Densities of PDEs

(i) Determine weights (scaling properties) of variables and
auxiliary parameters.
(ii) Construct the form of the density (find monomial building blocks).
(iii) Determine the constant coefficients (parameters).

(iv) Compute the flux with the homotopy operator.
Example: Density of rank 6 for the KdV equation

U + Uty + ug; = 0

Step 1: Compute the weights (dilation symmetry).

Solve
w(u) +w(Dy) =2w(u) + 1 = w(u) + 3.

Hence,
w(u) =2, w(D;) =3,

Step 2: Determine the form of the density.
List all possible powers of u, up to rank 6 :  [u, u*, u?].
Introduce = derivatives to ‘complete’ the rank.

u has weight 2, introduce DZ.

u* has weight 4, introduce D2.

u? has weight 6, no derivative needed.
Apply the D, derivatives.

Remove total derivative terms (D,u,,) and highest derivative terms:

14



[uge] — []  empty list.
[, ung,] — [ug?]  since uug, = (uaty ), — U’

[w’] — [u].

Linearly combine the ‘building blocks’:

3 2
p = Clu"~ + CoUu,".

Step 3: Determine the coefficients c;.

Use the defining equation
Dip+D,J =0 (onPDE),

Compute

0 m dp
E = D,p= = DFy, = 22
tP m+%mww ot

= Beputuy + 209Uty

+ p'(u)[F]

— —301U2(ngp + UBx) — QCQUx(UUx + u3w):}c-

= —(301u3ux + 301u2u;),x + ZCQUi + 200Ul Ugy + 2CoUp ULy )

Apply the Euler operator (continuous variational derivative)

m 9,

" kz::o( ) ouy,
9, 9, 9, 0
— —D, + D? e 1)mpm .
" ou 6?ux m@ugx =D ou,,,

to E of order m = 4. Result:
5(0)(E) = —6(3c1 + c2)uzty, =0

u

S0, ¢ = —%CQ. Set co = —3, then ¢; = 1.

Hence,
p=u’ — 3u,”.

15



Step 4: Compute the flux J.

— Method 1: Integrate by parts (simple cases)
Integration of D,J = —F yields

3 4
J = Zu — Gun,” + 3uusy, + gy’ — G s,

— Method 2: Build the form of J (cumbersome)
Note: Rank J = Rank p + Rank D; — 1.
Build up form of J. Compute

oJ m 9dJ
DmJ — a_ a 2
ox i kz::o 0ukmu(k+1)

m is the order of J. Match D, J = —F.

— Method 3: Use the homotopy operator (most powerful)
Higher Euler Operators:

L0 — 3 (’?)(—Da’” o

fmi \ 1 ouy,

Examples (scalar case, u = u; = u):

0 0 0 0
0=~ D, +D? - D3
Lu ou 8ux ”C(‘?u% 8U3$
0 0 0 0
(-~ _9op D2 —4D?
Lu 0ux xau% i 6’u3x 8u4x
0 0 0 0
P =_———3D 6D2_—— — 10D?
Lu aqu xau&x " 8u4x xauf)m
L3 = o _ 4D, 9y _oope Y

16



The flux is

where

m—1 . .
jr(w) = X Di(u Ly (-E))
1=0

m is the order of E, and j,(u)[Au] means

u— A\u, u, — A\u,, Uy, — AUy, etc.

Demonstration (scalar case, u = uy = u, j1(u) = j(u)):
Compute J via the homotopy operator!

—F = 3ulu, + 3ulus, — 6ui — OUUL U, — OUL UL,

i LYT(-E) D (ull"V(=FE))
0 | 3u 424w, +18uy, + 121@5 3ut 424Uy, + 18utty, + 12uu§
1 —24uu, — 36us, —48uu92€ — 24U Uy, — 36U Uz, — 36ULL,
2 3u?+24uq, 18uu§, +9uPug, + 24“%:5 + 48U, U3, + 24Uy,
3 —Ou, —18u%x — 24U, U3, — O6UUL,
Hence,

j(u) = 3u* — 18uu? — 12u,us, + uug, + 6us,.

Thus, the homotopy operator gives

1 d\
J(u) = /()](U)P‘u] Y
— /01(3)\3144 — 18\ uu; — 12 u,us, + INu ug, + 62us,) dX
3

= 4u4 — Guux2 — Ou, U3, + 3u2u2x + 3162:1:2-

17




Analogy PDEs and DDEs
Conservation laws for PDEs
Dip+D,J =0
density p, flux J.
Compute F/ = Dyp.

To guarantee the existence of J, apply the Euler operator

m %,
LY =y (—1)"D*
w = X (1) o
d ,, 0 %,
- _ cee 4 (=1)D™ _
. x(auz)+Dz(au2x)+ +( )Dx(aum)

to E of order m. D, is the differential operator.
If LU(E) =0, then E is a total o-derivative (—.J,,).
If LO(E) # 0, the nonzero terms must vanish identically.

E must be in the kernel of £$10> operator, or equivalently, £ must be in
the image of D, operator.

Computation of flux J:

Apply the homotopy operator

s = 135 o) 2

where j,.(u) is computed with
m—1 . .
jr(w) = ¥ Di(u L5 (—E))
i=0

with higher Euler operators (continuous):

LY =y @(—Dx)‘” o

k=i \ % aukx

18



Conservation laws for DDEs
pn+Jn+1_Jn:0

density p,, flux J,.
Compute F = p,,.

To guarantee existence of J,, apply the discrete Euler operator

£0— - pk 9
e k=—q aun—l—k

0 0 0 0

— D D2 .1 DA

ou,, i (8un_1> i <8un_2) T <8un_q)
0

-1 D2 ce. L DP

b (0un+1) * <aun—|—2) " " (aun—i-p)

to E with maximal negative and positive shifts on u are ¢ and p.
D is the up-shift operator, D~! the down-shift operator.

Applied to a monomial m
D'm=m|p—n_1 and Dm = m|,_ps1.

Note: D (up-shift operator) corresponds the differential operator D, due
to the forward difference

0J Jn—i—l - Jn
Ax =1
or Az (Az=1)
If LO(E) =0, then E matches —(J,1 — J,).
If EI(&)(E) # (), the nonzero terms must vanish identically.

19



In practice:
Compute E = DF (remove negative shifts) and apply

O ptq
L0 — —k
) 8un(k:0 )

9,
=5 I+D'+D2+4...4 D o)

Computation of flux J,
Apply the homotopy operator

- | mo d\
I = /0 r§1 Jrn(Wn) [ AWy PR

where jm(un) is computed with
Jra(ua) =" (D = D £ (- )

with discrete higher Euler operators:
o9 p”(k

tn B aun (k‘z::@

Down-shift J,, by q steps: J, = DJ,.

)D%.

1

20



Part II Algorithms for DDEs (lattices)
e Tool: Up and Down Shift Operators
D~! and D are the down-shift and up-shift operators.
For a monomial m :
D 'm=m|p—p_1, and Dm = m|,_ni1.
Example
D™ 90y = Upi1Un-1, Dy 20y 1 = Up_10y.

Compositions of D~ and D define an equivalence relation.
All shifted monomials are equivalent.

Example
Up—1Un+1 = Up42Un44 = Up—3Up—1-
e Tool: Equivalence Criterion
Two monomials m; and moy are equivalent, m; = mso, if
my = mao + [M,, — M, 1]
for some polynomial M,,.
Example: u,_ou, = u,_1u,1 since
Up—2Up = un—lun+1+[un—2un_un—1un+l] — un—lun—l—l""[Mn_Mn—i—l]-

Main representative of an equivalence class is the monomial
with label n on u (or v).

Example: w,u, s is main representative of class
{un—lun+17 Un+1Un+3, - }

Use lexicographical ordering to resolve conflicts.
UpUpt2 (DOt uy,_9vy,) is the main representative of class

{un—?)vn—la Up+2Un+4, *° }

21



e Algorithm for Conserved Densities of DDEs.

Three-step algorithm to find conserved densities:
(i) Determine the weights.
(i

) Construct the form of density.
(iii) Determine the coefficients.
)

(iv) Compute the flux with the discrete homotopy operator.
Example: Density of rank 3 of the Toda lattice,
Uy = V1 — Un, Uy = vn(un — un+1)-

Step 1: Compute the weights.

Require uniformity in rank for each equation:

d

w(un) + W) = w(vn-1) = w(vn),
d
w(vy,) + w(dt) = w(v,) + wu,) = w(v,) + w(tpy)
Weights are shift invariant. Set w({) = 1 and solve the linear

system: w(u,) = w(u,y1) = 1 and w(v,) = w(v,-1) = 2.
Step 2: Construct the form of the density.

List all monomials® in w,, and v,, of rank 3 or less:
3.2
g — {U’Tm un) un/UTH U’na Un}-

For each monomial in G, introduce enough t-derivatives to obtain
weight 3. Use the DDE to remove ,, and v,
d° 5 d°

dto(ui) = Uy, dt()(unvn) = UpUn,

n general algorithm shifts are also needed: ui, Un Ut 1Un—1, uiunﬂ, etc.

22



d

dt(u”) = 2UpUp—1 — 2Uy,Up,

d

dt(vn) = UpUp — Up+1Un,

d2

dtQ(“n) = Up—1Vp—1 — UpUp—1 — UpUp + Up1Up.

Gather the resulting terms in a set

H = {u, }

= Uy, UpnUn—1, UnUn, Up—1Un—1, Up+1Un -
Introduce main representatives.
Example: wu,v,_1 = u,41v, are replaced by u,v,_1.
Linearly combine the monomials in
3
T = {u,, Upvy_1,Upvp}
to obtain
3
Pn = C1 U, + Co2UpUp_1 + C3 Uy

Step 3: Determine the coefficients c;.

Require that p, + J,.1 — J, = 0 holds.
Compute p,. Use the DDE to remove 1, and v,,. Thus,

E = p,=(3c; — @)Uivn_l + (c3 — 3cl)uivn + (c3 — )10y

2 2
+ColUp—1UpVp—1 + C2V,,_1 — C3URUp+1Vy — C30,,.

Shift E by ¢ = 1 step up (remove negative shifts n — 1). Apply
0 bptq

_ 9, _ _
Lﬁﬁj:@u (EOD k):au I+D ' +D2+..))

to B =DFE.

23



The maximal shift p+q¢ =1+ 1= 2 on u,. Hence,

9 i
=5 I+D '+ D) (E)

= 2(3c1 — C2)upvp_1 + 2(c3 — 3c1)unvy,

+(co — e3)Up_1Vp—1 + (2 — c3)Up 10, =0
The maximal shift p4+¢g=04+1=1 on v,. Hence,
~ 0
= —(I
(%n(
— (301 - CZ)UEL—H + (C3 - C2>vn+1 =+ (62 - C3>unun—i—l
+2(cy — e3)vy + (3 — 3e)u’ + (c3 — e2)vp—1 = 0.

>
5
I

D)(E)

Solve the linear system
S = {301 — C9 20,03—361 :0,02—63 :O}
The solution is 3¢; = ¢y = ¢3. Choose ¢; = 4

pand o =c3=1:
Step 4: Compute the flux J,.

— Method 1: Use equivalence criterion (simple cases)

Start from

: 2 2
E = p, = up_1upvy_1 + 0, | — UpUps1Up — V.

Replace w,—1unUn—1 by UnUp 110y + [Un—1UnUp—1 — UpUp+10y).
Replace v2_; by vZ + [v2_; — v2]. Thus

E = [Up-1UpVy—1 — UpUpi10y] + [V — V7]
Group the first and second terms in the square brackets to match
[Jn — Jnta].
Hence

E = [ty 1tUpvn_1 + V2] — [upttns1v, + 02,

2
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— Method 2: Use the homotopy operator (most powerful)

Discrete higher Fuler operators:
: p+q [k
L) Y (S ()Dk)

o aun k=i \ 1

Examples (scalar case, uy, = uy,):

L0 = a‘zn(l +D D 24D )

LY = ain(D1 +2D 243D +4D7 4 )
P = ain(DQ +3D 4+ 6D+ 10D + - - )
LY = (an(D_g +4D™* 4+ 10D " 420D 0 4. )

Similar formulas for ,C&)

The flux is

~ . . d\
Ju =y Gra(@a)daa] + G (w) )
where,
~ ptg—1 , 1 -
Junlw) =X (D= (L (- E))
~ —1 : : ~
aalm) = "L (D=L (- E)

Note that p-+q is the highest shift in £, and j,.,,(1,,)[Au,] means
u, — AU,, Uy — AUyi1, Uypo — AU, o, etc.

25



Demonstration (vector case, u, = (uy,, v,)) :
Compute J,, via the homotopy operator!

Start from
= 9 2
—FE =-DE = —UpUn+1Vp — Uy T+ Up+1Up42Un41 + Upy1-

To find: flux J, such that (D —1)J, = —FE.

Homotopy operator inverts the operator (D — I).

i LUT(=E) (D= D(u, LT (—F))

Un

0 un—l”n—l"'un—l—l/un unun—lvn—1+unun+1vn
1 Up—1Un—1 Up+1UnUp — UpUp—-1Un—1

i| LEPD(=E) | (D—D)'(v.L "V (-E))

Un

2
0| Uptpi1+2v, VpUpUpy1+20;7

Hence,

jl,n(un) — Qunun+1v7h }2,n<un) = UpUp+1Un + 27)721

Thus, the homotopy operator gives

. d\
Jn — /0 ]ln uy Aun]+]2n(un)[)\un]) N

A
= /0 (3A2Up Uy 10y + 2002) dA

2
= UpUp1Vn T U,

Summary:

1,3 —1 2
Pn = 3 Un+un(?]n_1—|—vn), Jp=D"J, = Un—1Up V-1V

26



Analogously, conserved densities of rank < 5:

szl) = Un /07(12) = %un2 + Un

pgf’) = %un?’ + Up (V1 + vy

P = Luyt w2 (Vs + vn) + Unttng1vn + 20,7 4 U
PP = L b uP (a4 vn) F i1 0 (i)

+unvn—1(vn—2 + Up—1 + Un) + un“n(”n—l + v, + Un—f—l)'
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e Algorithm for Generalized Symmetries of DDEs.

Consider the Toda system
Uy = Vp1 — Un, Uy = Un(un - un+1)-
with
w(u,) =1 and w(v,) = 2.
Compute the form of the symmetry of ranks (3,4), i.e. the first
component of the symmetry has rank 3, the second rank 4.

Step 1. Construct the form of the symmetry.

List all monomials in u,, and v,, of rank 3 or less:

3 .2
£1 - {Un, Uy y UpUp,y Uy, vn}:

and of rank 4 or less:

4 3 2 2 2
£2 - {un7 U’na Un’Un, un7 UpUp, Up, vna Un}-

For each monomial in £ and Ls, introduce enough ¢-derivatives, so
that each term exactly has rank 3 and 4, respectively.

Using the DDEs, for the monomials in £ :

d° d°

dtO(Uz) — u%a dto(unvn) = UpUp,
d

dt(ui) = 2UpUy = 2UpUp—1 — 2U,Up,
d (0,) = @

T \Un) = Up = UpUp — Up41Up,

dt

) = Ly = & )
—o\Up) = 7 Up) = T7(Up—1 — Uy
dt? dt AT

= Up—1Up—1 — UpUp—1 — UpUp + Up+1Un.
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Gather the resulting terms:
3
Rl — {Un, Up—-1Un—1, UpUp—1, UpUp, un+1vn}-

4 2 2 2 2
RZ - {U,n, Uy _1Up—1, Up—1UpUn—1, U, Un—1, Up—2Up—1,7

n n—1s WpUn,
2 2
UpUn+1Vn, Wi 1 Vny Un—1Un, Usyy UnUpt1 -
Linearly combine the monomials in R and Ro
1 3
G( ) = au, + C2 Up—1Up—1 + C3 UpUp—1 + C4 UpUp + C5 Un+1Un,,
2 4 2 2
G® = Ce U, + C7 U, _VUp—1 + C8 Up_1UpUp—1 + Co Uy V1

9 9
+C10 Vn—2Up—1 + C11V,,_1 + C12 U, Uy, + C13 UpUp41Vy,

2 2
+C14 Uy Uy + C15 Up—1Up + C16 Uy, + C17 UpUpy1-

Step 2: Determine the unknown coefficients.

Require that the symmetry condition D;G = F'(u,,)|G] holds.
Solution:
C1=Cp=Cy=Cg=Cy=Cyg=C11 = 3= 15 =0,
—C =~ =0 =C = —C2=C4= —C5=C7.
Therefore, with c¢17 = 1, the symmetry of rank (3,4) is:
GY' = v — Un-10n—1 + Uni10n — UnUp_1,
G® = uiﬂvn — uivn + U Ups1 — Up_1Up.

Analogously, the symmetry of rank (4, 5) reads

1 2 2 2 2
GO = U, U, + UpUp1Vp + Uy Uy + Uy + VpUpgp1 — Uy Up—1
2 2
—Up-1UpUp—1 — U, Un—1 — Un—2Up—1 — U,,_1,
2 2 3 3
G( ) = Up+1V, T 2un+1vnvn+1 + Up+2U0pUpt1 — Uy, U 1 Uy41Un

2

—Up—1Vp—1Up — 2UpUp_1Vpy — UpU;,.

29



e Recursion Operators of DDEs.
Key Observation

* Recursion operator for the Kac-van Moerbeke lattice

un — un(un+1 - un—l);
1S
1

R = u,D +u, D+ (tn 4 Ung)] + tp(Upg1 — tp—1)(D — I)_lul

1
= u,(I+D)(u,D — D u,)(D—1)" =1
Unp

D~! and D are down and up-shift operators.

[ is the identity operator.

D — 1 is the discretized version of D, (PDE case).

(D —I)~! corresponding to the integral operator D! (PDE case).

The recursion operator has rank 1. Indeed, compare the ranks of
successive symmetries (ranks 2 and 3):

G(1> - un(un—I—l — Un—l)a

G = U1 (U + Uy 1+ Unsn) — U U (U U1+ Up),
which are linked via RGY = G,
Recursion operator splits into R = Ry + R;.

Ry has linear combinations of D!, D, I and Uptp-

R 1s of the form
Ri=% GU(D = 1)~ ply,
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e Algorithm for Recursion Operators of DDEs.

Scalar Case

Step 1: Determine the rank of the recursion operator.

Recall: first two higher symmetries of Kac Van Moerbeke equation

are

G = Un(un+1 - un—l)a

G = UnUp41(Un + Unt1 + Uny2) — Un—1Un(Up—2 + Un—1 + Up), -
Hence,

R =rank R = rank G —rank GY =3 -2 = 1.

Step 2: Construct the form of the recursion operator.

(i) Determine the pieces of operator R,

Compute the required shift (p) and linearly combine terms with
D=1, D, T and u4p.

Example: For the Kac-van Moerbeke lattice:

Ro = (C1tn_1 + cotty + c3tp1)D ™1+ (cattn_1 + 5ty + Cotinir)]
+(Crtn_1 + cgu, + Cotin1)D T,

where the ¢;’s are constant coefficients.

(ii) Determine the pieces of operator R;

Combine the symmetries G¢) with (D —I)~" and Py’ (1), so that
every term in

Ry =22 GU(D 1) "pfy
J

31



has rank R.
The indices 7 and £ are taken so that
rank (GY)) + rank (pgy'(w)) —1=R.

Example: For the Kac-van Moerbeke lattice:

1
R = C10Un(un+1 — un—l)(D+1 - I)_l(u)>

with cj9 a constant coefficient.
(iii) Build the operator R

Build R = Ry + R;.
Example: For the Kac-van Moerbeke lattice:
R = (Crtp_1 + oty + c3tna1)D ™ 4 (Cattn_1 + C5ty + Cotingr)]
+(cqty_1 + cgty + Cotty)DT
10t (Un 1 — Up—1) (DT — I)_l(uln).
Step 3: Determine the unknown coefficients.

Substitute in the determining equation, alternatively, require that
RGW =g+l | =1,2.3, ...
Solution of the linear system:
cp=c3=cy=cr=cg=0,c0=c5=c5=cg=cy9=1.
Final result:

Recursion operator for Kac-van Moerbeke lattice:

1
R = upD 4+ u,D 7+ (wn + ps1)] + up (Upgr — tp_1)(D — I)_luI
1 n

= u,(I+D)(u,D — D u,)(D - 1)1 =1

Un
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Matrix Case
Recursion operator (matrix) splits naturally in R = Ry + R1.

Entries of matrix Ry are linear combinations of (u,,, W,+1, Uy+o, ...)

and (I,D,D7!,...) of rank R.
Matrix Ry is of the form

§%G@®—U*®¢@

where ® denotes the matrix outer product, and

Py is the Fréchet derivative of p().
Example.
The Toda lattice
Uy = Vpo1 = Vp, Uy = Up(Uy — Upy1).
Recursion operator:

R ( —u,l =Dt =T+ (vyo1 — v,)(D =)7L )

n

—vl —vD  wp ol + vy (uy — upyr)(D — I)_lvil

n
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e Example: The Ablowitz-Ladik Lattice.
Consider the Ablowitz and Ladik discretization,
Uy, = Upt1 — 2Up + Up—1 + KU Up (Upt1 + Up—1),
of the NLS equation,
Uy + Upy + kUL = 0
u is the complex conjugate of u,,. Treat u, and v, = u; as indepen-

dent variables and add the complex conjugate equation. Set Kk = 1
(scaling) and absorb 7 in the scale on ¢ :

un = Up+1 — 2un + Up—1 + unvn(un+1 + un—l)a
v, = _(Un+1 - 2Un + Un—l) - Unvn<'0n+1 + 'Un—l)-
Since v, = u}, w(v,) = w(uy,).

No uniformity in rank! Introduce an auxiliary parameter a with
weight.

un - Oé(un—i—l — 2un + un—l) + unvn(un—l—l + un—l);
v, = _@(Un+1 — 2u, + Un—l) - unvn(vn—i—l + Un—l)-

Uniformity in rank leads to

w(uy,) + w((i) = w(a) + wu,) = 2w(u,) + w(vy,),
w(vy,) + w((i) = w(a) + w(v,) = 2w(v,) + w(uy,).

For w(<) = 1,

w(uy,) +w(v,) = w(a) = 1.

So, one solution is



Alternatively, for w(%) 0,

w(uy,) +w(v,) =0, w(a)=0.
The second scale helps eliminate terms in candidate density p.

Conserved densities (for a = 1, in original variables):

*

p(l) - unun—l

;0(2) = UplUy, 1

3) 1,2 %2 * *
/07(1) = JUpU,~ 1 T UpUp41Upy_1Up + UpUy,_o
4) _ 1,2, %2 sk * *
Pr~ = UpUpiq Tt UpUp 11Uy Uy o+ Uply, o
Pn = 3UpUp_1 + unun+1un—1un(unun—1 + Up41Uy, + un+2un+1)

* * * * * * *
+ Uy, (Un Uy g U1 Ug, ) F Uy, (U1 Uy g F U2y, 1 ) Unly, g

6) _ 1,3, %3 TS * * :
,07(1) = U UGy UnUng 1 Uy Uy o (Un Uy T U1 Uy o U2, 4 3)

* * * * * * *
Uy o (Un Uiy 4 1 Un 1y, 4 9) +UnUsy 3 (Un g1 Uy T Ung2Uy, o)+ Unly, 43
The Ablowitz-Ladik lattice has infinitely many conserved densities.
Density we missed

PO = In(1 + u,u).

n
We cannot find the Hamiltonian (constant of motion):
H=—i>u (ty—1 + upy1) — 2In(1 4+ upu) )],
since it has a logarithmic term.
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e Application: Discretization of combined KdV-mKdV
equation.

Consider the integrable discretization

i, = —(1+ ah®u, + Bh*u?) { h% (%un” — Ups1 + Up_1 — %Un_2>

arfl, 2 2
+ g lUn 1 — U+ U (U1 — Un—1) + Up1Un g2 — Up—1Up 2]

+ %[uiﬂ(unw + ) — ui_l(un_g + up)| }
of a combined KdV-mKdV equation
w4+ 6auu, + 65Uty + Uppy = 0.

Discretizations the KdV and mKdV equations are special cases.
Set h =1 (scaling). No uniformity in rank!

Introduce auxiliary parameters v and ¢ with weights.
Uy = —(y+ oty + Bul) { 6(3tngs — Uni1 + Up_y — Fun2)
+ 92— U2 A Un (Ut — U 1) U1 U2 — U 1Ty o)

+ Sy (g2 + ) — (o + )] }a
Uniformity in rank requires

w(y) =w(d) =2w(u,), wla)=wu,), w(3) =D0.
Then,
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Conserved densities:

For the combined KAV-mKdV case (a # 0, 8 # 0) :
Rank £ and 1 (after splitting):

1
p7(1) = QUy + ﬁunun—l—l
2 2
2 _ & o « 2 2
Py’ = %un =+ ﬁunun—i—l — UpUp+1 + QUR Up41 + QUL Up1

1
2 2 2
+ Qﬁun Up+1 + UpUp+-2 + AURUp+1Up+2 + ﬁunun—l—l Up+2.

For the KdV case (5 =0) :
w, = —(v+ ozhzun) { %(%uwg — Up1 + Up_1 — %U,n_g)

af,,2 2
+ ﬁ[uqﬂ_l — Up_q + un(un—H - un—l) + Up4+1Un42 — un—lun—Q]}

with v = d = 1 is a completely integrable discretization of the KdV

equation
up + 6ut, + Ugppr = 0.
Now,
w(y) = w(0) = w(up), wla)=0
Then,
w(uy,) + 1 =3w(u,)
S0,

37



From rank 2 and 2 (after splitting):

Prn’ = Un,

pg) - un(%un +un+1)>

png) — un(%ui + UpUp4+1 + u721—|—1 -+ %un+2 + un+1un+2>

Py(;l) = un(iui + Uiunﬂ + %Unuiﬂ + Ui+1 o Uy 1 Uy 2Un g 3)
pff’) = un(%aui — %ui — U Uy e

CVunHun—l—Qun+3un—|—4)

For the mKdV case (o =0) :
U, = _(/Y + ﬁhzui) { %(%un+2 — Up+1 + Up—1 — %un—2)
+ %[ui—l—l(un—ﬂ + up) — ui_l(un_g + up)| }

with v = 6 = 1 is a completely integrable discretization of the
modified KdV equation

wy 4 68U Uy + Uppy = 0.

Now,
w(y) = w(0) = 2w(uy), w(B)=0
Then,
w(uy,) + 1= 5w(u,)
S0,



From rank 2 and 2 (after splitting):

Pn’ = UpUp+i,
2 1 2 1 2
P%) = Un(iununﬂ + 3Un+2 + Un+1un+2)
3) __ 1 2 3 2 2
p7<1) — Un(3 Upt1 + ﬁunun—l—lun—l—Q ++- un+1un+2un+3)

(4) 2 9 2 92 )
P ( 5unun+1 + Uy Uy Upp2t - 5“n+1un+2un+3un+4)
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Part I1II Software, Future Work, Publications

e Scope and Limitations of Algorithms.

— Systems of DDEs must be polynomial in dependent variables.
— One discretized space variable (lattice point n)

— Program only computes polynomial conservation laws and gener-
alized symmetries (no recursion operators yet). (Non-polynomial
densities in progress).

— Program does not compute conservation laws and symmetries
that explicitly depend on n.

— No limit on the number of equations in the system.
In practice: time and memory constraints.

— Input systems may have (nonzero) parameters.
Program computes the compatibility conditions for parameters
such that conservation laws and symmetries (of a given rank)
exist.

— Systems can also have parameters with (unknown) weight.
This allows one to test lattice equations of non-uniform rank.

— For systems where one or more of the weights is free,
the program prompts the user for info.

— Fractional weights and ranks are permitted.

— Lattice equations must be of first-order in ¢.
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e Conclusions and Future Research

— Compute simple logarithmic and rational densities.
— Implement the recursion operator algorithm for DDESs.
— Improve software, compare with other strategies & packages.

— Add tools for parameter analysis (Grobner basis, Ritt-Wu or
characteristic sets algorithms).

— Introduce multiple sets of weights based on w() = 0 and
w($) = 1.

— Application: test model DDEs for integrability.
(study the integrable discretization of KAV-mKdV equation).
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e Implementation in Mathematica — Software

*P.J. Adams and W. Hereman
TransPDEDensityFlux.m: Symbolic computation of con-
served densities and fluxes for systems of partial differential equa-
tions with transcendental nonlinearities (2002).

* H. Eklund and W. Hereman
DDEDensityFlux.m: Symbolic computation of conserved den-
sities and fluxes for nonlinear systems of differential-difference
equations (2002).

* U. Goktag and W. Hereman
InvariantsSymmetries.m: A Mathematica integrability pack-
age for the computation of invariants and symmetries (1997).
Available from MathSource
(Item: 0208-932, Applications/Mathematics) via FTP:
mathsource.wolfram.com or URL
http://www.mathsource.com/cgi-bin/MathSource/Applications/

* U. Goktag and W. Hereman
CONDENS.M: A Mathematica program for the symbolic com-
putation of conserved densities for systems of nonlinear evolution
equations (1996).

* U. Goktag and W. Hereman
DIFFDENS.M: A Mathematica program for the symbolic
computation of conserved densities for systems of nonlinear differential-
difference equations (1997).
All codes are available via the Internet
URL: http://www.mines.edu/fs_home/whereman/
and via anonymous FTP from mines.edu in directory
pub/papers/math cs dept/software/
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