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Example of a Conservation Law in Traffic Flow

Modeling the density of cars (Bressan, 2009)

u(x,t) density of cars on a highway (e.g., number of
cars per km).

s(u) mean (equilibrium) speed (e.g., in km per hour)
of the cars. It depends on the density.



Change in number of cars in segment |a, b| equals the
difference between cars entering at a and leaving at b
during time interval [t1, ta]:

b t2
/ (u(z, t2) — u(z, t1)) de = / (J(a,t) — J(b,t)) dt

/ab (/ttQut(a:,t) dt) dx

_/: (/ab Jo(z, t) d:z:) dt

where J(x,t) = u(x,t)s(u(x,t)) is the traffic flow
(e.g., in cars per hour) at location z and time ¢.



Then, [} [ (us + Jo) dtde = 0 holds ¥(a, b, t1,t2).

This yields the conservation law:

ur + [s(u)ulz =0 or |Diyp+DzJ =0

p = u IS the conserved density;

J(u) = s(u)u is the associated flux.

A simple Lighthill-Whitham-Richards model:

u

s(1) = Smax (1 .

>7 0 < u < Umax

Umax

Smax 1S posted road speed, umax IS the jam density.



Conservation Laws for Nonlinear PDEs

System of evolution equations of order M

u = F(u"(x))

with u = (u,v,w,...) and x = (x,y, 2).
Conservation law in (141)-dimensions

Dip+ DyJ = 0

where the dot means evaluated on the PDE.
Conserved density p and flux J.

o
P = / p dx = constant in time
— OO

if J vanishes at +oo.



Conservation law in (241)-dimensions

Dip+V-J =Dip+ DzJ1 +DyJa =0

Conserved density p and flux J = (Ji, J2).

Conservation law in (341)-dimensions

Dtp+VJ:Dtp—l—ijl—kDng—kDZJg = 0

Conserved density p and flux J = (Ji, Ja, J3).
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Reasons for Computing Conservation Laws

Conservation of physical quantities (linear
momentum, mass, energy, electric charge, ... ).

Testing of complete integrability and application
of Inverse Scattering Transform.

Testing of nhumerical integrators.

Study of quantitative and qualitative properties
of PDEs (Hamiltonian structure, recursion
operators, ...).

Verify the closure of a model.



Examples of PDEs with Conservation Laws
Example 1: KdV Equation

o, 0 03
o 6 ul u:() or |u +o6uuy + uppr =0

-+ ou
Ot Oor  Ox3
shallow water waves, ion-acoustic waves in plasmas

Diederik Korteweg  Gustav de Vries



Dilation Symmetry

has dilation (scaling) symmetry (z,t,u) — (£, 5, k*u)
k 1S an arbitrary parameter.

Notion of weight: W(x) = —1, thus, W(D,) = 1.
W(t) = —3, hence, W(D;) = 3.
Wi(u) = 2.

Notion of rank (total weight of a monomial).

Examples: Rank(u’) = Rank(3u?) = 6.

Rank (u’uz,) = 10.



Key Observation: Homogeneity under Scaling
Every term in a density has the same fixed rank.
Every term in a flux has some other fixed rank.

T he conservation law

Dyp + DyJ = 0

iIs uniform in rank.

Hence,

Rank(p) + Rank(D;) = Rank(J) + Rank(D;)



First six (of infinitely many) conservation laws:
Dy (u) + D, (3u2 — um) =0
Dy (u2) + D, (411,3 — u$2 -+ Zuum) =0
1
Dy (u3 — —ui)
2
9,,4 1 :

Dt(u — 2uu’ —|—5 m)—I—D (24 > — 18uu? + 4u Uy,

2 16 2 1 2 .
‘|‘2uxua:zc ‘|‘€uux33 — AUl Ugpr — FUpry + < uxa:u4x) =0



Dy (u5 — 5uful 4+ uwu?, — L’ )

TT 14 “xxx

+ D, (5u6 — 4()u3u3j — ... = %umxuM) =0

5
Dy (u6 — 10w u’ — c ui + 3uu’,

10 .. 3 3 2 1 .2
51 Ugpy — 7 Ulyypy 49 u4x)
-+ Dx($u7 - 75u4u3j — ... + 2—11u4xu6x) =0

T hird conservation law: Gerald Whitham, 1965

Fourth and fifth: Norman Zabusky, 1965-66
Seventh (sixth thru tenth): Robert Miura, 1966



Robert Miura






First five: IBM 7094 computer with FORMAC
(1966) — storage space problem!

IBM 7094 Computer



First eleven densities: Control Data Computer

CDC-6600 computer (2.2 seconds)
—— large integers problem!
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Example 2:
T he Zakharov-Kuznetsov Equation

models ion-sound solitons in a low pressure uniform

magnetized plasma.

Conservation laws:

D, (u) =D (%uQ + ﬁum) + Dy (5uxy) =0

Dt( ) + Dy <2a > — Blug — uy) + 2Bu(ues + uyy))

+ Dy( — QBua;uy) =0



More conservation laws (ZK equation):

2 2
+ 36 (Um — U’Zy) — %(U:ﬁ(uwm + Uzyy) + Uy (Uaay + uyyy)))

+ D, (35u2uxy 1 %umy(um + uyy)) — 0

D, (tu = —azu) + D, ( (2§‘u3 — B(Ui — Uz) + 2Bu(uze + uyy))

— z(u’® + %um) + %um) -+ Dy( — 2B (tuguy + éaf;uwy)) =0



Methods for Computing Conservation Laws

Use the Lax pair L and A, satisfying [L, A| = 0.
If L=D,+U, A=D;+V then V,, —U; + |[U,V] = 0.

A A

L =TLT~!' gives the densities, A = TAT~! gives
the fluxes.

Use Noether's theorem (Lagrangian formulation)
to generate conservation laws from symmetries
(Ovsiannikov, Olver, Mahomed, Kara, etc.).

Integrating factor methods (Anderson, Bluman,
Anco, Cheviakov, Mason, Naz, etc.) require
solving ODEs (or PDES).



Proposed Algorithmic Method

Density is linear combination of scaling
homogeneous terms (in the jet space) with
undetermined coefficients.

Compute D;p with total derivative operator.

Use variational derivative (Euler operator) to
express exactness.

Solve a (parametrized) linear system to find the
undetermined coefficients.

Use the homotopy operator to compute the flux
(invert D, or Div).



Work with linearly independent pieces in finite
dimensional spaces.

Use linear algebra, calculus, and variational
calculus (algorithmic).

Implement the algorithm in Mathematica.



Tools from the Calculus of Variations
Differential Topology and Differential Geometry

Definition:

A differential function f is a exact iff f = DivF.

Special case (1D): f = D, F.

Question: How can one test that f = DivF?7

Theorem (exactness test):
f:DiVFiff[,u(j)(X)fEO, jZl,Q,...,N.
N is the number of dependent variables.

The Euler operator annihilates divergences



Euler operator in 1D (variable u(x)):

8uk:1:
— 3 — D, 0 | D2 4 _ D3 O L.

Euler operator in 2D (variable u(x,y)):

o,
k 14
k=0 (=0 LY
_9 0 0
ou Ou, Ouy
+ D2 -D,D 7 -D? 7 -D° 7




Application: Testing Exactness

Example:

3
x

2

f=8U,Vzr —u, sin U +2Uz Uz COS U — O6VV, COS U + 33U,V SIN U

where u(xz) and v(x)
f Is exact

After integration by parts (by hand):

F:/fdaz:zélfug—l—u?]j cosu — 3v? cosu



Lv(w)f:g_[)waf i D2

of

=0
ov O, YOV




Question: How can one compute F = Div ! f?

Theorem (integration by parts):
e In 1D: If f is exact then

F=D.'f = [ fdo = Huw !

e In 2D: If f is a divergence then

_ yee—1 y)
F - DIV f T ( u(x,y f7 Hu(m,y)f)

The homotopy operator inverts total

derivatives and divergences!



Concept from (differential) Topology

Homotopic & Homotopy

Two continuous functions are called homotopic if one
can be “continuously deformed” into the other. Such

a deformation is called a homotopy between the two
functions.

A=0

T(ug,u) =ug+ A(u—ug) = (1 — Nug + Au

If up = 0 then simply replace u by A\u since T'(0,u) = Au.



Homotopy Operator in 1D (variable x):

Méj) k—1 . 3](
Iu(])f _ Z Z ug;) ( Dx)k—(Z—l—l) n

(L, f)[Au] means that in I ¢ f one replaces
u — Au, u; — A\u,, €etc.

More general: u — A(u — ug) + ug

u, — AN(ugy — uyg) +uyg etc.




Homotopy Operator in 2D (variables x and vy):

1 N
. . d\
Moo = | 0I5
j=1
1 N
(v) (v) 2
Hetw)f = 0 Zl(fu%)f)[/\u]T
]:

where for dependent variable u(x, y)

TP f = YS‘ (S‘Y Uiz jy (Z J)( kfzzjl |

k=1 /¢=0 \ =0 3=0 (k)

k—i—1 —j of
(—D,) (—D,) ) Puree,



Application 1: The KdV Equation

Step 1: Compute the dilation symmetry
Set (z,t,u) — (%, %, kPu) = (Z,t, )
Apply change of variables (chain rule)

—(a+d) ~ —(2b+1)

Uitk ﬂﬂ5;+/£_(b+3)ﬂ353 =0

Solve a+b=2b+1=0>b+ 3.
Solution: a=3 and b =2

x t
(z,t,u) — (;, pEs u)



Compute the density of selected rank, say, 6.

Step 2: Determine the form of the density
List powers of u, up to rank 6 :  [u,u?, u’]

Differentiate with respect to x to increase
the rank

v has weight 2 — apply D?
u? has weight 4 — apply D?

u® has weight 6 — no derivatives needed



Apply the D, derivatives

Remove total and highest derivative terms:
Diu — {u4z} — empty list

D2u? — {u.?, wuzet —  {us?}
since Ulzy = (Uly )z — Uy’
Dgu3 — {ug} — {ug}

Linearly combine the “building blocks”

2

Candidate density: |p = ciu’ + CoUy




Step 3: Compute the coefficients ¢, Compute

O
Dip = a—fj + 0 () [uue]

op 9Pk
= — D
8t —I_ Z ut

= (3c1u’l + 2cou,Dy)uy

Substitute u: by —(6uuy + Uzzs)

E = —Dip = (361u21 + 2couz Dy ) (6uty + Ugzy)
— 1801u3ux - 1202”&% + 12c0uttp Uyy

2
+3 c1u"Ugzr + 2C2UzU4L



Apply the Euler operator (variational derivative)

Lu(a) = 2 =3 (—D,)*-Y
k=0

8ukw

Here, £/ has order m = 4, thus

OF OF OF OF OF
L.(x)E =— —D, -D? -D? -D?
ou Ou, OUy ousy OU4,
= —18(c1 + 2¢2) Uz Ugy
T his term must vanish!
SO, Co = —%Cl. Set c1 = 1 then ¢y = —%.

Hence, the final form density is|p = u° —




Step 4: Compute the flux J

Method 1: Integrate by parts (simple cases)

Now,

E=18vu’uy; + 3u*ugps — Gui — DU Ury — UpUgsrrs

Integration of D,J = E yields the flux

0 1
J ="yt — 6uux2 = 3U2Umm + iuix — Uz Ugxx







Here M = 4, thus

/5 E
ILL.E = (ul)( J ) 4+ (uzl — uDg)( o )
8um au:m:
/5
T (tel — Dy + uD2)(2F
Ugzrx
E
+ (Uzaz] — Uza Dy + ULED?@ — uDi)( ’ )
au4w

= (ul)(18u® + 18u? — 6UUzy — Uggas)
+(uzl — uDy)(—6uuy)

+(uzzl — uz Dy + uD2) (3u”)

+ (Usza] — Ugz Dy 4 u; D2 — uD3)(—uy)

18u* — 18uu§ + 9utug, + ufm — 2UgpUgyy

Note: correct terms but incorrect coefficients!



—2A\UzUgzy ) AN

9

Final form of the flux:

— §u4 — 6uui + 3ulug, + 5“3::1; — Uz Ugzy

0 1
J = §u4 - 6uu§ -+ 3u2um -+ §u

2
TT

— UgUgzrx




Application 2: Zakharov-Kuznetsov Equation

Step 1: Compute the dilation invariance

ZK equation is scaling homogeneous under scaling
symmetry
t © vy

(t,CU,’y,U,) >( 37_7_7/{’211’): (57537?;7/&)
K K K

k IS an arbitrary parameter.
Hence, the weights of the variables are

W(u) =2, WD) =3, W(D,)=1, W(D,) = 1.



A conservation law is scaling homogeneous under
the scaling symmetry of the PDE.

W(uw) =2, WD) =3 W(Dy) =1, W(D,) = 1.
For example,
Dy (w? =2 (u2 +u2) ) + Da (3u?(§u? +Busr) —68u(u? + ul)
32 (2, —02,) — O (e + ) 2ty )
+ Dy (3807t + Pty (s + uyy) ) =0

Rank (p) = 6, Rank (J) = 8.
Rank (conservation law) = 9.



Compute the density of selected rank, say, 6.

Step 2: Construct the candidate density
For example, construct a density of rank 6.

Make a list of all terms with rank 6:
3 .2 2
{’U, ] ’U,l., uqux, Uy, uuyy7 uaju:y, u/U/a';yj u4w, uggpy7 u2x2y7 quSy, u4y}

Remove divergences and divergence-equivalent
terms.

Candidate density of rank 6:

3 2 2
p = ClUu” + C2U, + C3Uy, T+ C4UL Uy




Step 3: Compute the undetermined coefficients

Compute
o,
Dip = a—': + p' (u)[ud]
LY.
£ 2 b,
k=0 ¢=0 Oz oy

— (361?1, [ 4+ 2¢cou,.D, + 203uyDy =i C4(ume + u:UDy))ut

Substitute u; = — (ozuux + B(ugr + uyy)x>



E = —Dyp = 301u2(auum + B(ugs + Uzy)z)
+ 2coug (Quug + B(Uzz + Uyy)z )z + 2c3uy(Quty
+ B(Uzs + Uyy)a)y + caluy(auuy + B(Uze + Uyy)z)a
+ uz (cutz + B(Uze + Uyy)a)y)

Apply the Euler operator (variational derivative)

M OF
k 1
£u(x,y)E — S: ;:(_Dw) (_Dy) e
k=0 (=0 ke Ly

— —2((3c15 + c3a)ugtyy + 2(3c18 + c3a) uyugy

+2cs0UgUgy +Ccacuytzy +3(3c1 —|—C204)nguxa:')

0



Solve a parameterized linear system for the ¢;:
3ciB+cza=0, caaa =0, 3c18+ coax =0
Solution:

3 3
c1 = 1, (32:——5, 03:——5, ca =0

« «

Substitute the solution into the candidate density

3 2 2
p = Cilu” + cou, + C3U,, T+ C4UL Uy

Final density of rank 6:




Step 4: Compute the flux

Use the homotopy operator to invert Div:

J=Div"' B= (1 B, H

u(z,y) u(x,y)
E= [ aPE) S
with
k—1 ¥ (z—|—]) (k+£—1§—{—1)
i = S‘S‘ (S‘Y“ww k+é—z—

k=1/¢=0 =0 3=0 ( % )

. o aE

_Dx k—1—1 D l—
(D)1 (=Dy) ) S

Similar formulas for ”HSJ& »E and TWE.



Let A = auug + B(Ugzz + Uzyy) SO that
E = 3u?A — Py, A, — Loy A,

hen,
(H(? Y) Hiy(zvy) )
— (30‘ 14 Bu? (Btzz + 2uyy) — 28u(3u’ + u )
=+ 4& (u2z2y + uay) — B—Zua:(guwyy + 6uszs)
— B— y (4Ugay %uyyy) 5042 (3uz, %Uiy %uzy)
+ 5462 Upallyy,  BU Uy — 4Buusuy
52

2
- u(Uz3y + Uszy) — f Uz (13Uzzy + 3uyyy)

- 56 o Yy (Upzs + Suzyy) + 945 Uy (Ugz + Uyy))



However, Div_'E is not unique.

Indeed, J =J + K, where K = (D,0, —D_.0)
IS a curl term.

For example,
QZQﬁUQUy—I-% (Su(umy +uyyy)+1Oufﬂu$y+5uy(3uyy+um))

Shorter flux:

J=J-K
— (3u2(9u2 + Bugs) — GBu(ui + ug) + % (uim — ugy)
2
65 (Uz (Uzza + Uayy) + Uy(Uzzy + Uyyy)),

Sﬁu Ugy + %uaf;y(uaﬁx =+ uyy))



Software Demonstration

Software packages in Mathematica

Codes are available via the Internet:
URL: http://inside.mines.edu/~whereman/



Conclusions and Future Work

The power of Euler and homotopy operators:
» Testing exactness

> Integration by parts: D! and Div !

Integration of non-exact expressions
Example: f = ugv + uvg + v Uy

ffda: = uv + quum dx

Use other homotopy formulas (moving terms
amongst the components of the flux; prevent curl

terms)



Broader class of PDEs (beyond evolution type)

Example: short pulse equation (nonlinear optics)
gt = U + (u?’)m = u + 6uu§ + 3u Uy
with non-polynomial conservation law

D, (¢1 ¥ 6u§) -~ D, (3u2\/1 n Gug) — 0

Continue the implementation in Mathematica

Software: http://inside.mines.edu/~whereman
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Additional examples on next slides



Additional Examples

Manakov-Santini system

Uty + Uy + (uuaz)x + VUgpUgy — UggVy = 0

Vtr + Vyy + UVgy + VgeVUgy — VUyUgy = 0
Conservation laws for Manakov-Santini system:
D; (fumfvx) + D, (]‘*(uumfvg,j — UgUgVy — UyVy)

— Fy(us + wrs = ugwy) ) + Dy (F(uavy + uyvs + uo?)
+ f(u — yuy — yuxvx)) =0

where f = f(t) is arbitrary.



Conservation laws — continued:

Dy (f(Zu + v2 — yuxvx)) + D, (f (u? 4+ uv? + uyv
— fU; — vgvy — Y(UUzVz — UgUgUy — UyUy))
— Fy(vr+ uvy — vevy) + (' = 2f2)y?(u + vy — ug,))
+ D, (f(vg + 2Uzvy — ULV — y(uxvi + uzvy + uyvy))
/(0 = y(2u+ v, +02) + (v = 2f) (v, +1uy)) =0
where f = f(t) is arbitrary.
There are three additional conservation laws.



(2+1)-dimensional Camassa-Holm equation

(Oéut + KUz — Utgx T+ Sﬁuux — 2UgpUgy — uumxm)x + Uyy = 0

Interchange t with y
(Oéuy + KUy — Uggy T 3BuUy — 2UgUpy — UU:I::I::I:):E +up =0

Set v = u; to get
Ut = U

= S e WU



Conservation laws for the Camassa-Holm equation

D¢ (fU) + Dx(éf(gﬁ ° + KU — %Ug — UlUgy — utm)

+ (%f’ — —fa:)(ozut—l— Kz + 38Uty — 2UzUzpy — Ulprr
— z2) ) + Dy (4 1'9° = Lf)uy — flyu) =0

D0 () + D (% + w0 s —

- y(%f/y — —fZE) (OéUt T KUg = Sﬁuuw — 2UpUgy — Ulgpy
— war) ) + Dy (v 'y = Lfa)uy + (Lfz = 3 fyP)u) =0

where f = f(¢) is an arbitrary function.



Khoklov-Zabolotskaya equation
describes e.g., sound waves in nonlinear media

Conservation law:

Dy (fu) _ Dg,;(%fu2 + (fx + g)(ur — uux))
+ Dy ((fa:' + g)uy — (fyz + gy)u)
-+ DZ((fiU + g)u, — (fox + gz)u) =0

under the constraints Af =0 and Ag = f;
where f = f(t,y,2) and g = g(t,y, 2).



Shallow water wave model (atmosphere)
w + (wV)u+2Q X u+ V(6h) — ThVH =0
0 +u-(VO) =0
hi + V-(uh) =0

where u(x,y,t),0(x,y,t) and h(x,y,t).
In components:

ut—l—uux—l—vuy—QQU—l—%h@x—l—Hhx:O

v + uvg + vvy + 2 Qu + %hﬁy +0hy =0
0: + uly + v, =0
ht + hug + uhy + hvy + vhy =0




First few conservation laws of SWW model:

(Y
,O(Q)Zh@ J(2):h9(u)
p(3)2h92 J(S —h(92 ( )

u (
Py = h (u® + v? + ho) J@ =
(v + u?

305) _ % p ( 40y — 2uuy + 2uvy — ho, )

2 1 2h9)

+ 2h0)



More general conservation laws for SWW model:

D; (f(e)h) D, (f(e)hu) 1D, (f(@)hv) — 0

D; (g(@)(QQ +ou, — uw))
+ D; (%g(@) (4Qu — 2uuy + 2uv, — hﬁy))
+ Dy(%g(e) (4Qv — 2uyv + 2vv, + h@m)) =0

for any functions f(6) and g(@).



Kadomtsev-Petviashvili (KP) equation

(ut + UUy + U:U:r;a:)a: + O'Q’UJyy =0

parameter a € R and o2 =

L.

Equation be written as a conservation law

Di(uz) + Dz(auuy + Ugzz) + Dy(JQuy) = 0.

Exchange y and ¢t and set u; = v

Ut = U
1

2
Ut = __(uxy + QU + QUUgy + u:c:m:x)

o2



Examples of conservation laws for KP equation
(explicitly dependent on ¢, z, and v)

Dy (wugg) +D., (3u2 — Ugpr — OTUUL —I—xumx) + Dy, (amuy) =0
Dy (yu;,;) [ (y(auum umx)) +D, (02 (yuy — u)) =0

2.9 2 92
Dt(\/gu)‘FDx(%\/guz—F\/gum | il 7Y
2

Ut Urxx
WE A

oo
| 4\/?% Uy — :U\/%ut —oaxvVituu, — x tumx>
2
Y Uy yu
+D (a: tuy = —) =0
y U4Vt 2Vt



More general conservation laws for KP equation:
Dy (fu) + Dy (f(%UQ + Uga)
(G 'y — o) (ur + o + ug,))

+D, (39" = o*fz)uy — f'yu) =0

Di(fyu) + Da(fy(§u + ura)
(5 Sy — Fo) (un + aus + us,) )

+D, (3 £y — o> fa)uy + (0 fz — 1f'y*)u) =0

where f(t) is arbitrary function.



Potential KP equation

Replace v by u, and integrate with respect to x.

2
Uyt T+ QUzUgy + Ugzzr + O Uyy = 0

Examples of conservation laws
(not explicitly dependent on x=, vy, t):

Dy (ux) SEID (%ui + u:m:x) + D (0' uy) =0
D, ( ) + D, (230‘ f; — uix + QU Uppr — JQuyy)

+D, (202umuy> =0



Conservation laws for pKP equation — continued:

2.2 1,3 2 ) _
—|—Dy(a uy—guw—utux—kum)—()

Dy <2auuxum + 3uug, — 302u§) + D, (2autu§ - 3ut2
— 20UUL Uty — Utz Ugy + 3UtUgpry + SUgUt o — 3UUL :r;a?ac)
+D, (602utuy) — 0

Various generalizations exist.



Generalized Zakharov-Kuznetsov equation

where n is rational, n # 0.

Conservation laws:

Dy (u) + Dw(n&_l_lun—i_l + Buacac) + Dy (Buacy) =0

— Dy( — 25%;?@) —



Third conservation law for gZK equation:

Dy (w2 — (I8 (4,2 4 u2))

1D, ((272?)3 2(n—|—1)_|_( +2)Bu g,

— (n4 1)(n+ 2)Bu"(u2 4 u2) 4 LI ()2 2 )
B (n+1)(n+2)52(

«

Uz (Uzzx + Uzyy) + Uy (Uzzy + uyyy)))

+ Dy ((n + 2)Bu™ gy A (et D t2)5 Ugy (Uzz + uyy)) =0

«



