SYMBOLIC COMPUTATION
OF
CONSERVED DENSITIES

Willy Hereman

Dept. of Mathematical and Computer Sciences
Colorado School of Mines
Golden, Colorado, USA

IMACS Conference
Applications of Computer Algebra
Tuesday, May 16, 1995
15:30



[. INTRODUCTION
Symbolic Software

e Solitons via Hirota’s method (Macsyma & Mathematica)
e Painlevé test for ODEs or PDEs (Macsyma)
e Conservation laws of PDEs (Mathematica)

e Lie symmetries for ODEs and PDEs (Macsyma)
Purpose of the programs

e Study of integrability of nonlinear PDESs
e Eixact solutions as bench mark for numerical algorithms
e Classification of nonlinear PDEs

e Lie symmetries — solutions via reductions

Collaborators

e Unal Goktag (MS student)
e Chris Elmer (MS student)
e Wuning Zhuang (MS student)
e Ameina Nuseir (Ph.D student)
e Mark Coffey (CU-Boulder)



II. MATHEMATICA PROGRAM
FOR CONSERVED DENSITIES

e Purpose

Compute polynomial-type conservation laws
of single PDEs and systems of PDEs

Conservation law:
Pt T+ Ja: =0

both p(u, Uy, Uy, - -+, Ung) and J(w, Uy, Uy, - - -+ Upy)
Consequently

P = [" pdx = constant
provided J vanishes at infinity

Compare with constants of motions in classical
mechanics



e Example
Consider the KdV equation
w + ut, + ug, =0

Conserved densities:

P = U
P2 = u’
p3 = u — S”u,i
pe = ub—60utu? — 30ut + 108uud,
720 . 648 , 216 ,
Tt Ty e T

Integrable equations have oo conservation laws



e Algorithm and Implementation

Consider the scaling (weights) of the KAV
0* o 0

u~ —5

or2 ot oxd

Compute building blocks of p3
(i) Start with building block u”

Divide by u and differentiate twice (u?),

Produces the list of terms

[ 2

U2, ullgy] — [u?]

X

Second list: remove terms that are total derivative
with respect to x or total derivative
up to terms earlier in the list

Divide by u* and differentiate twice (u)4,
Produces the list: [uy,] — []

[ ] is the empty list



Gather the terms:

p3 = u’ + c[1]u’

where the constant ¢; must be determined

(ii) Compute oPs _ 3uuy + 201Uty

ot

Replace uy by — (vt + ) and uyy by —(uthy + Upgs ) o
(iii) Integrate the result with respect to x

Carry out all integrations by parts

0 3
;tg = —[4u4 + (1 =3)u? + 3utty, — cru’, + 201U lyrs]
—(c1 + 3)u?
The last non-integrable term must vanish
Thus, ¢; = —3
Result:
p3 = u’ — 3u’
(iv) Expression [...| yields
3

J3 = 4u4 - 6uui + 3u ., + 3“3:;1: — OUL Uy



Computer building blocks of pg
(i) Start with u°

Divide by u and differentiate twice

(u°)a, produces the list of terms

w2, utug,] — [udu?]

Next, divide u5 by u?, and compute (u?)y,
Corresponding list:

4 9 2.2 9 3 4 92 9
(U, WU Uy, UWUS,, U Uy Usy, UWUL,| — (U, UZUS, ]

Proceed with (%g)m = (U3>6x7 <§I)8x = (u2)8x

and <Z§>10x = (U)100

Obtain the lists:

3 2 2 2

U9y Up U2, U3y, UUS,y UpUdyy UU2:Ugyy UU Uy, U UGx] —
3 2

_U’Qx? uu?):c]

[ 2 2

Ugyy U3 U5y U2 UGy Ug Uy, uu8x] ? [u4x]

and [u10;] — ||



Gather the terms:

3,2 4 2,2 3 2 2
Uy, + Coll,. + C3UT UG, + C4US,. + C5UU3,. + CalUy,

Pe = u + C1U
where the constants ¢; must be determined

(ii) Compute gtp(g

Replace ug, Uy, . . .y Upg s By — (Wt + Ugys), - - -
(iii) Integrate the result with respect to x
Carry out all integrations by parts

Require that non-integrabe part vanishes

Set to zero all the coeflicients of the independent
combinations involving powers of u and
its derivatives with respect to x

Solve the linear system for unknowns cq, cs, . . ., g
Result:
pe = u’ — 60uu? — 30us + 108u us,
720 4 648 , 216 ,
T e T e

(iv) Flux Jg can be computed by substituting
the constants into the integrable part of pg



e Further Examples

* Conservation laws of generalized Schamel equation

2
n“u; + (n+ D)(n 4 2uiny + tppe = 0
n positive iteger

pr = u
pr = u’
1 n? 2

no further conservation laws

* Conserved densities of modified vector derivative
nonlinear Schrodinger equation

BB B, B ;-
o + 8x< ‘Bl)+aB B

Replace vector equation by

0B | 0°B |
x =0
ox T € X 0x?

w + (u(u® +v%) + fu —v,) =0
v+ (v +v7) +uy) =0

u and v denote the components of B parallel
and perpendicular to B g and 8 = aB?,



The first 5 conserved densities are:

2 2

pr = u +v
L o9 99 2
0y = 2(u +v7)" — uv, + uv + Bu
Lo 9s, 1, 9, o 3 3 4
p3 = 4(u + v%) +2(ux+vx)—u Uy + U ux+4(u —v
1 2 4
p1 = —(u* + ) — Sy — UpeVy) + - (Utly + VV,)?
4 5 5
0
+ 5(u2 + %) (U2 +v2) — (U + v*)* (uvy — uv)
2
+ ﬁ(Zui — 4w, + 2u’ 4 3utv® — ) + ﬁu4

5



P5 =

7 1

(W + 0 o (ug, + g

D, 9 2 9

2( + 07) (Ug Vs — Uz Vs ) + D(u” + 07) (un, + vu,)
15 35

4(u2 + UQ)Q(U?U + 02)2 — 16(u2 + 112)3(11,% — ULD)
5}

8(5u8 + 10u’v? — 10u*0°® — 50° + 20u*u?

12u°v, + 60uv*v, — 201}21}5)
2

6 6 6
4<U —|—U>

2



e Coupled Systems

* Conserved densities for the Coupled KdV Equations
(Hirota-Satsuma system)

U — a(Ugpy + 6uu,) — 2bvv, = 0
Vi + Vpgy + 3uv, = 0

pr = U
2
Py = u2+3bv2

1

p3 = (1+a)(u®— 5z )+ b(uv® — v?)

and e.g.
1
py = u' — 2uu; + 5“353[;
4 2 8 2 4
+5b(u202 U+ g uv’ — Svix) 1562 4
: 1

provided a = 3

There are infinitely many more conservation laws



* Conserved densities for the Ito system

Uy — Uppy — OUU, — 200, = 0
vy — 2uv — 2uv, = 0

1
pro= 5t

1
p2 = 2(U2 +0°)

3 1 2

pP3 = U —2u§+uv

and infinitely many more conservation laws



A Class of Fifth-order Evolution Equations

w4+ cuuy 4+ Bugus, + Yuus,: + Us, = 0

Special cases:

a = 30 B =20 v =10 Lax
a =5 B=05 v =25 Sawada Kotera
or Caudry —Dodd — Gibbon
a = 20 6 =25 v =10 Kaup — Kuperschmidt
a = 2 B =0 v=3 [to



Table 1

Conserved Densities for Sawada-Kotera and Lax equations

Density Sawada-Kotera equation Lax equation
Pl U U
2
P2 . 53U
3 2 3 1,2
4 3,,2 4 1 2
P4 U — Fuuy + Fus, U — JuuUy + 55U5,
1.5 2,2 2 1.2
P6 - EUT — UTUL + FUUY, — mUS,
06 %uﬁ — 245u3u2 17 ul st 6u? u2x gu6 — %ug’ui 35 U, + uzu%x
3 21 3 1 2 1.2
+2u2x ] uu3z + u4x +@u2x - EUUSx + ﬁuélx
4 1
p7 7 [ 9u4ug 55 uu + 57u3u%x 7u7 — %u‘lui guu +u u%x
648 2 489,,.,3 261, 2 10,.,,3 3,22
+35u U3, + 35 Ul — 35 U u3, + uguz, + op Uy — 74U U3y
_ 288 2 81 2 9,2 5 2 1 2 1,2
35 U2zU3, T 35UUL, — 35U5, Tz U2alsy Tz UL, — Gy Uss
1
P8 —_—— gug — %u5u§ 3gu2u4 + 4u u%x
7 2,2 5,2,,3 7,4 1,32
+§U’U,Z’U,2I + gu ’LLQx + ﬂU’QZ‘ + EU U3x
1,2,2 2 1.2 2
T g Uz U3y — 6uu2xu3m + puTug,
7 2 1 1 2
T T3 U2e Uiy — T33UU5e T 3433 UGe




Table 2

Conserved Densities for Kaup-Kuperschmidt and Ito equations

Density Kaup-Kuperschmidt equation Ito equation
Pl U U
2
—— u?
P2 2
ub 1,2 —_—
p3 3 sUz
w9 2 4 342 w902 4+ 34,2
P4 T 7 16Uz T 512z I T qUlUy T Uy
P5 B B
ub _ 35 3 2 51,2, 2 —_—
P6 &~ Teutud — shgus + grutul,
15 2
+o6 Uy — Tog WS, + 519Ul
u’ _27.4,2 _ 369 69,3 —_
p7 = Futud - sppuug + utud,

2619, 2, 2 2211, 3 _ 477 .2
+ 1480 Yz Y2r T 2550 U U2 — 1120 ¥ “3m

171 2 9 .2
~ 640 U2 U3, + 560 Uy, — 7480 Ysa

P8




